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FOREWORD 


At  the  Fourteenth  Conference  of  Army  Mathematicians,  two  members 
of  the  Army  Mathematics  Steering  Committee,  Fred  Frishman  and  Joseph 
Weinstein,  discussed  with  John  Mundy  of  the  U.  S.  Army  Aviation  Systems 
Command,  St.  Louis,  Missouri,  the  possibility  of  his  installation  serving 
as  host  to  the  next  conference  in  this  series.  Mr.  Mundy  thought  that 
the  best  way  to  approach  this  matter  would  be  to  write  to  Colonel  Edward 
Chryster,  Chief  of  the  Research,  Development  and  Engineering  Directorate. 
On  15  July  1968  Mr.  Weinstein  sent  the  suggested  letter.  Colonel  Harry  L 
Buck,  Deputy  Commander  for  Research,  Engineering  and  Data  answered  his 
letter  as  follows: 

Thank  you  for  your  letter  of  15  July  inviting  USAAVCOM  to  act 
as  host  for  the  15th  Conference  of  Army  Mathematicians.  I 
have  discussed  the  matter  with  Major  General  John  Norton, 
the  Commanding  General  of  AVCOM,  and  am  happy  to  convey  to 
you  his  keen  interest  in  hosting  the  next  conference. 

I  have  appointed  Mr.  Havard  M.  Bauer,  Systems  Analysis 
Division,  to  coordinate  the  AVCOM  planning.  Please  contact 
him  on  698-2687/3271  (AUTOVON)  in  regard  to  the  proposed 
site  and  exact  dates. 


Mr.  Bauer,  serving  as  Chairman  on  Local  Arrangements,  set  the  dates 
for  the  conference  as  11-12  June  1969,  and  it  was  held  at  the  Sheraton- 
Jefferson  Hotel  in  St.  Louis.  Those  in  attendance  at  this  symposium  would 
like  to  thank  Mr.  Bauer  and  members  of  his  staff  for  their  many  efforts 
in  so  ably  handling  the  various  problems  associated  with  the  conduction 
of  such  an  affair. 

On  behalf  of  the  Office  of  the  Chief  of  Research  and  Development, 
the  Army  Mathematics  Steering  Committee  sponsors  this  series  of  conferences 
Members  of  this  Committee  were  pleased  to  see  such  a  large  turn-out  for 
this  meeting.  There  were  98  persons  in  attendance.  Of  these,  24  were 
i com  the  host  installation,  and  one  was  a  visitor  from  Canada.  There  were 
31  contributed  papers  on  the  agenda,  together  with  two  invited  addresses. 
Professor  Norman  N.  Royall,  Jr.,  of  the  University  of  Missouri  at  Kansas 
City,  gave  his  invited  talk  following  the  banquet.  The  title  of  his 
informative  address  was,  "Facts  and  Fantasy  in  the  Space  Age."  The 
other  invited  address  had  the  short  title,  "Surf,"  and  was  given  by 
Professor  R.  E.  Meyer  of  the  University  of  Wisconsin.  Scientific 
discoveries  made  about  properties  of  ocean  waves  by  Professor  Meyer 
and  his  colleagues  formed  the  basis  for  this  interesting  closing 
address  of  che  conference. 


The  AMSC  wishes  to  thank  all  the  speakers  and  the  chairmen  for 
the  important  parts  they  played  in  the  conduction  of  the  Fifteenth 
Conference  of  Army  Mathematicians.  Members  of  this  group  have  asked 
that  the  transactions  of  this  conference  be  published  in  order  that 
those  unable  to  attend  this  meeting  would  have  access  to  the  presented 
scientific  papers. 
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A  NOTE  ON  AN  ELASTIC  SPHERE  INDENTING  AN  ELASTIC  SPHERICAL  CAVITY 


M.  A.  Hussain 
and 

S,  L.  Pu 

Research  Mathematicians 

Mem*  ASME 

Maggs  Research  Center 
U.  S.  Army  Natervliet  Arsenal 
Watervliet,  N.  Y, 

ABSTRACT 

The  indentation  of  a  smooth  elastic  sphere  upon  the 
infinite  medium  exterior  to  the  sphere  is  considered.  In  the 
absence  of  a  bond  between  the  spherical  indentor  and  the 
spherical  cavity  there  appear  a  region  of  separation  and  a 
region  of  contact.  The  region  where  the  sphere  remains  in 
contact  with  the  external  body  is  a  spherical  cap.  Our  primary 
objective  is  to  determine  the  colatitude,  ,  of  the  boundary 
circle  of  this  spherical  cap  in  contact. 

By  means  of  Boussinesq  potentials  of  the  linear  three- 
dimensional  theory  of  elasticity  the  mixed  boundary  value 
problem  is  reduced  to  dual  series  involving  spherical  harmonics. 
The  dual  series  are  replaced  by  an  equivalent  Fredholm  integral 
equation  with  unknown  >£  at  the  upper  limit  of  integration. 

This  article  has  been  reproduced  photographically  from  the 
author's  manuscript. 


This  integral  equation  is  solved  by  &  variational  technique 
vhich  leads  to  a  transcendental  equation  for  the  approximate 
determination  of  ^  . 

INTRODUCTION 

In  this  note  ve  consider  the  problem  of  an  infinite 
medium  indented  by  a  smooth  spherical  inclusion  to  vhich  a 
concentrated  force  has  been  applied.  In  the  absence  of  a  bond 
at  the  interface  the  region  of  contact  between  the  sphere  and 
the  outer  body  appears  to  be  a  spherical  cap,  Fig.  1,  The 
primary  objective  of  this  note  is  to  determine  the  region  of 
contact. 

The  problem  is  essentially  non -Hertzian  in  the  sense  that 
the  area  of  contact  cannot  be  considered  small.  In  the  classical 
Hertz  problem  of  two  spherical  bodies  in  contact  there  are  two 
basic  results.  Firstly,  the  radius  of  the  circular  region  of 
contact  is  proportional  to  £l]  where  P  is  the  load  applied 

between  two  bodies  in  contact.  Secondly,  the  relative  approach 
due  to  the  application  of  P,  i.e.,  the  relative  normal  displace¬ 
ment  of  any  two  points,  one  in  each  of  the  two  bodies,  which  are 

2/3 

far  away  from  the  contact  surface,  is  proportional  to  P  .We 
propose  to  investigate  these  two  statements  for  the  present  non- 
Hertzian  problem  and  to  compare  the  results. 

The  spherical  indentation  problem  is  a  mixed  boundary  value 


problem  in  vhich  the  region  of  contact  is  not  known  apriori. 

The  displacements  over  the  contact  region,  which  is  not  small 
as  mentioned  before,  cannot  be  determined  solely  from  the 
geometric  considerations  as  done  in  the  Hertz  problem  or  in 
reference  [2]  . 

We  use  Boussinesq  potentials  in  spherical  coordinates. 

The  mixed  conditions  lead  to  dual  series  involving  Legendre 
functions  which  are  further  reduced  to  a  Fredholm  integral 
equation  of  the  first  kind  for  the  contact  stress.  In  the 
integral  equation  not  only  the  contact  stress  but  also  the  range 
of  integration  (corresponding  to  the  region  of  contact)  is 
unknown.  An  approximate  solution  is  obtained  by  applying  a 
variational  method.  The  reader  is  referred  to  [3]  for  details 
of  the  method  and  its  applications. 

An  approximate  solution  of  the  problem  for  an  elastic 
sphere  indenting  an  elastic  cavity  is  given  in  [2]  .  However, 
the  solution  is  not  applicable  to  the  case  in  which  the  radii 
of  the  sphere  and  the  cavity  are  equal  or  nearly  equal  by  virtue 
of  the  geometric  considerations  used  in  obtaining  the  displace¬ 
ments,  equation  (H)  of  [2]. 

For  the  analogous  two-dimensional  indentation  problem,  an 
approximate  solution  is  given  by  Bheremetev  (V]  while  the  exact 


solution  is  obtained  in  [5]  . 

STATEMENT  OF  THE  PROBLEM 

Consider  a  smooth  sphere  inside  an  infinite,  homogeneous 

and  isotropic  body.  The  elastic  constants  of  the  sphere  are 

G'and  v' i  those  of  the  external  medium  are  G  and  V  .  We 

assume  that  there  no  bonds  and  no  friction  exist  between  the 

sphere  and  the  outer  body.  The  sphere  is  perfectly  fitted  in 

the  spherical  cavity  in  a  state  free  from  stresses  and  strains. 

The  region  of  contact  becomes  a  spherical  cap  as  soon  as  a 

concentrated  force  F  is  applied  at  the  center  of  the  sphere  in 

z 

the  direction  of  the  positive  z-axis,  Fig.  1.  With  reference  to 

the  spherical  coordinates  (  |*  ,  0,/’),  the  problem  is  independent 

of  y  and  the  boundary  surface  of  the  sphere  is  r  =  a.  Our 

objective  is  to  determine  the  value  of  B  ,  say  y  ,  for  the 

point  A  and  the  relation  between  the  coefficient  (  S  /  t 

defined  later,  and  the  force  F  .  The  approximate  normal  stress 

z 

distribution  in  the  contact  surface  will  also  be  obtained. 

Using  the  usual  notation,  the  boundary  conditions  at  the 
interface  r  *  a  are  as  follows: 

Tre(o-,e)  =  Trg  (a,  e)  =  0  ,  019  sir  <D 

<Tr(a,«)  =>  CTr'(a,0)*0  ,  (2) 


4 


J 

i 


ar  (a,  9)  =  LL'r  (a,  6)  ,  (3) 

Cy(a,<9)  =  <?;  (a,  <9)  *  0  ,  0*6*1  (u) 


Unprimed  and  primed  quantities  refer  to  r  ?  a  and  r  s  a, 
respectively. 


REDUCTION  TO  DUAL  SERIES 


The  general  axisymmetric  solutions  of  the  equations  of 
elasticity  in  spherical  coordinates  are  given  in  terms  of 
Boussinesq  potentials  in  [6],  Retaining  the  notations  used  in 
[6]  ,  the  internal  and  external  solutions  for  the  present  problem 
are  expressed  in  the  forms 


CO 


D  -  S  [*-2]-  ft]  ♦  Z  fc J  *  L  K.BUJ 

°  ^  2,3,  -  0,1,” 


(5) 


-Fz 


8n(i-v) 


[8.] 


00 


CO 


>L  •„[«.]  ♦£  *n[BJ 
°,1,”  2,3,-- 


(6) 


where  sol,  [A.J  corresponds  to  the  rigid  body  displacements 
and  (  &  /  2  $'  )  is  the  relative  rigid  displacement  of  the  center 
of  the  sphere  with  respect  to  the  center  of  the  e»,rity  in  the 
positive  z-axis.  Solutions  [b^  and  [bJ  represent  a  con¬ 
centrated  force  of  magnitude  Qir(l-v)  acting  at  r  *  o  in  an 
infinite  body  in  the  direction  of  the  negative  z-axis  for  r  *  a 


5 


and  r  &  a,  respectively,  see  [6] .  Superposition  coefficients 
<?n  •  -f n  •  $n  *  ^ n  and  £  are  to  determined  from  (l)  through 

(J»). 


The  components  of  displacement  and  stress  for  solutions 
[AnJ  and  [BnJ  ,  n  =  +  integer,  are  given  by  equations  (12),  (13) 
and  (17),  (18)  in  To  satisfy  the  boundary  conditions  (l)  ve 


have 


a-2u' i  F 

K>ir (i-v,x)aP  z 

U-2v)a}  F 

24rr(l-v)  2 

(n2+2r>  -  1 1 2v‘)  /, 

— —  cl  nn 


n  +  2 _ 

(n2-  2  f  2v)  a2 


,  n  £  2 

j  n  >  2 


\ 

(7) 


J 


Substituting  (7)  into  (5)  and  (6),  ve  sum  all  the  radial  components 
of  the  stress  and  displacement  respectively  to  obtain  boundary 
values  for  [s'J  and  QlJ.  The  results  read 


g{(CL,8)  =  2(1+V')h0  -  ^—a -cose 

oo 

t  2(n2+n*1  +  2ni>,+  v')a.nnnPn 

2  3  ••• 
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2$K(*,»)  *  tease  *2o.ht(l-2v-) *  009 

+  2(2nz-2n2i>'+  m>-1+2»')  /  p 

-‘4-  n  -  i  n  n 

*jh— 

r,  2<?*  3F*  ,  .  ^-2(n*2)(nKn*i-2^-v)  p 

^e)m’^-^£0S$^..  (n^2*2u)^3  e”Fn 


,  .x_  So  ,  (7-8i>)Fx  — '<r^2(2n-2»2i>+4»-5nv+1-i>)  p  #..* 

2Crur(a.,o)~-z  +fl^r^aax*<-2r  („K2*2i>)**a  e*P*  ( 

where  Pn  =  Pn  {COS  6)  denotes  the  Legendre  polynomial  of  degree  /t  . 
To  meet  the  boundary  conditions  given  by  (2),  we  first  define  new 
coefficients  Fn  as  follows 


l£*-  =  2V+v')h0  =  ^ 


3  _  a  er 

"  3 


2(/»2*  n  +  1  +2hi>'  +i>  ')a.nhr 


-2(n+2)(nz>n  *  l-2ni>-vd 


(nz-2  *  2t/)a 


nt3  e* 


—  (2n  *  f)Fn 


for  n  ®  2,  3,  ^  ••• 


so  that  both  (8)  and  (10)  are  reduced  to 


<3 ’(*,*)=  fr'(*>6)  =  II  ( 2n*1)FnPn 


Equations  (9)  and  (ll)  become,  with  the  relations  of  (12), 


to 


i  6L(1-2i>‘) 

2  *  1  +  i>' 


\lr  -  Izl£  _  3d(li-2»'-  4»'2) 
<  ~ 3(1 -if)  2(1 -v'*) 


> 


(21) 


n  =  2,  3, 


•  •  • 
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INTEGRAL  EQUATION  AND  AN  APPROXIMATE  SOLUTION 
Let  <T (8)  be  the  unknown  radial  stress  Sr  (a,  $)  at  the 
interface  r  =  a.  It  is  obvious  that  (5(6)  is  a  continuous 
function  over  the  entire  region  O  S  6  <  ir  and  is  even  in 
8  .  Using  Fourier-Legendre  analysis,  (5(9)  is  represented  by 


oo 

(5(6)=  X  (2n  *  0  Fn  Pn  fas  &  , 

with  <5  (8)  vanishing  over  the  region  ^ 
Fn  are  then  given  by 

Fn=  2  J  <5(t)Bn(cxt)s,-ntdt 
0 


0  8  £  TT  (22) 

6  $  7T  .  The  coefficients 


(23) 


Putting  (23)  into  (19)  and  interchanging  the  order  of  integration 
and  summation,  the  set  of  two  infinite  series  (18)  and  (19)  is 
reduced  to  a  single  integral  equation  for  S’ 

A 

J  (T(t)  K(8,  t)  Sin  t  c/t  =  R(8)  , 

0 


o  $  8  g  y 


(2b) 


where  ^  is  unknown,  the  kernel  K( 6,  t)  and  the  right-hand 
member  R(d)  are  known  functions  given  by 


oo 

K(e,t)=  j lrnPn(cose)Pn(u>st) 

0,1,. V" 


R(6)  = 


2dS 

a. 


cos  6 


(25) 

(26) 


Since  no  closed  form  solution  coula  be  obtained  for  the 
Fredholm  integral  equation  (24),  we  followed  an  approximate 
method  ^  which  has  been  established  in  particular  for  such 
types  of  integral  equations.  To  apply  the  variational  method, 
the  kernel  has  to  be  symmetric,  i.e.  Kit,  0)  =  K(6,t)  and  the 
kernel  may  have  at  most  a  logarithmic  singularity  at  9  =  t  . 
Equation  (25)  shows  that  the  kernel  is  symmetric.  The  principal 
part  of  the  kernel  can  be  shown  to  have  a  logarithmic  singularity 
at  9  =  t  by  employing  the  technique  introduced  in  [t]  in  which 
a  perturbation  scheme  was  established.  Hence  the  variational 
method  is  applicable  to  our  problem. 

According  to  the  method  we  must  choose  a  trial  function  for 


me)  and  construct  the  functional 


I  (<T)  =J  (T(t)sint{  j  (T(9)Stne/((&,t)d9  -2R(t)\  dt 
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If  the  function  C ( 6)  is  chosen  in  the  form 


/  "  Va 

6"(e)=  B(C0S6-  Cosy)  +  A(C0S6- COS>l)  ,  0£9Sy  (28) 


where  A  and  B  axe  unknown  coefficients  their  values  depend  upon 
the  value  of  y  •  substituting  (28)  into  (27)  we  obtain 


1  =  A1  J,  +2ABI2  +8*I3  -  2 Al4  -  2  BIs 


(29) 


where 


h  (Y 
=J  j  K(e, 

2  oo 


1/2  *1/2 

t)  sin  9  Sint  (COS  6 -Cosy)  (cost-cosy)  dffdt 


(30) 


,  r  t1^2 

R(t)  Sint  (cost  -  cosy)  dt 

the  positive  signs  go  with  Ilt  1^  while  the  negative  signs  go 
with  I2  and  1^.  Based  on  the  variational  principle  the  functional 
is  stationary  when  the  trial  function  varies  around  the  exact  <T 
and  the  approximate  value  of  varies  around  the  exact  , 
provided  B (\)  —  0  .  Hence  the  values  of  A  and  B  are  formally 
determined  by 


91  __  ?i 

?A  96 


0 


(32) 
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Equations  (32)  give  us 


A  = 


*4  j 3  ^2  jg 


5  = 


VsLZAjf 

4*1-2/ 


(33) 


From  the  boundary  conditions  (It)  there  must  exist  a  value  of  ^ 
such  that  8(>l)  =  0  and  then  the  singular  term  in  (28)  is  dropped 
out.  This  gives  the  equation  for  the  determination  of  ^ 


Vs  ~  V*  =  0 


(3M 


The  expression  for  A  is  reduced  from  (33)  to 

A-I4/1,  (35) 

which  becomes  known  afuer  ^  is  found  from  (3*0.  The  approximate 
contact  radial  stress  Sr(d}9)  is  given  by  (28)  with  B  =  o  and  A 
obtained  in  ( 35 ) . 

Now  following  the  steps  outlined  in  the  preceding  paragraph, 
we  are  required  to  carry  out  the  integrals  (30)  and  (31).  With 
the  results,  which  are  derived  in  the  appendix  of  this  paper, 


l'n(a»s\)  = 


Vi 

cosy)  Sin  9  Pn  ( cos  e)  d$ 


y 2  1 sin(n-4-)rl  _  *'"(*+ ) 

2n  +  1  t  2n  -  1  2n  *  3  J 


(3  6) 


and 
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(37) 


I'1  (cosy) 


=  241 


2n  *  1 


Integrals  lv  l2»  h  and  1^  become,  with  the  necessary  change  of 
order  of  Integration  and  summation. 


oo 


0,1," 


00 


J2  -  Z  %  Un  W  vl  [Jn  (cos  V] 

0,1,'" 

\  =  -^/,w 


Is  - 


)  (38) 


/ 


1  -1 

where  Ij  and  Ij  are  given  respectively  by  (36)  and  (37)  with  n  »  1. 
Substituting  (36)  and  (37)  into  (38)  then  (38)  into  (34)  the  equation 


for  ^  becomes 


o,  V--  (2n  + 1)zl  2n-  1  ~  2n  +  3  J 


0  (39) 


This  equation  is  of  course  independent  of 


S 
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RELATION  BETWEEN  THE  CONCENTRATED  FORCE  ?x  AND  THE  COEFFICIENT  £/(2G') 


The  ratio  £/(2g‘)  is  the  coefficient  of  rigid  body  motion  or 
"relative  approach"  of  t.ie  inclusion.  In  the  limit,  when  the 
inclusion  becomes  rigid,  the  force  applied  to  the  outer  body  la 
due  to  a  rigid  body  motion  of  the  inclusion  only,  i.e.  lim  0/(2$-') 
is  finite.  In  general  there  is  a  definite  relation  between  the 
force  F2  and  this  rigid  body  motion  of  the  inclusion.  This  re¬ 
lation  can  be  obtained  as  fallows. 

From  the  fact  that  the  applied  force  Fz  must  be  balanced  by 
the  net  traction  on  any  spherical  surface  of  arbitrary  radius 
centered  at  the  point  of  application  of  Fz  we  have 

Fz  sb  —  2  ttJ  cosO  -  T^sind)  r2si'n20  d0  f  r?  a.  (40) 

0 

and  a  similar  relation  for  At  the  interface  r  =  a,  the  shearing 

stress  vanishes  and  the  above  equation  is  reduced  to 


Fz  = 


zf71 

-2  rra.  J  ($)  COS 0 n 6  d6> 


(41) 


From  equation  (28)  with  B  =  o,  the  approximate  contact  stress  is 
expressed  by 


<T(e)  =  A  (cos  $  -  cos 


0*0*2 


(42) 
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where  A  is,  from  (35)  and  (38) 


A-~ 


fidS  S">T  -  J  iia  X  ? _ 


Substituting  (43)  and  (42)  into  (41)  and  carrying  cut  the 
integrals  with  the  help  of  the  formulae  derived  in  the  appendix 
we  obtain  the  following  relation 

f2  _4w 


9  z  t 


2n-1 


Sin(n*})>l  J2 

2n  *  3 


NUMERICAL  RESULTS  AND  CONCLUSIONS 


The  quantities  of  interest  in  this  problem  are  the  angle  ^ 
of  the  contact  cap,  the  contact  stress  0*r  at  the  interface  r  ■  a 
and  the  relation  between  the  force  Fg  and  the  coefficient  (£/2G‘). 
Among  them  \  is  the  moat  fundamental.  It  depends  only  upon  the 
material  constants  but  not  upon  the  size  of  the  sphere  nor  upon 
the  magnitude  of  the  force  or  the  relative  approach  (  S  / 2G'). 

Hence  we  concentrated  our  efforts  in  the  computation  of  \  for 
various  values  of  oL  ,  V  and  i>'  .  To  limit  the  use  of  computer 
time  it  is  further  assumed  that  ^  The  single  real  non¬ 

trivial  root  of  equation  (39)  has  been  obtained  for  is  =  =  0 1 

0.1 . .  0.5  and  for  cL  from  0  to  10.  The  results  are  shown 

in  (a)  and  (b)  of  Figure  2.  In  Figure  2(a)  the  angle  ^  is 
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plotted  versus  the  ratio  cL  for  V-  =t>'  -  o,  0.1,  0.2  and  0.3 
while  figure  2(b)  gives  the  similar  graph  fort>  =  l>'=  0.3  and 
0.5  in  different  scales.  For  large  values  of  cL  ,  i.e.  the 
indenting  sphere  is  rather  soft  in  comparison  with  the  material 
being  indented,  the  variation  in  \  depends  greatly  upon  the 
Poiaaon  ratios.  The  angle  increases  from  ^  m  80°  for 
-  V-' =  0  to  \  ^  104°  for  )S  -  l>‘  -  0.5  for  oi  —  10.  The 
dependence  on  i>  becomes  weak  for  small  values  of  ^  ,  In 
the  case  of  a  rigid  sphere,  i.e.  oL  =  0,  the  graph  of  ^  versus 
(-t/)  is  shown  in  Figure  3.  The  angle  decreases  from 
7[  82.2°  for  =  0  to  ^  «  77.5°  for  i>  =  '=  0.5. 

Note  that  ^  is  in  general  less  than  90°.  It  becomes  greater 
than  90°  only  when  the  sphere  is  softer  (  oi  >  1  )  and  the 
materials  are  nearly  incompressible. 

Contrary  to  the  classical  Hertz  results,  it  may  be  concluded 
i)  that  the  region  of  contact  is  independent  of  the  force  Fz 
applied  and  ii)  that  the  relation  between  the  relative  approach 
and  Fz  is  linear.  This  is  in  agreement  with  the  results  of  the 
analogous  two-dimensional  problem  given  in  [Y]  . 


appendix 


Let  us  denote 


l  "(cos  n )  =  J  ( cose  - eos>i )  Pn  (cos  6)  S/n  $  J6 
0 

The  integral  representation  of  legendre  functions  [8]  is 
given  by 

a.  rr  (' '± 

Pv  (cose)  Jtt  nf-u.i)  j  (aisif-  eose)M  1 

0 

Substituting  (46)  with  ^nand^ro  into  (45)  end  inter¬ 
changing  the  order  of  integration,  we  have 

n  »»/t 

r-  A  t  l"  (COS  6  -  COS  *l)  I 


(45) 


(46) 


(47) 


introducing  a  new  variable  t  --  {COS  f  -  COS  t  )  I  (COS  -COSp,  we 
obtain 

—SioBdB  = 

#/* 

J  (cos  (p  -  cos  ( 


n  mA 

j"(C05g-  COSf) 


(48) 


in  which  TOO  i»  the  Gamma  function.  Substituting  (48)  into 
(47)  gives 

r—  r/i*n  f1*  *n±i 

_m  .  1  -w U  (coscp-Ccsji)  4  cos(n+j)?<ty 

I^eos-i)-^  2r(2ii)Jl  r  1 

A 


(49) 
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Using  the  expression  (46) ,  equation  (49)  becomes 

mf  2  m»2 

For  s  i :  1  we  immediately  obtain  equations  (36)  and  (37) 
which  were  given  previously  in  the  text. 
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The  Coletitude  ^  of  the  Spherical  Cap  in  Contact 
vs,  the  Ratio  ai  of  Elastic  Constants 
(a)  For  v  —  =  0,  0.1,  0.2  and  0.3 
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ABSTRACT .  This  paper  describes  the  free  and  forced  motion  of 
two,  thin,  concentric,  circular  cylindrical  shells  joined  at  their 
ends  by  rigid  diaphragms  with  inertial  properties.  Mathematically, 
the  problem  is  described  by  two  special  Sturm-Liouville  systems  with 
common  eigenvalues  coupled  only  through  the  boundary  conditions.  The 
systems  possess  a  modified  orthogonality  principle  and  give  rise  to 
a  modified  expansion  principle  for  the  associated  non-homogeneous 
systems.  These  principles  are  derived  in  detail  and  several  free 
motion  problems  are  presented  to  illustrate  the  theory.** 
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I.  Introduction 


Much  has  been  written  concerning  the  free  and  forced  motion  of 
various  types  of  shells  subjected  to  a  variety  of  boundary  conditions. 
However  there  appears  to  be  no  counterpart  work  involving  shells  that 
are  concentrically  nested  and  joined  to  one  another  in  various  ways. 

(Such  shells  are  hereafter  called  joined  shells).  In  order  to  under¬ 
stand  clearly  the  modified  principles  and  procedures  that  arise  in  the 
analysis  of  joined  shells  we  now  investigate  the  simplest  type  of  a 
joined  shell  executing  its  simplest  motion,  i.e.,  two  joined  circular 
cylindrical  shells  executing  torsional  motion  subjected  to  various 
boqpdary  conditions.  Referring  to  Fig.  1,  the  non-dimensional ized 
equation  of  motion  for  the  i— shell  is  given  by  (1)  and  the 

associated  effective  tangential  shear  resultant  is  given  by  (2)  where, 

. ,  u . 

v.  =  twist  angle  of  the  i—  cylinder  (=  —4 
1  ai 

=  circumt.-rential  displacement  of  the  ilil  cylinder 

1*  h 

a..  =  radius  of  the  i—  cylinder  middle  surface 

X.  L_ 

x.j  =  /L  =  non-dimensional  coordinate  of  i— cylinder 

3 

L  =  length  of  all  cylinders 

L  fh 

A.j  =  [p^/G^P  ::  inverse  of  shear  wave  speed  in  the  i —  infinite  medium 

h.  -  thickness  of  the  i—  shell 
=  n|L2/[l+h^/12a?] 

1L 

p^  =  tangential  force  per  unit  area  of  the  i—  middle  surface 

X  L. 

p.  =  mass  density  of  the  i—  shell 
Fi  = 


Numbers  in  square  brackets  refer  to  references  at  the  end  of  the  text. 

This  is  assumed  for  convenience;  problems  with  different  are  easily 
formulated  and  solved  with  some  increases  in  algebraic  manipulation. 
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32v1(x.,t)/3x^  +  X*[F.(x.,t)  -  32vi(x.,t)/8t2]  =  0  ;  i  =  1 ,2  (1) 

Tj (x^  ,t)  =  h.a.G.L"^!  +  h|/12a?]37. (x.  ,t)/3x.  ;  i  =  1,2  (2) 


The  various  boundary  conditions  associated  with  this  set  of  equations 
are  (3)  clamped  end,  (4)  end  joined  by  weightless  rigid  diaphragm, 
and  (5)  end  joined  by  rigid  disk  with  inertial  properties, 

Vi(xj ,t)  =  72(x2,t)  =  0  (3) 


V 1 ( X 1  ,  t )  =  v2(x2,t) 

2iraliTi(x1  ,t)  +  2iTa2T2(x2  ,t)  =  0 


(4) 


Vl(Xi,t)  =  V2(x2,t) 

2Tra?Ti(xj  ,t)  +  2Tra2T2(x2,t)+  I~32v . (Xi  ,t)/3t2  =  0 


(5) 


where  the  minus  sign  is  used  (  in  (5)  )  if  Xi  is  zero  and  the  plus 
sign  is  used  if  xj  is  unity;  and  where 
x.  =  either  0  or  1  ;  i  =  1 ,2 

I~  =  angular  moment  of  inertia  of  the  disk  at  the  end  x 


II.  The  Orthogonality  Principle 
The  homogeneous  counterparts  of  (1)  and  (2)  and  the  boundary 
conditions  corresponding  to  (5)  are  now  used  to  derive  the  ortho¬ 
gonality  principle  associated  with  this  type  of  joined  shell.  It 
will  be  seen  that  the  orthogonality  principles  using  (3)  and  (4) 
will  be  special  cases  of  the  orthogonality  principle  to  be  derived 
in  this  section.  Hence  the  system  to  be  investigated  is  (6)  and  (7), 
with  the  boundary  conditions  (8)  through  (11)  where. 
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I 


V*i>- 


=  frequt  ,cy  of  oscillation 
=  Pihiai (p2h2a2) 


<£0  =  I  o  /  2it  p  i  h  i  La  i 
*&!  =  Ii/2irp1hiLai 


angular  moment  of  inertia  of  disk  at  Xi  =  x2  =  0 
angular  moment  of  inertia  of  disk  at  Xj  =  x2  =  1 


Vi(xi)  +  Xjw  v i ( x i )  =0  (c 
V2(x2)  +  X  2  Cl)  V2  (x2  )  =0  (1 
v i ( 0)  =  v2 (0)  (( 
Vi(l)  =  V2(l)  (5 
pX2[vi (0)  +  «£0ft2Vi (0)]  +  v2(0)  =  0  (1C 

ux2[V;o)  -An^xd)]  -*-  v 2 ( i j  =  o  (ii 

Notice  that  primes  have  been  used  to  denote  differentiation  with 
respect  to  the  argument  so  that,  for  example,  v|(0)  =  3vi(0)/9xj 
and  v2(0)  =  3v2(0)/3x2  etc. 


1L  f  U 

Since  (6)  and  (7)  are  valid  for  the  m^- and  n—  modes  of 
vibration,  the  standard  orthogonality  derivation  procedures  yield 


(12)  and  (13). 


[vin(xl)vj,m(x1)-vim(xi)vi'n(xi)]0+  (nm-ftn)j(vin(xi)viin(xi)dxi  =  0  (12) 

[v2n(x2)v2m(x2)-v2m(x2)v2n(x2)]  +  A2(fyn-nn)/v2n(x2)v2fn(x2  )dx2  =  0  (13) 

0 
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T 


Using  (8)  through  (11)  we  find  that 

[V2n(x2)v2m(x2)-V2m(x2)v2n(x2)]0  =  v,n^ )  im(  1  )-VimO  )3uX 

"Vim(l  )C«^i^nVin(l  )-Vm(l  )]yX  +  vln(0)[vim(0)+fio%Vim(0)]yX  (14) 

-v  in(0)  [vin(0)+^o^nv  i  n(0)3l'^ 

Multiplying  (12)  by  uX2  ,  adding  the  result  to  (13)  and  using  (14), 
yields  (15). 

[fyn-^nH^i  vmO  )vim(l )  +^oVin(0)vim(G) 

(15) 

i  - 1  i 

+  /„  Vin(xi)viP(x1)dx,  +  u  /0  V2n(x2)v2m(x2)dx2]  =  0 

2  2 

Therefore  if  f2m  f  the  desired  orthogonality  principle  is  given  by 
(16)  for  the  elastic  shell  modes 

«®iVinO)vim(1)  +<&oVin(0)vim(Q) 

(16) 

i  _  j  l 

+  /0vin(xi)vim(x1)dx1  +  u  /0  v2n(x2)v2m(x2)dx2  =  0 

The  rigid  shell  mode  is  found  by  letting  u>  be  zero  in  (6)  and  (7) 
so  that 

v  i‘ o  ( X 1 )  =  v  2'o  ( x2 )  =  0  (17) 

where  we  have  put  the  mode  index  (m  or  n)  equal  to  zero.  Applying  (8) 
through  (11)  to  (17)  we  find  the  result  (18)  where  A  is  a  constant. 

Vio(xi)  =  v2 o (x2 )  e  A  (18) 

The  orthogonality  principle  for  mixed  elastic  and  rigid  shell  modes  is 
found  by  observing  that  the  sum  of  the  angular  inertial  moments  for  a 
freely  vibrating  joined  shell  must  be  zero.  Therefore, 
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09) 


«£032Vi(0,t)/3t2  +£132v,0  ,t)/3t2 

+  /o(32Vj(xi,t)/3t2)dXi  +  ii-1/0  (3272(x2  ,t)/3t2)dx2  =  0. 

But  since  vin(x.,t)  =  e1“ntvin(x1),  =  v20(x2)  =  A,  and 

since  -cj^e^t  t  0,  (19)  becomes  (20)  which  Is  the  desired  mixed 
orthogonality  principle;  note  that  formal  replacement  of  either 
m  or  n  by  zero  in  (16)  yields  the  same  result  as  (20). 

«®oVm(0)vio(0)  +«®iVm(l  )vio(l ) 

i  i 

+  /  Vm(xi)vio(xi)dxi  +  u"1/  v2h(x2)v2 o(x2 )dx2  =  0 
0  0 

If  the  end  x^  =  0  is  joined  by  an  inertia-less  disk  (or  is  clamped) 
then  the  orthoqonality  principle  reduces  to  (21). 

A  1  1 

«*-iVinO)vimO)  +  f  Vm(xl)vim(x,)dx1  +  u"1/  v2n(x2)v2rn(x2 )dx2  =  0  (21) 

0  0 

Finally,  if  both  ends  are  joined  by  inertia-less  disks  (or  one  end 
clamped)  the  orthogonality  principle  further  reduces  to  (22). 

/  vin(x.)vim(xi)dxi  +  u"1/  v2n(x2)v2m(x2)dx2  =  0  (22) 

0  0 


III.  The  Forced  Motion  Expansion  Principle 
We  now  seek  solutions  of  (1)  and  (5)  in  the  form 


v,(xi't)  '  „=0  5"(t>',*"<x')  ;  1 


(23) 


where  the  v^fx^)  are  the  mode  shapes  of  the  homogeneous  equations 
associated  with  (1).  Inserting  (23)  in  (1)  yields 

r  «n(t)»;n(x1)  *  nI0  ?„<»)»,„(*,)  -  o; » - 1.*  (24) 

n=  i 


where  dots  are  now  used  to  denote  differentiations  with  respect  to  time. 
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Multiplying  (24)  by  v.m(x^)dx^  and  integrating  over  the  x^  interval 
0  to  1  yields  (25) 


£  S„(t)/  v.  v."  dx.  +  X.f  F.(x.,t)v.  dx.  -  \2.  E  £  (t )f  v.  v.  dx. 
1=^  n'  o  im  in  i  i  0  v  i’  '  lm  i  i  n=0  '  0  im  in  l 

=  0  ;  i  =1,2 


Inserting  (26),  which  may  be  obtained  by  suitably  integrating  the 

homogeneous  form  of  (1),  into  (25)  yields  (27)  where  we  note  that 

2 

in  the  sequel  u„  -  0. 

VlnV’S  =  -XiVfoV1n''tn,dxi  ;  1=1,2 


n(t)  {j‘v1mvindxi  =  'Vv^Vl  >  1  =  ’-2 

Multiplying  the  second  relation  of  (27)  by  u"1  and  adding  this  to  the 
first  relation  of  (27)  yields  (28). 

£  [L(t)+ufE  (t)][/  Vimvindx1+y-1/  v2mv2ndx2] 
n=0  n  n  n  0  0  (2 

i  i 

=  /  Fi(xi ,t)vimdx!  +  m-1/  r2(x2,t)v2mdx2 
0  0 

Adding  (29)  to  both  sides  of  (28)  and  using  the  orthogonality  relations 
(16)  and  (20)  yields  (30),  where  M^  is  given  by  (31). 


£  CUt)  +  u  £  (t)][J?iVi n(  1  )v im(l )  +^oVm(0)vim(0)] 
n=0  n  n  n 


Um(t)  +  w*Sm(t)]Mm  =  {  Fl  (*l  »t)vimdxi  +  u'1/  F2(x2  ,t)v2mdx2 


+  £  [5n(t)  +  u)  F  (t)][«flivm(l  )vim(l )  +«QoVm(0)vim(0)] 
n=0  n  n  n 
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(31) 


M  =  ^1  v i m ( 1 )  +«0'oV i m ( 0 )  +  j  vimdx!  +  p  lJ  v2mdx2 
m  00 

Using  (23)  ve  easily  determine  (32),  and  using  both  (23)  and  the 
homogeneous  form  of  (1)  yields  (33).  These  relations  when  inserted 
in  the  summation  t°rm  on  the  right-hand  side  of  (30),  and  use  made 
of  (1),  yield  equations  for  the  as  given  by  (34),  where  5  and  Mn 
are  given  by  (35)  and  (36)  respectively. 

3?Vi(x,.t)/3t2  =  z  L(t)vln  (32) 

n=0 

-  2_  n  00 

-X,  Vl  (/  ,t)  =  Z  mn2  £  (t)vln  (33) 

n=l 

^n(t)  +  wn  5n(t)  =  Mn'  5n(t)  ;  n  -  0,1,2,  ...  (34) 

-n(t)  =  ^1  v m(  1 )  Fi  ( 1  ,t )  +«fioVm(0) Fj  (0 ,t) 

1  j  (35) 

+  /  Fi ( x 1 , t ) v 1 ndx 1  +  u"1  /  F2(x2  ,t)v2ndx2 
0  0 

2  2  12  -112 

Mn  =*ivm(1)  +*0  V 1  n (0 )  +  /  v t ndx j  +  p  /  v2ndx2  (36) 

11  0  0 

However,  in  order  for  (23)  to  satisfy  (5),  it  can  be  shown  that 
Fi (0 , t )  =  F 1 ( 1  , t )=  0  (see  Appendix  1)  so  that  the  final  form  for  the 
Sp(t)  is  given  by 

1  1 

=n(t)  =  /  Fi (x 1 ,t)vindx!  +  u'1  /  F2(x2 ,t)v2ndx2  (35a) 

From  a  physical  standpoint  the  actual  response  is  affected  by  a 
negligible  amount  because  of  the  F 1 ( 0 , t )  =  F 1 ( 1 , t )  =  0  condition,  since 
F 1  ( x ! , t )  may  take  on  the  desired  values  in  the  interval  0+ci<Xi<_l-e2 
where  c 1  and  c2  may  be  as  small  as  desired. 
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Finally,  once  the  initial  conditions  have  been  specified  on  v^(x.,t), 
all  integration  constants  may  be  determined,  and  hence  the  forced  motion 
expansion  principle  has  been  established. 

IV.  Free  Vibrations 

This  section  presents  free  vibration  results  (i.e.,  frequency  equations 
and  mode  shape  ratios)  for  cylindrical  shells  joined  by  rigid  diaphram(s). 

Of  particular  interest  are  the  interpretations  of  the  frequency  equations 
as  p+O  and  as  which  quickly  permit  one  to  map  out  regions  on  the 
frequency  plot  in  which  solutions  exist.  This  procedure  saves  substantial 
amounts  of  computer  time  when  completing  the  solution  details. 

(A)  Cyl i nders  _C lamped  at  x.  =  0  and  Joined  with  a  Rigid  Inerti a-less 
DiaDhraam  at  x,.  =1. 

The  equations  of  free  vibrations,  (37)  and  (38),  subject  to  the  boundary 
conditions  (33)  thru  (41)  yield  the  mode  shapes  (42),  the  amplitude  ratio 
(43),  and  the  frequency  relation  (44). 


H 


Vi(xi)  +  - . ?  V 1 ( x  1 )  =  0 

(37) 

v2(x2)  +  A2..2  v2  (x: )  =  0 

(38) 

Vl(0)  =  v2(0)  =  0 

139) 

> 

il 

> 

(40) 

bA2Vi (1 )  +  v2 (1 )  =  0 

(41) 

Ainsin^nxi  and  v2n(x2)  -  A2nsinA;;nx2 

(42) 

Am/Azn  =  si  nAf^/si  n;»n 

(43) 

s i nfi(i  cos\Qn  +  pAsinAi7n  cosQn  =  0 

(4') 
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Since  p  is  not  in  the  arguments  of  (44)  it  is  convenient  to  think  in 
terms  of  a  A  versus  plot  with  p  as  a  parameter. 


Solutions  independent  of  p  are  given  by  (45)  and  (46)  which  are 

obtained  by  demanding  that  sinft  =  sinAfi  =  0  and  cosft  =  cosAfi  =  0 

n  n  n  n 

respecti vely. 

=  niT  and  A  =  m/n  ;  m,n  =  1,2,3,  ..,  (45) 

fin  =  and  x  =  (2m-l )/(2n-l )  ;  m,n  =  1,2,3,...  (46) 

Furthermore,  the  limiting  solutions  as  p-+0  and  as  p-*-  °°  are  given  by 
(47)  and  (48)  respectively. 

=  nTT  and  =  (2n-l)^  ;  ,i  -  1,2,3,...  (47) 

=  nrr/A  and  =  (2n-l)|-  ;  n  =  1,2,3.  .  (4°' 

Finally,  since  only  positive  values  of  p  are  physically  possible, 
just  the  positive  solutions  of  (49)  are  sought. 

p  =  -tanft/AtanA.r2  (49) 

Using  (45)  thru  (48),  the  solution  regions  for  the  first  five  modes 
on  the  A  versus  ft  Dlot  are  easily  sketched  as  shown  by  the  shaded  portions 
of  Fig.  2.  The  solution  details  are  then  obtained  by  numerical  procedures 
and  Fig.  3  shows  the  completed  A  versus  iT  plot  (for  the  first  four  modes) 
for  three  values  of  the  parameter  p. 

(B)  Free-Free  Cylinders  Joined  at  Both  Ends  by  Rigid  Inertia-Less  Pi aphragms 
The  equations  of  free  vibration,  (37)  and  (38),  subject  to  the  boundary 
conditions  (50)  thru  (53)  yield  the  mode  shapes  (54),  the  amplitude  ratio  (55) 


and  the  frequency  relation  (56). 


vi(0)  =  v2 (0) 

(50) 

Vl(l)  =  v2(l) 

(51) 

pA2  Vi (0)  +  v2 (0)  -  0 

(52) 

pA2  v ] ( 1 )  +  v2(l)  =  0 

(53) 

xi  +  Bincoswnx,  | 

(54) 

and  v2n(x2)  =  -pAAinsinA :y2  +  BincosAQ  x2  J 

A 1  n/B i n  =  (cosA:2n-cos.:n)/(sin..n+uA  sin. A.!  )  (55) 

2yA[l-cos.-ncos>:'.(i]  +  [l  +  (uA):]sinfjnsinAf}n  =  0  (56) 


The  solutions  of  (56)  independent  of  u  are  given  by  (57)  and  (58) 
and  the  limiting  solution  of  (56),  as  both  u  -  0  and  p  -  is  given  b 
(59). 


=  2nm 

and 

A  = 

m/n  •  J"'1  =  0,1,2,... 

V  ’  (n  =  1,2,.  ... 

(57) 

=  (2n- 

-1)77 

and 

'  =  (2r- 1 )/(2n-l )  ;  m,n  -  1,2,... 

(58) 

=  nm 

and 

"n 

mr/A  ;  n  =  1  ,2,. . . 

(59) 

Dividing  (56)  by  A  and  taking  the  limit  as  A  ■*  0  yields 


lim  u  =  sin.y[2(cos.ln-l)] 

A->G 

Additionally,  solving  (56)  for  p  results  in  (61),  from  which  only  the 
positive  values  of  p  are  sought. 


(60) 


P  =  -[l-COS;7  COSAf  + 
n  n  — 


!  cos  Ay  cos.;n  j  ]/( As  i  n  yim  _n ) 


(61) 


Furthermore  (61)  has  a  double  root  when  cosXJ^  =  cos'.^,  so  that 
the  frequencies  at  which  the  double  roots  occur  are  given  by  (62),  and 
the  value  of  the  double  roots  arc  given  by  (63).  Eqn.  (63)  is  obtained 
by  noting  that  when  w  =  (61)  yields 

p  =  (l-cosf2^cosXf/^)/(-Xsinfi^sir,XQ^)  and  then  substituting  this  result 


into  (56)  yields  (63)  directly. 

Qk  =  2Ttk/(X+l)  ;  k  =  0,1 ,2,. .. 

(62) 

p  =  +x_1 

(63) 

When  p  =  X-1  and  (62)  is  satisfied,  two  successive  modes  will  have  the 

2  2 

same  frequency  and  since  .1  =  2  ,  the  orthogonality  relation  (16)  is  not 
valid.  Thus  these  modes  must  be  chosen  such  that  they  are  orthogonal  so 
that  the  forced  expansion  principle  may  be  used  correctly.  The  worst 
example  of  this  behavior  is  when  X  =  1  (i.e.,  cylinders  made  of  the  same 
material)  for  then  all  values  of  p  will  produce  an  infinity  of  paired 
equal  frequencies. 

Furthermore,  in  regions  close  to  frequency  pairs,  tie  successive  inodes 
will  have  nearly  equal  frequencies  which  will  make  experimental  results  very 
difficult  to  interpret;  thus  theory  will  play  a  decisive  part  in  interpreting 
some  of  the  experimental  data  obtained  for  joined  shell  vibrations. 

Using  (57)  thru  (59),  the  solution  regions  for  the  first  four  inodes  on 
the  X  versus  .1  plot  are  easily  sketched  and  Fig.  4  shows  the  completed 
solution  details  for  three  values  of  trie  parameter  p. 

Problems  (A)  and  (B)  adequately  represent  the  free  torsional  motion  of 
actual  joined  cylinders  when  (i)  the  inertial  properties  of  the  joining 
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disk(s)  is(are)  negligible  and  (ii)  the  joining  disk(s)  is(are)  so  stiff 
that  it(they)  may  be  considered  rigid.  The  present  theory,  as  given  in 
Section  II,  permits  the  relaxing  of  assumption  (i)  but  relaxing  the 
second  assumption  reauires  a  straight-forward  but  laborious  modification 
of  the  equations  of  motion  and  hence  of  the  orthogonality  principle  and 
the  expansion  princip’e.  As  an  example  of  relaxing  assumption  (i),  problem 
(A)  is  now  partially  re-worked,  letting  the  diaphragm  have  non-zero  angular 
inertial  properties. 

(C)  Cylinders  Clamped  at  x.  =  0  and  Joined  with  a  Rigid  Inertial 
Diaphragm  at  x..  =  1 . 

This  problem  is  basically  tne  same  as  chat  problem  stated  by  (37) through 
(41)  except  that  (41)  is  replaced  by  (64). 

P  X 2  [  v  i  ( 1 )  -£j:;7vi(l)]  +  v2(l)  =  0  (64) 

Therefore  using  ( 37 ) - ( 40 )  and  (64)  yields  the  mode  shapes  (65),  the 
amplitude  ratio  (66),  and  the  frequency  relation  (67). 

vin(x, )  =  A i ns i n. _nx i  and  v?n(xp)  =  A2nsin\„  x?  (65) 

Ain/'A^n  =  sin.\:,.n/sin.  n  (66) 

'“n*-.  4  “'(cos;n  -a'-n5in”n)s1n'n-n  =  0  (67) 

Solving  (67)  for  p,  and  since  only  positive  values  of  u  are  physically 
possible,  just  the  positive  solutions  of  (68)  are  sought. 

U  =  sin.’  cos V:  /(tflj  sin..  -  cos  ’  )\sir\.:  (68) 

n  n  n  n  n  ri  1 

★ 

Lettinq  be  the  solutions  of  (cos:  j  .  sin.',  )  =  0,  the  solutions 

3  n  n  n  n 

of  (67)  independent  of  u  are  given  by  (69)  and  (70). 


M 


J2  =  n  tt  and  X  =  m/n 


;  m,n  =  1,2,, 


*  * 

f2n  =  and  X  =  (2m-l  )tt/2£2  ;  m,n  =  1,2... 


(69) 

(70) 


Furthermore,  the  limiting  solutions  as  p  ■*  0  and  as  p  ->  °°  are 
given  by  (71)  and  (72)  respectively. 


=  rnr  and  =  (2n-  l  )?r/2X  ;  n  =  1,2,. 


fin  =  mr/X  and  =  ’  n  =  1,2,... 


(71) 

(72) 


Notice  that  only  one  limiting  boundary  is  different  than  the  limiting 
boundaries  obtained  for  problem  (A);  that  is,  (48)  has  been  replaced  by 
(72).  Thus  it  is  easy  to  visualize  how  the  limiting  solution  boundaries 
shift  with  increasing  as  is  shown  in  Figure  5.  The  main  feature  to 
be  noticed  is  the  increasingly  abrupt  change  of  X  versus  P  (for  increasing 
Si)  in  the  regions  near  \l  =  nir.  These  abrupt  changes  aopear  to  be 
similar  to  those  observed  by  Mindlin  for  certain  plate  vibration  problems 
governed  by  transcendental  equations  L  . 


Finally,  although  the  values  may  be  found  via  the  computer,  it  is 
useful  to  have  approximate  solutions  for  the  P.  for  both  large  and  small 
value?  of «9-i.  These  approximate  solutions  are  now  presented  for  the  roots 
Of  (73) , 


cost!  -«£iP  si  nr.  =  0 
n  n  n 


(73) 


whicn  may  be  re-written  as 


cotft  = 

n  n 


(74) 


J8 


For  large  *0-!  we  may  assume  52*  =  mr  +  e  for  n  =  0,1 ,2,- •  •  .  Thus 
★ 

cotPn  =  cot(riTT  +  e)  =  e-1  and  hence  (74)  becomes 

e-1  =  (nTT  +  e)  (75) 

Solving  (75)  for  e  yields 

c  =  -(nir/2)  +  C ( nTT/2 ) 2  +  (-©!  (76) 

Thus,  for  large  values  of  fii,  Q*  is  given  by 

^  («^i)  2  ;  n  =  0 

%  S  '  (77) 

_  n7T[  1  +  (mr)-2^,)*1]  ;  n  =  1,2, 

It  should  be  noted  that  this  approximation  improves  as  n  increases. 

For  small  $i  we  may  assume  ;:*  =  (2n-l )  (tt/2) -c  for  n  =  1,2,.... 

* 

Thus  cot..  =  t  and  hence  (74)  becomes 

e  =  ^1[(2n-l)(~/2)  +  c]  ‘  (78) 

Solving  (78)  for  c  yields 

e  s  <^i(TT/2)(2n-l)/(l-«fi1)  (79) 

Thus,  for  small  values  of  .’2  is  given  by 

fi*  M2n-l)(Ti/2)[l-<P1(l-fi;)-1]  ;  n  =  1 ,2 , •  •  •  (80) 

It  should  be  noted  that  this  approximation  gets  worse  as  n  increases. 
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We  now  demonstrate  the  conditions  under  which  the  assumed  forced  solution 
(23)  satisfies  the  second  expression  in  (5).  When  (5)  is  written  in 
expanded  form  for  x  =  1  it  becomes 


yX23v i ( 1 ,t )/3x !  +  3V  2 ( 1  ,t)/3x2  +  <£  ,uX2X2 32 v j ( 1 ,t)/3t2  =0  (1-1 ) 

Inserting  (23)  in  (1-1)  yields 

PX2  Z  5  (t)vin(l )  +  E  (t)v2'n(l)  +^1pX2>23271(l,t)jt2  ^  0  (1-2) 

n=0  n  n=0  n 

but  from  (11),  and  us;ng  P  =  Xju  ,  we  have 

yX2 v m(  1 )  +  v 2 n ( 1 )  =  pX2X2Atvm(l  )o‘ 


so  that  (1-2)  becomes 


(in(t)v1T1(l)^)  *  i 

tn=0  J 


Now  using  (6),  (1-3)  becomes 


yX2(fti/"-  1  (t)vin(l)  +  Xj j2v i p(  1  ,t )/3t‘ | 
l  n=0  * 


(1-3) 


(1-4) 


and  noting  that 

Vid.t)  -  t  n ( t ) v i"p ( i ) 

n=0 

and  using  (1),  (1-4)  becomes 

pX2cfti[XiFj (1 ,t)]  -  0  (1-5) 

Therefore  (1-5)  and  hence  (51  is  satisfied  when  F i ( 1  , t )  =  0,  and  in  a 
like  fashion  we  can  show  that  F x (0 , t )  must  be  zero  for  (5)  to  be  satisfied 
when  x  =  C. 
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Case  C: 


Figure  5 


X  versus  Solution  Regions 
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FEEDBACK  INFORMATION  SYSTEMS 
(The  Effect  of  Feedback  on  System  Entropy) 

Erwin  Biser 

Avionics  Laboratory,  USAECOM 
Fort  Monmouth,  New  Jersey 

and 

M.  Z.  v.  Krzywoblocki 
Michigan  State  University 
East  Lansing,  Michigan 

SUMMARY .  The  paper  deals  primarily  with  transfer  of  information 
among  subsystems.  This  is  done  within  the  context  of  the  concepts  of 
entropy  applied  to  probabilistic  systems  defined  as  sets  of  elements 
termed  parameters  that  are  the  carriers  of  probabilities. 

The  analysis  of  entropy  exchange  considers  the  effect  of  subsystem 
information  feedback  on  the  entropy  of  the  whole  system  when  all  the 
subsystems  are  statistically  independent.  Feedback  is  determined  by 
transporting  parameters  from  one  subsystem  to  another.  Sensitivity 
coefficients  of  the  entropy  exchange  within  the  information  system  are 
developed  and  computed. 


The  entire  information  system  is  partitioned,  for  the  sake  of 
simplicity,  into  four  subsystems.  Each  subsystem  consists  of  a  finite 
number  of  parameters  and  the  probabilities  associated  with  these  para¬ 
meters.  The  probabilities  associated  with  each  parameter  are  normalized 
to  unity.  The  entire  information  system  is  subjected  to  a  discrete 
sequence  of  corrective  transform tions  of  its  subsystems. 

We  start  with  the  0-State  of  the  system  partitioned  into  four 
subsystems : 


Assuming  the  subsystems  to  be  statistically  independent,  one  obtains 
the  entropy  of  each  subsystem  as  well  as  the  entropy  of  the  entire 
system. 

After  the  operations  are  performed  for  the  initial  state  0,  the 
total  system  is  transformed  from  state  0  to  state  1,  etc.,  by  changing 
either  the  total  number  of  subsystems  and/or  changing  the  numer  of 
parameters.  The  sum  of  the  probabilities  associated  with  each  para¬ 
meter  after  the  transformation  must  be  renormalized  to  unity. 
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For  each  transformed  subsystem  one  computes  the  sensitivity 
index: 


H  (S 


) 


One  may  also  obtain  sensitivity  indices  for  particular  parameters. 

In  a  similar  manner  one  computes  the  sensitivity  index  between 
two  arbitrary  states  of  the  system: 


s(l.  P> 
e 


H(S(1))  -  H(S(b)) 


H(S(1> 


) 


If  the  index  is  positive,  the  system  is  losing  some  of  its  randomness; 
i.e.  ,  it  is  assuming  deterministic  characteristics. 

PREFACE .  A  few  years  ago,  the  first  named  author  of  this  paper 
suggested  and  initiated  the  concepts  of  Information  System  Analysis  by 
considering  the  phenomenon  of  transporting  information  from  one  sub¬ 
system  to  another.  What  is  significant  in  this  analysis  is  that  it 
measured  the  effect  of  this  phenomenon  upon  th<  distribution  of  the 
entropy  in  the  entire  system.  The  system  is  assumed  to  be  discrete; 
hence,  the  distribution  of  entropy  is  to  be  considered  as  a  point-wise 
concentration  at  a  finite  number  of  points. 

In  the  early  stages  of  the  study.  Dr.  E.  Biser  devised  an  information 
model  to  obtain  the  information  content  (entropy)  of  a  system  by  parti¬ 
tioning  a  system  into  mutually  exclusive  subsystems  (sets).  The  informa¬ 
tion  content  of  each  subsystem  is  correlated  with  the  information  content 
of  the  entire  system. 

In  the  first  approach,  consideration  was  given  to  the  following 
salient  topics: 

a.  The  consistency  of  information  spaces  and  of  their  underlying 
probability  spaces. 

b.  The  grouping  of  system  parameters  into  disjoing  subsystems. 


c.  The  derivation  of  information  correlators  to  measure  the 
degree  of  independence  and  mutual  connectedness  of  the  sub¬ 
systems  under  investigation. 

d.  The  extent  to  which  entropy  correlators  have  a  bearing  on 
the  analysis  and  synthesis  of  systems. 

The  earlier  paper  essentially  laid  the  structural  foundations  for 
the  Information  Systems  Analysis.  In  this  paper,  we  aim  to  extend  these 
contexts  and  to  construct  the  fundamentals  of  information  exchange  and 
feedback  between  subsystems.  The  efficacy  of  the  concept  of  feedback 
is  facilitated  by  means  of  the  transformation  of  the  states  of  the  sub¬ 
systems  (as  well  as  of  the  entire  system).  The  quantitative  effect  of 
the  feedback  phenomenon  is  partially  measured  by  means  of  the  sensitivity 
coefficients  (indices)  of  the  subsystems  as  well  as  by  the  sensitivity 
coefficients  of  the  total  system. 

In  addition  to  the  problem  of  constructing  an  information  theoretical 
model  enabling  us  to  understand  the  exchange  of  entropy,  there  arise 
practical  problems  of  a  physical  nature.  For  example,  the  probability 
of  receiving  a  signal  sent  from  one  of  the  subsystems  is  not  of  constant 
magnitude  but  varies  depending  on  such  factors  as  noise,  terrain  con¬ 
figurations  and  weather  conditions,  etc.  Thus,  the  probabilities 
associated  with  the  parameters  of  a  system  (or  subsystem)  are  to  be 
regarded  as  variable  parameters. 

As  for  the  problem  of  entropy  exchange,  the  central  concept  is 
that  of  information  feedback.  It  is  for  this  reason  that  sensitivity 
indices  are  developed  to  study: 

a.  The  effects  of  information  feedback,  to  and  from  subsystems, 
on  the  entropy  of  the  whole  system. 

b.  The  differential  gain  (or  loss)  of  information  as  a  result  of 
the  entropy  exchange. 

Expressions  are  derived  for  the  entropy  and  sensitivity  indices 
(coefficients)  for  the  subsystems  and  the  whole  system  before  and  after 
the  feedback  process. 

I.  INTRODUCTION:  CYBERNETICS  AND  SYSTEMS  ANALYSIS.  In  an  earlier 
paper,  Dr.  E.  Biser  attempted  to  extend  (and  to  apply)  the  concept  of 
entropy  to  probabilistic  systems,  or  to  put  it  poignantly,  to  systems 
characterized  by  stochastic  coupling.* 

The  great  importance  of  stochastic  coupling  was  attributed  to 
conditional  probabilities.  It  is  stochastic  coupling  that  establishes 

*"Partitions  of  Discrete  Information  Spaces  with  Some  Systems  Applications," 
Transactions  of  the  Tenth  Conference  of  Army  Mathematicians,  AROD  65-2, 
pp.  305-359. 
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the  possibility  of  mutual  information  flow  and  cybernetic  interaction 
among  the  subsystems  of  a  system.  It  redounds  to  the  great  merit  of 
information  theory  that  the  concept  of  entropy  can  be  extended  from  the 
field  of  physics  (statistical  mechanics)  and  the  domain  of  telecommuni ca¬ 
tions  systems.  The  concept  of  entropy  is  too  general  in  scope  to  be 
restricted  to  communications  systems.  It  can  be  extended  to  probabilistic 
systems  with  known  probability  laws. 

Norbert  Wiener  defined  cybernetics  as  the  "science  of  control  and 
communications,  in  the  animal  and  the  machine."  It  is  the  art  of 
steerman8hip  (the  Greek  word  "kybernao:"  I  control).  It  connotes 
organization,  coordination,  regulation  and  control.  It  is  the  science 
of  controlling  processes  and  systems  of  all  kinds:  physical,  biological, 
as  well  as  economic  systems. 

The  amount  of  information,  or  information  content,  is  a  cybernetic 
concept,  especially  so  since  it  is  closely  liked,  via  cybernetic  cor¬ 
relators  (see  referenced  paper)  with  organization  and  stochastic  coupling 
among  the  subsystems  of  a  larger  system.  The  correlators  measure  the 
degree  of  connectedness,  organization  among  the  subsystems  (or  parameters), 
and  the  dependence  of  subsystems  on  each  other,  of  a  probabilistic  system 
under  investigation.  It  was  shown  that  a  completely  deterministic  (causal) 
connectedness  is  analogous  to  a  "noiseless"  channel  in  information  theory. 

It  bears  emphasizing  that  the  entropy  concept  need  not  be  restricted  solely 
to  the  transmission  of  signals.  It  can  be  fruitfully  applied  to  the  cyber¬ 
netics  of  systems  as  well  as  to  systems  analysis  and  synthesis.  We  still 
retain  the  concept  of  "amount  of  information"  or  "information  content"  as 
a  measure.  Within  the  context  of  systems,  however,  it  is  extended  and 
generalized  into  a  measui  ^  of  organization,  connectedness,  dependence  of 
subsystems  on  each  other,  the  interrelatedness  of  subsystems  to  a  sub¬ 
system  as  a  whole.  Cybernetic  correlators  were  derived  to  measure  the 
effects  of  stochastic  coupling  between  a  subsystem  and  the  "rest  of  the 
entire  system." 

Like  information  theory,  cybernetics  is  based  on  the  probability 
laws  of  a  system;  it  is  empirical,  pragmatic,  and  practical 

In  this  paper,  steps  were  taken  to  unifv  three  concepts:  the 
concept  of  entropy  as  used  in  information  theory,  the  cybernetic 
category  of  organization,  and  the  statistical  concept  of  correlation. 

These  three  primal  concepts  were  brought  to  bear  on  some  of  the  problems 
of  systems  synthesis  and  analysis.  These  three  concepts  are  fundamental 
in  that  they  jointly  enable  the  ascertaining  and  measuring  the  degrees 
of  causal  or  stochastic  dependence  of  subsystems  in  terms  of  entropy 
and  correlation. 

II.  SYSTEMS .  A  system  in  this  paper  is  defined  by  a  finite  number 
of  parameters  that  are  purported  to  characterize  its  state  description  and 
its  behavior.  The  parameters  may  stand  for  operations,  activities,  functions 
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of  subsystems  and  their  associated  finite  set  of  probabilities;  e.g., 
detection,  pattern  recognition,  target  location,  operator  response, 
etc.  Each  parameter  is  restricted  to  a  finite  set  of  values. 

A  system  is  represented  by: 


s  =  u2,  . . . ,  ur} 


Thus,  u^,  u^ ,  ...,  u^  are  the  distinct  parameters  characterizing  system 
S.  The  domain  of  u^  are  x^:  {x^,  ,  ...  x^  ;  and  the  set  of 

probabilities  associated  with  parameter  u^  are  (say,  u^  =  u^) : 


{p(u3  =  x31),  p(u3  =  x32),...p(u3  =  x3  n  )  } 
where  n3  is  the  number  of  discrete  values  u3  may  assume. 


(u  =  x-  )  *  1 
j  j  ,  n  ^ 


n3=! 


.g.,  if  n  =  4,  then  £  p  (u ,«  x,  ) 

n3=l 


m. 


In 


general:  )  p  (u,  •>  x.  )  =  1 

L  n  k  k  ,n 

i  K  K. 

v1 


III.  PARTITIONS  OF  A  SYSTEM.  From  the  definition  of  a  system  as 
a  set  of  paramters  with  their  associated  probability  schemes,  it  is 
evident  that  subsystems  can  be  generated  by  constructing  a  set  of  non¬ 
empty  subsets  of  the  original  set  of  parameters  constituting  the  system. 

We  know  from  elementary  set  theory  that  the  set  of  such  subsystems 
is  the  power  set  of  the  given  set.  In  our  discussions  the  empty  set  will 
not  be  included  in  the  set  of  subsystems,  since  we  are  dealing  with  non¬ 
empty  subsystems. 
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The  set  of  all  subsets  of  a  given  set  is  called  the  power  set  of 
the  set.  If  A  is  any  set,  n  (A)  ,  the  power  set,  is  defined  as  the  set 
of  all  subsets  of  A: 


n(A)  -  {B  |  BCa} 

The  empty  set  (the  null  set,  symbolized  by  <j>)  as  well  as  the 
original  set  A  itself,  are  elements  of  the  power  set.  Thus,  if  A  * 
{3,  1,  c},  then  n(A)  «  {{3},  {1},  {c},  {1,3},  {3,c},{l,c},{3,l,c, } 


If  S  is  a  system:  S  *  {u.  ,  u„,  ...  u  }.  Then  a  one-partition 

1  2  n  - - 

of  S  is:  n  '  (S)  =  {{ulf  u^,  ...  u^  }}  =  {S}.  This  is,  in  effect,  the 
original  system  S  unpartitioned. 


A  two-partition  of  S  is: 


n 


(2) 


(S) 


n 


(3) 


(S) 


J 


1 

i 

i 


where  n^,  n2»  ...,1^  i*  0  and  +  n2  + 


+  nk 


n. 


« 


n  ■  number  of  parameters  (u's)  in  S 
1  nl 


\ 


number  jf  parameters  in  S 

°k 


S 

n2 


k 

(J 


i-1 
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ij>  (the  null  set). 


[\  s  _  s  ns  n •  * •  n s 

ni  -  nl  n2  nk 


Thus,  n(S)  is  a  partition  of  S  if  and  only  if: 

(a)  If  S  is  an  element  of  n(S),  then  S  j*  <j>;  i.e.  ,  £ 

nl  nl  n] 

not  an  empty  set. 

(b)  If  S  and  S  are  elements  of  n(S) ,  then  S  f]  S  = 

ni  nj  ni  "j 

for  n^  j*  n ^  . 

n 

(c)  S  -  U  S  . 

i=l  ni 


IV.  SET -THEORETICAL  REPRESENTATION  OF  PARTITIONS  OF  SYSTEMS. 


S  *  S  =  (u,,  u„,  u,}  :  n.  =  3 

n^  1  2  J  1 


nv  (S)  =  {  {ur  u2,  u3>  }  -  {  (sn  >  } 


(2) 

II  (S):  a  two-partition  of  S: 


S  } 


{u3},  {ult  u2>  } 


} 


here  *  1;  *  2;  n^  +  n2  =  3 


{u,  u  }  \J  {u,}  *  S  U  S  *  S  and  S  f\  S 
1  2  v  3  n.^  n2 


4>(null  set). 


n(2)(s) 


{S 


,  S  } 
nl  n2 


To  summarize:  The  practical  application  of  partitioning  is  that  it  is 
advisable,  nay,  at  times,  almost  necessary,  to  divide  (partition)  a 
whole  system  into  functionally  non-overlapping  subsystems.  In  fact, 
this  is  the  way  most  systems  are  designed,  costed,  built,  field  tested, 
maintained,  serviced,  and  operated. 

V.  ENTROPY  RELATIONS  IN  SYSTEMS.  If  a  system  S  is  partitioned  into 

two  subsystems  S  and  S  ,  then 
n,  n. 


H(S)  <  H(S  )  +  H(S  )  (1) 

nl  n2 
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where  {S  ,  S  }  is  a  two-partition  of  S;  S  ■  {u, ,  u» ,  . . . ,  u  } 

n2  1  2  n 


Likewise:  H(S)  <  H(S  )  +  H(S  )+...+  H(S  )  (2) 

-  nA  n2  “k 

where  {S  ,  S  ,  S  }  is  a  k-partition  of  S.  The  inequality  (2) 
nx  n2  \ 

constitutes  the  necessary  and  sufficient  condition  for  the  consistency 
of  the  information  space  induced  by  the  partition  of  the  system  S.  Note 
that  S  ,  S  .....  S  are  each  product  spaces. 
ni  n2  \  - - - 

The  inequality  (2)  states  that  the  entropy  of  a  system  cannot 
decrease  upon  its  being  partitioned.  It  states  that  the  information 
conveyed  by  a  system  as  a  whole,  when  all  its  parameters  are  observed 
simultaneously,  is  at  most  equal  to  the  sum  of  the  entropies  conveyed 
by  its  subsystems;  i.e. ,  when  each  subsystem  is  observed  as  a  separate 
entity. 

An  information  space  is  said  to  be  consistent  if  its  subspaces 
satisfy  theorem  (2).  It  merits  repetition  to  state  that  entropy  is 
the  amount  of  uncertainty  (the  mean  uncertainty)  associated  with  a 
probability  space.  In  this  paper,  we  are  dealing  with  discrete 
probability  spaces.  The  quantity  measures  the  extent  to  which  the 
mean  uncertainty  of  a  probability  space  is  being  eliminated  i.s  a 
result  of  an  experiment  involving  a  set  of  observations. 

Let  A  =  a  probability  space  such  that: 


A^  ,  ,  • 


. .  ,  A 


p(Ax)  =  Px.  •  •  • »  p(An)  =  Pn 


I  p±-i;A-  u  a: 


A  fl  A.  =  4>for  i  j 
i  J  J 


-  A^  for  i  =  j 


I 


H(A)  =  ~  l  PA  log2  pi=  -  l  p (A)  log  p(A) 

xeA 

Entropy,  uncertainty  and  information  are  taken  to  be  equivalent 
to  each  other:  Uncertainty  =  Information  =  Entropy. 


Uncertainty  is  associated  with  an  event  before  we  observe  it; 
and  the  amount  of  information  is  obtained  after  the  observation.  The 
degree  or  amount  of  uncertainty  before  the  observation  is  equal  to  the 
amount  of  information  after  the  observation.  We  can  speak  of  the  amount 
of  information  as  the  elimination  of  the  uncertainty  after  the  message  is 
received. 


It  was  shown  that: 


H(S  S  )  =  H(S)  -  H(S  )  >  0 
nl  n2  n2  ~ 


H(S  S  )  =  H(S)  -  H(S  )  >  0 
n2  "l  nl 


where  H(S  I  S  )  is  the  amount  of  information  provided  by  the  subsystem 


nl  n2 

about  subsystem  .  It  is  the  a  posteriori  (observational)  infor¬ 
mation  about  S 

nl 

H(S  |  S  )  -  H(S)  -  H(Sn  )  (4) 

nl  nl  nl 


where  H(S  I  S  )  is  the  information  provided  about  subsystem  S  by 
nl  "l  _  nl 

the  "rest  of  the  system."  S  is  the  relative  complement  of  S  in  the 

nl  nl 

system  S.  H(S  |  S  )  is  a  conditional  entropy.  This  is  illustrated 
nl  nl 

in  the  following  example:  (loc.  cit,  p.  325) 

Let  S  «  (u. ,  u„,  u.}  and  S  =  { un } ;  S  =  {u„,  u.}  . 

12  3  n^  1  n^  2  3 

{  {S  }  ,  {S  }  }  is  a  two-partition  of  the  system  S. 

°1  "l 


VI .  CYBERNETIC  (INFORMATION)  CORRELATORS . 


R2(S)  «  1  - 


H  (S) 


H (S  )  +  H(S  ) 
nl  n2 


(1) 


0  £  R  (S)  £  1 


R^CS)  is  an  information  correlator.  The  subscript  "2"  designates 
the  fact  that  the  correlator  is  associated  with  a  two-partition  of  S. 


H(S) 


r(3)(s)  =  i  - 


H  (S  )+H(S  )  +  H(S  ) 


"-W^1 


(2) 


amount  of  organization 
^(3)^  maximum  possible  organization 
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VII.  INFORMATION  FEEDBACK.  In  the  ensuing  discussion,  we  shall 
assume  that  a  system  has  been  partitioned  into  several  mutually  dis¬ 
joint  subsystems.  Since  feedback,  whether  positive  (regenerative)  or 
negative  (degenerative)  may  be  of  overriding  importance  in  systems  of 
all  types,  information  feedback  in  terms  of  entropy  is  to  be  defined 
in  meaningful  and  operational  terms . 

Let  us  consider  the  following  system: 


SYSTEM  S(0) 


.(0) 


{{  S(0)  }  , 
nl 


l  s<0)  } 

2 


{  S(0)  }  } 
n3 


.(0) 


.(1) 


H(S.W/  )  -  IKS'^'  )  is  the  entropv  differential  feedback  of 
ln^  ln^  *■  ■■■  — 

subsystem  S  as  a  result  of  a  change  in  the  number  of  parameters 


of  the  subsystem. 


Likewise,  (S)  -  (S)  is  the  entropy  differential  of 

the  entire  system. 

The  entropy  differentials  measure  the  information  feedback  of 
subsystems  and  of  the  entire  system. 

The  entropy  sensitivity  of  a  subsystem,  say,  is  defined  as: 
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tmnunmnutga  . •* 


4 


1 


H(Sln}  > 
lnl 


Likewise  for  the  entropy  sensitivity  of  the  system  S: 


H(S(0))  -  H(S(1)) 


H(S(0)) 


The  symbolism  adopted  facilitates  the  recording  of  the  history  of 
each  parameter  and  of  the  transformation  of  subsystems.  The  super¬ 
scripts  (0),  (1),  (2),  etc.,  designate  the  initial  state,  the  0-state, 
the  subsequent  states  of  the  subsystems  as  well  as  of  the  system. 

In  general,  each  of  the  subsystems  at  each  state  is  characterized 
by  a  certain  number  of  distinct  parameters: 


.(0) 


In 


1 


,  s(0) 

<  2n9 


JO) 

kn, 


t(°) 

lll 


,(°> 

21 


(0) 
1  kl 


(°) 

l12 


(0) 

J22 


,(0) 

Jk2 


(0) 

uln 

1 

(0) 

U2n„ 


40) 

kn, 


The  remainder  of  this  paper  has  been  reproduced  photographically 
from  the  author's  manuscript. 
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VIII. 


TRANSFORMATION  OF  SYSTEMS 


The  entire  information  system,  S,  is  partitioned  into  a  few  sub¬ 
systems.  "Information  signals"  are  sent  from  one  subsystem  to  another; 
this  is  equivalent  to  a  transformation  of  states  of  the  entire  system,  S, 
from  state  0,  t.o  state  1,  from  state  1  to  state  2,  etc. 

After  each  transformation,  the  parameters  are  regrouped  and  reordered 
among  various  subsystems.  The  sets  of  values  assigned  to  each  parameter 
are  regrouped;  and  the  probabilities  associated  with  each  parameter  are 
renormalized,  since  the  sum  of  the  probabilities  associated  with  each 
parameter  must  be  equal  to  unity. 


The  information  chain  developed  in  this  paper  is  independent  of  any 
special  location  of  the  source  of  the  transmitted  signals  or  of  a  receiving 
subsystem  (e.  g.  ,  an  antenna).  The  transformations  of  the  entire  system 
are  accomplished  in  discrete  state-wise  steps.  The  regrouping,  reordering, 
and  renormalization  take  place  after  the  subsystems  are  in  the  new  state. 
The  subsystem  entropies,  the  sensitivity  indices,  are  computed.  Finally 
the  entropy  and  sensitivity  index  for  the  entire  system  S  is  computed 
as  the  S  passes  from,  say, . state  1  to  state  2  . 


What  follows  is  an  explicit  delineation  of  such  transformations: 


Initial  State  0  :  We  begin  with  the  0  state  of  the  system  and 
assume  that  the  system  in  this  state  consists  of  four  subsystems.  Sv 
denotes  that  the  entire  system  is  in  state  0  .  Each  of  the  subsystems, 

S  has  a  certain  number  of  parameters,  i  :  1  to  4  , 

Sjn  ,  for  example,  denotes  subsystem  1  and  nj  denotes  the  number 
of  *  parameters  that  make  up  subsystem  1  .  Similarly  for 


c  (0) 

2nT 


c  (0) 

3n3‘ 


and  for  S 


Thus: 


similarly  for  other  subsystems. 


The  other  subsystems  are  shown  in  Figure _ 1 
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(0) 

Parameters  u4n^  of  the  subsystem  S4n^  : 


Y~ Pa1(u41°llt41.a1)*1'  °  *  *  1 


al  =  1 


\  Pa  (u42°>=  XA9  )  =  !.  0  *  Pa2  5  1 
l _  2  42,  a2  2 

a2  =  1 


5n4 


Pan4^n4)  =  x^,  a^)  =1,0^  s  1 


an4=l 


Thus  all  the  probabilities  in  the  state  0  are  normalized. 

We  then  compute  the  entropy  of  each  subsystem,  assuming  that  they 
are  statistically  independent  of  each  other. 

Since  A  is  a  finite  probability  space,  we  have: 

H(A)  -  -  )  p(A)  log  p(A) 
x€  A 

m  .  .  mn 

H(S/n )}  =  \  (n) 

1  Paj(ul  j  =  X13,  aj)  l0S  Pa;j  *  j  =  l*  2,  3, . .  nt 

ai  -1,  3-2 ~ 2,  •  •  an^  - 1 


m. 


where  -  *>  is  given  by:  H(S^|)=  -V  pa i  ^  ai )  log  p^  + 


V*4*1  11,3!' 


.a^i 


m,. 


m 


ni 


Pa2<“i°2) ■  a2>  l0g  Pa2  +  '  •  •  •  ' '  +^~ Pa„j (“in’,  =  xi'n®/.  an,  »°8  P3ni 

a2  =  l 


ani=1 


4 


Similarly:  H(S^  )  = 

.  2 


fi  K  f 


Pa,^2?  =  lQg  Pa 


J  “3  3  dj 


al "1»  a2- *'  *  •  an^" 


j-1,  2,  3,  ... ,  anr 


H<S4°n  »  = 
4 


1.2.....  4 


,  (0)  (0)  >  . 
Paj(“4j  1  *4j,  a  >  1o*  PSj 


arl,a2  =  l,..a  =1 


The  foregoing  formalism  describes  all  the  operations  to  be  performed  on 
the  system  in  the  initial  state  0  . 

State  1  : 

With  the  0  state  closed,  the  entire  information  system  undergoes 
a  transformation  of  states.  The  signals  and  the  associated  probabilities 
are  sent  from  S^)  to  what  will  eventuate  as  S'*  .  The  description  and 

analysis  of  S^1^  will  be  discussed.  It  is  pertinent  to  make  the  following 

statements  concerning  the  structure  of  and  operations  to  be  performed  on 
c(l). 

*  (1) 

a.  The  number  of  subsystems  of  S  need  not  be  equal  to  the  number 

of  subsystems  of  S^)  .  It  may  happen  that  some  subsystems  in  S'^ 
have  disappeared  as  a  result  of  the  transformation:  ■■■■'£  »  S'*) 

New  subsystems  may  be  introduced  into  S'*)  that  did  not  exist  in  S  0  . 

b.  Similarly  for  the  number  of  parameters  in  any  of  the  subsystems 
after  the  transformation  from  S'u  to  S'1’  .  The  numbers  of  parameters 
in  any  subsystem  of  S  need  not  be  preserved  as  a  result  of  the  transfor¬ 
mation. 

c.  The  probabilities  associated  with  each  parameter  in  any  of  the 
subsystems  of  S  need  not  be  preserved  in  the  transformation.  These 
may  decrease  or  increase  depending  on  the  contingencies  of  the  situation. 

In  the  algorithm  used  in  this  paper  the  place  of  any  parameter  (in 
a  subsystem)  that  disappears  from  S  as  S'**)  is  transformed  into  S^*)  is 
marked  by  a  dash  (or  by  some  other  computerized  mark). 

The  number  of  subsystems  in  this  paper  is  set  as  four;  and  this 
number  is  not  changed  during  the  transformations: 
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The  number  of  parameters  and  the  number  of  probabilities  associated 
with  each  of  these  parameters  are  changed.  The  following  operations 
are  performed  after  each  transformation: 

d.  Restructuring  the  subsystems  in  S'1'  ,  some  may  disappear, 
others  may  be  added  to  S^l). 

e.  Regrouping  the  parameters  in  each  subsystem,  some  parameters 
may  be  transmitted  from  one  subsystem  to  another.  The  number  of 
parameters  in  each  subsystem  may  change  during  the  transformation 
(see  b.  of  previous  section).  In  order  to  devise  a  consistent  algorithm, 
we  adopt  the  following  convention:  if  the  probability  associated  with  a 
specific  parameter  is  set  equal  to  zero,  its  location  is  marked  by  a  dash. 


f.  Renormalizing  the  probabilities  associated  with  each  parameter: 
This  is  an  important  operation,  since  it  may  happen  that  the  sum  of  the 
probabilities  (associated  with  each  parameter)  after  the  transformation  of 
state  may  not  be  equal  to  one.  A  few  words  about  renormalization  are 
relevant  at  this  juncture.  We  know  that  the  sum  of  the  probabilities 
associated  with  each  parameter  must  be  equal  to  unity.  This  is  what  is 
meant  by  normalization.  It  may  happen,  however,  that  after  the  system 
changes  from  state  p,  (psO),  to  its  succeeding  state  p+1  ,  the  sum  of  the 
probabilities  associated  with  one  or  more  of  the  regrouped  parameters  is 
no  longer  equal  to  one.  We  then  renormalize  these  probabilities,  which  is 
either  to  reduce  or  increase  the  values  of  all  the  probabilities  associated 
with  each  parameter.  (g) 

.  It  may  happen  that,  x^  ,  the  values  assigned  to  parameter 

u^  may  be  numerically  equal  to  the  set  of  values  assigned  to 

the  parameter  u^  after  the  system  changes  from  state™1  to  state  1  . 
Although  the  sum  of  probabilities  associated  with  mi  is  equal  to  unity, 

the  sum  of  the  probabilities  corresponding  to  x|\^  may  add  up  to,  say, 
1.6,  by  upgrading  some  of  the  probabilities  associated  with  uj1'  .  Under 
such  circumstances  we  smooth  the  increase  in  probability  by  distributing 
this  rise  above  unity  among  all  the  probabilities,  as  shown  below: 


mi 

L  Paj^il  =  m  )  =  1-6  (before  renormalization). 

ai  =  l 


To  renormalize  we  divide  each  of  the  probabilities  pa^  by  1.  6  (the  sum  of 
the  probabilities  before  renormalization): 
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•V  -f: 


(after  renormalization) 


(Each)  Pa^u/1^  x/}}^) 

Paj^ll^  4V,  ai) 

the  sum  of  p's 
al 

=  xi  V,  ai  > 


(before  renormalization) 
(after  renormalization) 


r  Pa  =  i  •  6 


Thus  Z  pa  (u^ 


(1)  -  x(1)  )  -  1 

11  *11.  a*  1 


(after  renormalization) 


g.  The  history  of  each  parameter  is  recorded.  The  svstem  S  is 
shown  in  Figures  1_1 _  and  12  after  the  transformation  to  S'l)  is  closed. 

Figure  11  exhibits  the  final  structure  of  S^\  consists  of  four  sub¬ 

systems: 

v  I  m  \  /  „  \  /  *  \  / .  \ 


Each  subsystem  Sin.  contains  a  certain  number  of  parameters.  But  the 
number  of  parameters  in  each  S’* ;  ,  .1=1,  2,  3,  4  is  not  equal  to  the  number 


number  ol  parameters  in  each  ,  .1=1,  i,  6,  4  is  not  equE 

of  parameters  in  the  subsystems  1  Sjn/,  i*l,2,  3,  4.  Some 
have  been  eliminated,  some  are  added. 


parameters 


In  Figure  1 2  the  dashes  denote  parameters  that  disappear  during  the 
transformation  from  the  state  0  to  state  1  .  Their  locations  are  preserved; 
and  they  are  considered  in  the  count.  It  is  possible  that  some  of  these,  or 
all  of  these,  may  re-enter  into  the  system  during  one  of  the  consecutive 
transformations . 


The  numerical  values  of  the  indices  mj,  mg,  .  .  .  mn;  H  ,  ■ 

Sj,  sg>  •  •  ■ ,  sn^  need  not  be  the  same  in  the  subsystem!: 

q(0)  .  o(0)  .  c(0)  .  c(0) 

bln1*  b2n2'  b3n3’  b4n4  ’ 


.i  ; 
n2 
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as  those  in  the  subsystems:  s/nj+i;  4fn2+2  '  ^3n3+2 >  ■  These  indices 

only  represent  symbols;  the  numerical  values  must  always  be  supplied. 

It.is  seen  from  Figure  12  that  the  number  of  parameters  .in  subsystem 
Slni+1  equals  to  (n^+1);  the  number  of  parameters  in  £qni  is  equal  to  n^ . 

In  Figures  11  and  12  the  numbers  1,  2,  3, .  . . ,  nj,  n^+1,  nj+2  in  the  first 
column  (on  the  left-hand  side)  denote  the  consecutive  numbers  (of  parameters) 
in  each  subsystem. 

Figure  12  exhibits  only  those  parameters  in  the  system  that  were  either 

transmitted  from  the  system  to  another  system,  or  were  transmitted  from 

another  system  to  S^'  .  A  transmission  from  the  system  to  another 

system  S',  n>l  is  called  the  output  from  the  system  S^l)  .  A  transmission 
from  a  system  S',  n^l,  to  the  system  Su  is  called  the  input  into  the 


syste 

system  S'1  . 

The  symbolic  notation:  u^-*  u^^+i  denotes  that  the  parameter  u^,  missing 
in  Figure  12  is  transmitted  from  Ihe  subsystem  Si^jVi  to  S2^i2+2;  and 
changes  its  identification  from  u^  to  u^^+ 1  • 


The  same  explanation  holds  for  the  symbolic  transmission  of  parameters: 

iinl+1;  u&+$2+2;  *  *Qn3+l  • 

The  parameter  representation  of  the  four  subsystems  is  given  as  follows: 


o  (1) 

blnx+l 

s2n2+2 

q(l) 

s3n„+l 

SU) 

S4n, 


=  C  ui\>  i#iu1<l>....ui1n>.ul1n>i  +  1} 

-  u21’  u22'  u23~'  u25’ . u2n2*  u2n2  1'  u2n2+2 5 

-Cu u<V....<.  «J&ll 


=  {  u' 


(1; 


41 


9  9  9 


uU>  U(D 

u44'  u45’  • 


“4n4  1 


Figure  1 2  illustrates  how  the  history  of  each  parameter  can  be  recorded,  yielding 
the  complete  transmission  pattern  ^history)  of  each  parameter  as  the  system 
undergoes  changes  from  to  S'P^  (p>i);  p  =  1,  2,  .  .  . ,  r  . 
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Probabilities  and  Transformation  of  System  S 

A  set  of  probabilities  is  associated  with  each  parameter.  It  is  assumed 
that  the  probabilities  associated  with  each  parameter  in  all  subsystems 
are  renormalized.  When  a  parameter  is  transmitted  from  one  subsystem 
to  another,  its  associated  probability  is  carried  along  with  it.  (This  is 
adopted  as  a  procedural  convention  in  this  paper. ) 

The  probabilities  associated  with  each  parameter  are  normalized  to  unity. 
Parameters  u^^+i  of  Subsystem  S^|+i  : 


T  Pa  <u<V  =  x<\>  )  =  1  ; 

ll  =  1 


v  /  (1)  (1)  i  i 

r  Pa~  (ul3  "  X1 3,  a3  ~  1  ' 


Ospa.  s  1 


o  *  Pa3  *  1 


mn+1 

E  pan  +1  (u^nj+l  =  ,  a  +1)  =  1  ; 

V1  1  1 


0sPam+l  S1 


Parameters  +9  of  Subsystem  +2  • 
2  2 


S  Pa(u(2V  =  a  )  =  1  ; 


0  5  5  1 


S_  pa2  ^22  ^22,  a2)  1  ;  0  s  pa2  S  1 


^n2+2 

a£+2  Pa„2+2  (u'^2  ■  an2+2)  -  1  ;  0  <  -  1 

an2  1 


i 


Parameters  of  Subsystem  S ) 

Sj 

S  4V,  =  1  '  0iPaisl 


L  Pa  (4V  =  4V,  a  >  =  1  •  0sPa  ** 

a2=l  2  2  2 


Pa<u4a 


(1)  _ 


a  =1  n4 
an4  1 


=  4°  an  )  =  i  ; 
n4*  n4 


0  s  Pan  <  1 
n4 


With  this  symbolism  separate  records  have  to  be  kept  of  all  the  transfor¬ 
mations  of  the  subsystems  of  the  paramaters,  and  of  the  associated  proba¬ 
bility  values  during  the  transitions  of  the  entire  system  from  any  state  N 
to  the  consecutive  state  N+l  . 


The  entropies  of  the  respective  subsystems  are  computed: 


WS&j+i) 


m1(  m3,  .  .  . ,  mn  +1 


(  (1)  \  i 

Pa  (ul,  =  xi  ,  a  >  *  loS  Pa, 
J  J  j  j  J 


al~l,  ag-1,  .  .  . ,  ani  +  1: 


where  j  =  1,  2,  3, ... ,  n^  +  l 


!  I 

!  I 


H<S2n2+2» 


^1  i2  ^n2+2 

■— Lt  j  •  •  •  > ^ 

N\  ,  in  u)  .  . 

>  ^(U2j a  X2j-  *;>  ’  log  Paj 


al  =  l, a2-l,  . .  . ,  an2+2=l 


where  j=l,  2,  3,  . . . ,  n2+2 


i 


4 


S  i  j  '  *  *  9  SII4 


h(s41} ) 

4n4 


Pa3(u43)=  xijjaj)  *  log  p 


al=1»  a2_1* •  •  •  * an4_1 


where  j  =  1,  2,  3, . . . ,  n. 


IX  SENSITIVITY  INDICES  FOR  SUBSYSTEMS  AND  PARAMETERS 

(1) 

There  is  an  additional  operation  to  be  performed  on  S  ,  namely  the 
calculation  of  the  sensitivity  indices.  Some  of  these  are  given  below: 

<4[0)  q(0)  .  H(s[0)  )  -  H(si1}  ..) 

nl  lnl  1  S^O,  1)  = - - - ± — 

lnl  H(S^°h 

n 

1 


Subsystem  Son  : 

2 


0(0,1)  . 


H(s£0)  )  -  H(s^n  1 1  +2> 


H(S^°)  ) 
n2 


Subsystem  S4  ^  : 


(0,  1) 


H(S^0)  )  ) 


H(S^0)  ) 
n4 


We  can  also  compute  the  sensitivity  indices  of  a  particular  parameter,  as 
shown  below:  . 

Transformation,  Subsystems  S^  -»  Sj  +1 


Parameter  Change:  u^  -*  u[^ 


Sensitivity  Index: 


(0,1) 


-  -■  ffn 


,(0,1) 

5ell 


ml 

L j 

a 


mi 


^  =  1  Pai(U^)=  Xll-  al}  log  Pal  al}  l0g  Pal 

_ 

v  /  (0)  (0)  v  , 

S  Pai<ull  =  xlljai)log  Pa 

a^  =  l  1 


where  the  superscript  (0,1)  denotes  the  transformation:  uj^-»  u^J)  i.  e. 
from  state  0  to  state  1  . 


Transformation,  Subsystems: 

Parameter  Change:  uj*^  -*  u[^ 
mnt  111 


Q(0)  _  5.(1) 

bi  -*  bi  +1 

1  ni  1n1 


O (o,  1)  = 

eini  mn 


mnj 

£  Pa  (uj^  -  xj0)  a_  )  log  Pj,  -  £  pa  (ilP  =Xi  „  )log  pa 
ani  =  l  nl  inl  nl,  nl  &nl  ani  =  l  Kan1  xni  1>  &ni  6  Han. 


£  p  <u(0)  =  x,  )  log  pa 

&ni  1n1  lni,ani  ani 

nl 

Sinilar  expressions  can  be  given  for:  in  the  transformation: 

2  2 

S&2  -  4n2+2 

and  for:  in  the  transformation:  sfilK  *♦ 

4n  4  4 


i 

\ 


There  may  be  instances  in  which  the  sensitivity  index  cannot  be  meaningfully 
defined.  A  new  parameter  may  be  introduced,  say,  parameter  u^  in  the 
transformation:  sV^L  ^no+l  •  This  parameter  does  not  exist  in  any  of  the 
subsystems  of  S'*'';  out  it  makes  its  first  appearance  in  the  system  at  state  1. 


We  shall  adopt  the  convention  that  under  such  circumstances  the  sensitivity 
index  of  such  a  parameter  shall  be  set  equal  to  zero. 

There  may  be  instances  in  which  the  parameter  whose  sensitivity  index  is 
sought  does  not  change  probabilities,  for  example: 


< 


>•4  VJ*  >  l  t 


m. 

Z 

a. 


L  ml 

Pa,  (un  =  x[°i  an  ]  log  Pai  =  E  Pai =  xlV,  a,  >  loS  Paj 

=1  1  1  ai=l 


m, 


m, 


£ 


, ,  aLr-l  Pa^"!0!* 1  xl(l!  a,>  l08  Pa,  ~  a£l  P.^MV,  a,'1^  Pa, 


'll 


Z1  )logp 

al  =  1 


s  0, 


i.  e. 


S<°>  Dis 
ell 


identically  equal  to  zero. 


X.  TRANSFORMATIONS:  ),  £1  £>  4H 

The  transformations.from  to  S(PJ  (i  >  1)  are  governed  by  the  same 

operations  as  in  S'U'-»  £>  ,  i.  e.  : 

a.  The  probabilities  associated  with  each  parameter  are  normalized 
to  unity. 

b.  The  values  of  the  subsystem  entropies  are  then  calculated. 

c.  The  sensitivity  indices  are  calculated. 

d.  We  may  calculate  sensitivity  indices  of  particular  parameters. 

e.  The  entropy  of  the  total  system  is  computed.  Since  all  the  subsystems 
are  assumed  to  be  statistically  independent,  the  calculation  of  the  total  entropy 
reduces  to  adding  the  entropies  of  the  particular  subsystems  into  which  the 
system  had  been  partitioned. 

The  system  S^;  its  input  and  output  is  shown  in  Figures  22  and  23  . 


I 

i 


The  expressions  of  some  subsystem  entropies  are  given  below: 


m i ,  •  •  • »  mni 


lo§  Pa^ 


j  =  l,  2,  .  .  . ,  n1 


H<4n2+1>  * 


P^r^’aj)-  l0SPa3 
al  =  li  a2  =  ^*  •  • • » an2+l  =  1 


j  =  l,  2, .  .  . ,  n2+l 


*  ~ 


j - 1 1  2,  .  .  . ,  n<j. 

The  expressions  for  subsystem  sensitivity  indices  of  are  shown 

in  Figure  27  . 

The  entropy  of  the  total  system  after  state  transformation  1,1,2  are 
given  in  Figure 28  . 

Values  of  subsystem  and  system  efficiency  indices  are  shown  in  Figures  25 
and  26  . 


*1  j®2<**,<  ®n^j 
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XI  THE  ENTROPY  OF  THE  ENTIRE  SYSTEM 


With  the  assumption  that  the  systems,  subsystems  and  parameters 
are  statistically  independent,  the  calculation  of  the  total  entropy  reduce 
simply  to  the  operation  of  addition  of  the  entropies  of  the  separate  sub¬ 
systems.  Hence,  we  obtain: 

H(S<0))  =  H(S!(0))  +  H(S2(0))  +  H(S3(0))  +  H(S4(0)) 
nl  n2  n3  m4 

H(S(1))  =  ms^  +1 )  +  H(S2^+2)  +  .  . .  +  H(S4^  ) 


The  0- State: 


The  1  -  State: 


The  2 -State: 


nl 


n4 


(2)  (2)  (2)  (2) 

H(S  )  =  H(Si  )+H(So  +1)  +  ...  +  H(S4r,  );  etc. 
n,  n2  1  n4 


T 


The  sensitivity  indices  can  be  calculated  in  the  usual  manner: 

(0,  1) 


Transformation  from  0-State  to  1 -State: 


Transformation  from  1 -State  to  2 -State: 


S.  —  (S)  =  ^<S  >  -,$s  ) 

H(S  0)) 

s“'2,(s)  =  H(S(1>)  -  H(S(2>) 

H(S(1)) 


The  sensitivity  index  can  be  calculated  for  the  transformations  of  any  two 
arbitrary  states  in  the  sequence.  For  example: 


4),cx  _  h(s(1))  -  ms'*') 


.<4). 


(S)  = 


H(S^) 


or 


(0,  3) 


(S) 


H(S(0))  -  H(S(3)) 
H(S(0h 


From  the  definition  of  the  sensitivity  index,  it  is  seen  that  if  the  index  is 
positive,  say,  Se^'  4)(S),  then  the  system  in  State  4  has  lost  randomness 
(entropy)  relative  to  the  system  in  State  1.  However,  if  the  value  of  this 
(^ejisitivity)  index  is  negative,  then  S^4)  has  gained  randomness  relative  to 

If  the  number  of  transformations  of  the  system  S  is  equal  to  rn  a 
finite  number,  then  the  sensitivity  index  between  SV  and  S'n*  may 
under  certain  circumstances  give  quantitative  overviews  of  all  the  total 
entropy  changes  of  the  system  in  question. 
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XII  THE  APPLICATION  OF  THE  INFORMATION  FEEDBACK 


MODEL  TO  (ENVIRONMENTAL  SETTINGS  OF)  DETECTION 
SYSTEMS.  (COMPUTER  SIMULATION) 


The  concepts,  structure  and  formal  expressions  presented  in 
the  preceding  pages  were  applied  by  means  of  computer  simulation 
to  environmental  parameters  that  might  affect  the  performance  and 
operation  of  target  detection  systems  such  us  radar,  infrared,  and 
optical  systems. 

The  computer  simulation  consisted  of  three  very  similar  programs; 
each  of  which  having  six  to  eight  parameters.  The  numerical 
calculations  were  performed  on  the  CDC  3600  computer  at  Michigan 
State  University. 

The  probability  of  target  detection  by  a  radar  system  depends 
upon  two  prime  factors  (a)  the  technical  design  of  the  system  and 
(b)  the  operating  environment  in  which  target  detection  occurs. 

For  a  radar  system  the  design  is  fixed  with  the  choice  of 
pulse  shape,  pulse  duration  repetition  rate,  peak  power,  speed  of 
antenna  rotation,  antenna  beam  width  and  frequency.  A  major 
radar  limitation  is  the  inability  to  recognize  the  characteristics  of 
objects.  Radar  systems  see  too  much  and  the  picture  is  confused 
by  unwanted  echoes,  or  clutter. 

The  maximum  performance  is  therefore  fixed  by  the  design  of 
the  radar.  The  operational  environment  degrades  operating 
performance,  which  is  always  less  than  design  performance. 


Infrared  Target  Detection:  The  environmental  paremeters  for  this 
system  are  as  follows: 

PARAMETERS: 

^1  :  Camouflage;  U2  :  Weather;  U3  :  Altitude 
U4  :  Emission  and  Reflection  from  Target 
U5  :  Time  of  day 

U8  :  Time  of  appearance  near  Target 

Uy  :  Condition  of  Infrared  detector 

U8  :  El  ectromagnetic  noise  in  atmosphere 


Sixty -two  missions  were  simulated  for  the  infrared  detection  system; 
two  of  those  are  given  below: 


MISSION  NUMBER  1: 

Ui  :  Camouflage  - 
P(Uji  =  Xj^)  =  0.  000: Heavy 

P(U12  =  X\2)  -  0.  050: Modera t.- 
P(U13  =  X13)  =  0.  100:Light 
P(U14  =  XH)  =  0.  850:None 
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P<U2r= 
p(U22  = 
p(u23  = 
p(u24  = 

P<U25  = 

P(u26  = 

P  u  = 
27 

U3 

P(U3T^ 

p(U32  = 

P(U33  = 
p(U34  = 

p(U35  = 

P(U36  = 
p(U37  = 


’  ^  e?.ther 

X2^}  =  0,  800;Very  dry 

X22)  =  0. 100: Very  low  humidity 

X2s)  =  0.  045:  Low  humidity 

^24)  =  0.  035: Low  humidity  of  light  louds  or  fog 
X2C)  =  0.  015:  Moderate  humidity  or  he *vy  clouds  or  fog 
X^/ )  =  0.  005: Heavy  humidity  or  heavy  clouds  or  fog 
X7_  =  0.  000:  Very  high  humidity 


Altitude 

X31 )  =  °- 
x32>=  0. 
X33)  =  0. 
X34)=  0. 
X35)=  0. 

x_,)=  0. 

x37>  *  °- 


650:0  to  1000  ft. 

250:above  1000  up  to  5000  ft. 
080:above  5000  ft.  up  to  10,  000  ft. 
010:above  10*  000  up  to  20,  000  ft. 
008:Ebove  20,  000  up  to  40,  000  ft. 

002:above  40,  000  up  to  50,  000  ft. 
000:above  50,  000  ft. 


Emission  and  Reflection  from  Target 


ptU4r-  x41) 
p<u42  =  x42) 

P<U43  =  X  ) 

P<U44  =  *  > 

p(U45  =  Kt) 


0.  850: Excellent 
0.  100:  Very  good 
0.  040:  Good 
0.  010:  Medium 
0.  00: Weak 


Ut;  :  Time  of  day 

p(U5i  =Xr, )  =  0.  050:  early  morning 


P(U53 

P(U54 

P(U55 


X5  3 ) 

=  X54> 
=  X„) 


P<U56  =  X56>  = 


0.  400:midmor  ning 
0.  100:noon 
0.  400:afternoon 
0.  050:  evening 
0.  000:night 


:  Time  of  Appearance  near  target 
p(U£T^  X61)  =  0.900:  exact 

P(U62  =  X62)  _  0  050;a  little  early 
p(U^3  =  x63)  =  0.  000:very  late 
p(U£,4  =  X^4  =  0.  050:a  little  late 
p(U^,5  =  X^j.  =  0.  000:very  late 
p(U£6  =  X  =  0.  000:no  appearance 
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U7  :  Condition  of  infrared  detector 
P(U?i  =  X.^)  =  0.850:  excellent 

P(U72  =  X,^)  =  0.  100:  very  good 

P(U73  =  X  3)  =  0.  050:good 

P(U?4  =  X?4)  =  0.  000:  fair 

P(U75  =  x75)  =  0.  000:  poor 

Ug  :  Electromagnetic  Noise  in  Atmosphere 
P(LJgi  =  Xgj)  =  0.  07  0  :  very  strong 

P^82  =  Xg2)  =  0.  100  :  strong 

P(Ug 3  =  X  )  =  0.  800:  mcd  erate 
p(U84  =  Xg4  =  0.  030:  weak 

P(Ug5  =  Xg3  =  0.  000  :  very  weak 

Total  Entropy  for  Mission  1  =  8.  105  bits 

Mission  Number  4  : 

U]  :  Camouflage 
P(Un  =  XU)  =  0.  050  :  heavy 

P(Uj2  -  Xj^j  _  q  jgQ  .  moderate 

P(U.,  =  X,  J  =  0.700:  light 

P(Ui4  =  X^4  )=  0.  100:  None 

:  Weather 

P(U21  =  X^j)  =  0.  005  :  very  dry 

P(U22  =  X22)  =  0.050:  dry 

P(LT23  =  X23)  =  0.  255  :  very  low  humidity 

P(U^4  =  X^4)  =  0.  455  :  low  humidity  or  fog 

P(U  =  x,r)  =  140  :  moderate  humidity 

P(U,,  =  X-,)  =  0.  040:  heavy  humidity  (or  heavy  clouds) 

p(U27  =  X27)  =  0.  005  :  very  high  humidity 

:  Altitude 

P(U31  =  X  )  =  0.  650  :  0  to  1000  ft. 

P(U32  =  XL)  =  0.  250:  above  1,  000  ft  up  to  5,  000  ft. 
P(U33  =  X33)  =  0.  080  :  above  5,  000  ft.  up  to  10,  000  ft. 

P(U34  =  X34)  =  0-  010  ;  above  10,  000  ft.  up  to  20,  000  ft. 

P(U33  =  X^)  =  0.  008  :  above  20,  000  ft.  up  to  40,  000  ft. 

P(U3£  =  X  )  -  0.  002  :  above  40,  000  ft.  up  to  60,  000  ft. 

P(U37  =  X37)  =  0.  000  :  above  60,  000  ft.  up  to  80,  000  ft. 
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:  Emission  and  Reflection  From  Target 

F(U4i  =  X  )  =  0.  850  :  excellent 
P(U42  =  X42)  =  0.  100  :  very  good 
P(U43  =  X.,)  =  0.  040:  good 
P(U44  =  X44)  =  0.  010:  medium 

P(U45  =  X4g)  =  0.  000  :  weak 

P(U46  =  X46)  =  o.  000  :  poor 

P(U47  =  X47)  =  0.  000  :  very  poor 

U5  :  Time  of  day 

P(U5i  =  X^j)  =  0.  050  :  early  morning 
P(U52  =  ^52)  =  0*  400:  midmorning 
P(U5  3  =  x53)  =  0-100:  noon 

P(U54  =  X54)  =  0.  400  :  afternoon 

P(U,-r  =  X  )  =  0.  050  :  evening 

P(U56  =  X§§)  =  0.  000  :  night 

Ug  :  Time  of  Appearance  near  Target 
P(U£Y  =  X^j)  =  0.  900  :  exact 
P(U82  =  X82)  =  050:  a  little  early 

P(U63  =  x63)  =  0.  OUU:  very  early 

P(Ug4  =  Xg4)  ■  0.  050:  a  little  late 

P<U65  =  x65)  =  0.  000:  very  late 

P(U66  =  X66)  =  0.  000:  no  appearance 

U  U7  :  Condition  of  Infrared  Detector 
P(U7T~=  X?1)  =  0.  850 
P(U72  =  X72)  =  0.100 

P(U73  =  X73)  =  0.  050 

P(U74  =  X74)  =  0.  000 
P(U75  =  X?5)  =  0.  000 

P(U76  =  x76)  =  0.000 

U8  :  Electromagnetic  Noise  in  Atmosphere 
P(UgI  =  Xgj)  =  0.  070  :  very  strong 
P(Ug2  =  X82)  =  0.  100  ;  sirong 

P(U83  =  x83)  =  ^30:  moderate 

P(U84  =  Xg4)  =  0.  000-  weak 

P(U85  =  x85)  =  0.000;  very  weak 

Total  Entropy  for  Mission  4  =  9.482  bits 

Operational  environmental  parameters  for  a  Radar  Detection  System 
Forty- seven  missions  were  computed  for  this  set  of  parameters 
to  be  considered: 

PARAMETERS: 

Ui  Time  of  appearance  near  target 
U2  :  Weather 
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LJUULiliUMaMJ1 


■nr 


u 

u 

u 

u 

u 

u 


3 

4 

5 

6 

7 

8 


Time  of  day 
Defense 

Pilot's  Condition 
Visibility 

Reflection  from  target 
Electromagnetic  noise 


Mission  Number  3  : 


P(Un  = 
P(t4  = 

P<U13  = 

P(U14  - 

P<U15  = 

P(Ui6  = 


X12 

x13 

X14} 

x15) 

X16) 


0.  800  :  exact 
0.  050  :  exact 
0.  030:  a  little  early 
0.  050  :  a  little  late 
0.  030  :  very  late 
0.  040  :  no  appearance 


U 

p(U2l 
P(U 

P<U23 

p(u24 

P<U25 


22  = 


X  ) 

*lr 

x24) 

X25> 


U. 

p(°~ 

P(U32 

p(U33 

p(U34 

P(U35 

P<U36 


=  X  )  = 

=  X31  )  = 
32 

=  x33>  = 

=  X34)  = 

:  x35!  - 
-  x36)  - 


Uy 


p(v 

P(U42 

P(U43 

p(u44 

p(u45 

P^U46 

_Uc 

p(U5i 

P<U52 


x  ) 
X*1  ) 
y42; 

43) 
x  ) 
x^S 

X46> 


52)  = 


0.  800  :  perfect  sun 
0.  100  :  some  clouds 

0.  080  :  clouds  moderately 
0.  020  :  heavy  clouds 
0.  000  :  very  dark  clouds 


0.  000  ;  daylight,  early  morning 
0.  000:  daylight,  midmorning 
0.  100  :  daylight,  noon 

0.800  :  daylight,  afternoon;  0.100:  twilight 

0. 000  :  evening 

0.  000  :  night  stars  and  moon 


0,850  :  heavy  flak  artillery  fire 
0.  05  0:  light  flak  artillery  fire 
0.  040:  light  anti-aircraft  missile  fire 
0.  010  :  heavy  anti-aircraft  missle  fire 
0.  050  :  ground  fire 
0.  000  :  no  fire 


0,  850  :  excellent 
0. 100  :  very  good 
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P(U  =  =  0l  030  :  8ood 

P(U54  =  X54  =  0.  020  :  fair 

P(U55  =  ^55)  =  0.  000  :  poor 

P(U56  =  x56)  =  0.  000  :  dead 

U6  : 

P(U6i  =  X^i)  =  0,850  :  excellent 
P(U62  =  X621  =  0.  100  :  good 

P(U63  =  X63*)  =  0.  050:  fair 

P(U^4  =  x64)  =  0-  000  :  poor 

P(U65  =  X65J  =  °‘  000 

U  7_  : 

P(U?1  =  X-^)  =  0  .  850  :  excellent 

P(^72  =  X-^)  =  100  •  very  good 

P(U73  =  X  )  =  0.  050:  good 

P(U74  =  x]])  -  0,  000:  medium 

P(U?5  =  X?5)  =  0.  000:  weak 

U8_: 

P(Ug1  =  Xg^)  =  0,  030  :  very  strong 
P(Ug2  =  X^)  =  0.  050  :  strong 

P(Ua3  =  Xg2)  =  0.  850  :  moderate 

P(Ug4  =  X84^  =  050  :  wea^ 

P(Ug^  =  X85^  =  020  '■  very  weak 

Mission  8  : 


P(U^^  _  Xu)  =  0.  800  :  exact 
P(Ui2  =  X^)  =  0-  050:  a  little  early 

P{Ui3  =  Xl3)  =  0.  030:  very  early 

P(Ui4  =  X14  )=  0.  050:  a  little  late 
P(Ujg  =  X^)  =  0.  030:  very  late 

P,U16  =  *16  )  =  0.  040:  no  appearance 

VISUAL  TARGET  DETECTION  : 

Fifty-two  missions  were  computed  for  this  set  of  parameters. 
The  environmental  parameters  for  this  system  are  as  follows: 
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Uj  :  Camouflage  : 


p(ur 

= 

xll)  = 

0.  100  : 

heavy 

P(Uj 

= 

X12)  = 

0.  750: 

moderate 

P(Uj 

= 

xl3)  = 

0.  100  : 

light 

P(Uj 

= 

X  )  - 
14'  " 

0.  050  : 

none 

u2 

:  Weather  : 

P(U2 

= 

x2i)  = 

0.  100  : 

perfect  sun 

P(u2 

= 

x22)  = 

0.  800: 

some  clouds 

P(U3 

= 

X2.)  = 

0.  070: 

moderate  clouds 

P(U4 

~ 

11 

1  •* 
1  eg 

X 

0.  030: 

heavy  clouds 

P(U5 

X25*  * 

0.  000: 

very  dark  clouds 

p(U3  = 
P(U3  = 
P(U3  = 
P(U3  = 
P(U3  = 
P(U3  = 
P(U3  = 
P(U3  = 


:  Time  of  day  : 

X31)  =  0.  040  :  early  morning 

X32)  =  0.  750  :  morning  -  noon 

X  )  =  0.  100  :  noon 

X34)  =  0.  050  :  afternoon 

X35)  =  0.  040  :  evening 

X36 )  =  0.  020  :  night  (moon  and  stars) 

x3_)  =  000  :  night  (no  moon,  stars' 

x38)  =  0-  000  :  night  dark 


U4  ;  Distance  : 


% 

a 

11 

X4l) 

0.  800  :  0  to  .  5  miles 

P(U4  = 

X42> 

= 

0.  100  :  above  .  5  up  to  1  miles 

P(U4  = 

X43> 

= 

0.  060  :  above  1  up  to  3  miles 

P(U4  = 

X44> 

= 

0.  030  :  above  3  up  to  8  miles 

P(U4  = 

X45 ) 

= 

0.  010  :  above  8  up  to  15  miles 

P(U4  = 

X46> 

= 

0.  000  :  above  15  miles 

U5 

:  Pilots 

Condition  : 

P(U5  = 

X51  > 

-= 

0.  850  :  excellent 

P(U5  = 

X52  ^ 

= 

0.  100  :  very  good 

P(U5  = 

x5  3  ^ 

= 

0. 030  :  good 

P(U5  = 

X54> 

= 

0.  020  :  fair 

P(U5  = 

X55  ^ 

= 

0.  000  :  poor 

P(U5  = 

X56> 

= 

0.  000  :  dead 

:  Time  of  Appearance  near  Target 

P(U6  =  =  0.  960  :  exact 

P(U6  =  X^)  =  0*  020  :  a  little  early 

P(U6  =  X^)  =  0,  000  :  very  early 

P(Ub  =  X64)  =  0.  020  :  a  little  late 

P(U6  =  X65)  =  0.  000  :  very  late 

p(u6  =  x66)  =  0.  000  :  no  appearance 


Total  Entropy 


5.  676  bits 


figure  1 


FIGURE  2 
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Probabilities  Associated  with  Each  Parameter  of 

Subsystem  Sin  (0) 


H(S 
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FIGURE  4 
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jssociated  with  Parameters  of 
Subsystem  sTW 


Probabilities  Associated  with  Pa r am e te 


FIGURE  9 


Subsystem 


IGUR 


FIGURE  11 


Input  into  the  System  S  and  Output  for  the  System 


T 


parameters  u|^+l  in  the  subsystem  sj^+l: 


m. 


S, 


0  <  p  <1; 

-  *'al- 


m . 


E. 


P  <ug>  =  x<'>  )  =  l; 

a  ^  li  l  i,  a  ^ 


0  <  p  <1; 

—  *  n  — 


n+l 

parameters  +  2  in  °ubayotem  sj^j  +  2: 

2  2 


3  (u(l)  =  x(l)  )  =  l; 

a  , ,  ln.  +  l  ln.  +  l,  a  , , 

rij+l  1  l  n^+l 


°<PQ  <  l; 
Q  n,+l 


y  P  {a  IV  =  4>  )  =  1; 

4«l  ai  21  21>al 


0  <  p  <  1; 

"  al“ 


V  n  1-1. 

L=l  Pa2(U22~X22,a2)-1' 


°<PQ  1; 
a  2 


n2+2 


E 


n2+2 


’a  w  (u2n  +2  *  x 
n2+2  2 


2n2+2,an2+2 


)  =  li 


°<Pa  <li 

n,+  2 


parameters  u^j  in  the  subsystem  sj^j  : 

4 _ n4 

The  Probabilities  Associated  with  Each  Parameter  Normalized 

to  Unity 

FIGURE  13 
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Parameter  u  •  u..  —  ■  >  u..  in  the  subsystems  S 


Sensitivity  Coefficients  of  Particular  Parameters; 

FIGURE  14 


.(0) 

'in. 


>  S 


(»  . 

ln.+l  • 


H<! 


) 


Se|0,  v  _n_ 

n!  H(sf°> , 


<;« . 


1 


subsystem  S-  : 

2n  2 


Se 


(0,1) 


H(S™  )  -  H(S«> ) 


»<sS2  > 


subsystem  S.  : 

4n4 


Sei°>  L>  = 

4n4 


H<Sln> 

4 


H(sln .  ) 

4 


-  ;  etc. 


Sensitivity  Coefficients  of  Subsystems 

FIGURE  15 
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85.  850 


m 


t- 

Qrl 


Ql<’ 


x(2)  )  =  1  • 

11,  1  ’ 

Q1 


0  <  p  <1 

~  °l“ 


•  • 


•  • 


m3 

.  '“13  “  "U.c, 

“3=‘ 


P.  =  *<?  _  )  =  1  ; 


0  <  p  <1 
—  *  n  — * 


•  • 


m 


n 


i 


X>. 

ni  lni 
Q  ,  1  1 

n  =  1 

1 


°<  pQ  < 1 

ni 


parameters  u ^  +  j  in  the  subs  /stem  +j  : 


Qfl 


0  <  p  <  1 

—  rn  .  — 


az~ 1 


tu22*  1  x22,  a  >  =  1  ; 


0  <  p  <  l 

-  q2  - 


•  • 


•  • 


Normalization  of  Probabilities  for  Parame ters  in  Subsystm i i_s_ 

c  (2)  ,  c  (2) 

sini  and  S2r,2+l 


FIGURE  17 
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n2+l 


<s<2>+1> 

2n2+1 


Z 


p  <u(2)  =  x<2> 

Pa  '  2n,+l  2n,+l, 

a  xl=l  n2+1  2  2  an,+l 

n  +1  2 


)  =  1  ;  0  <  p  < 

*  Cl  i  i‘ ** 

n2+l 


(2)  (2) 

parameters  in  the  subsystem  S^n'  : 

n4  n4 


p-  ^ 


a 


ari 


i 


=  x(2) 

41, 


)  =  i  ; 


a 


0  <  p  <  1  ; 

-  Ql  - 


5 


,  (2) 

Pq2  (U42 

a  2=1 


*£>  )  =  1; 

42,  a  2 


0  <  p  <  1  ; 

-  a  2  ~ 


•  • 


n 


y 

z__ 

a 

n 


p„  <u 


(2) 


n 


4n 


(2) 

—  V 

X4n 


)  =  l  ; 


4,  a 


n 


0  <  p  <  l  . 

—  a  — 

n4 


Normalization  of  Probabilities  for  Param eter  in  Subsystem 

S  (2) 

b4n4 


FIGURE  IS 
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M'P 


.(D 


The  subsystem  ^  '• 


ml,  m3,  *“*  mn]+\ 


H(S!n,+l)--'Z. 


il>=  x<!>  .  ). 


a.  =1,  a ,  =li . an.+l 


Tt 


Pa  .  <Ulj  ’  "lj. 


.  log  p  , 

Qj 


.(1) 


The  subsystem  S^n  +2  : 

z 


1.  2.  3» 


H<S2n2+2)='I 


al  =l»  a2  =l . *  an->+2 


=  1 


p  (ulV=  X(?l)  )  .log  p  ,  j  =  1»  2,  3,  . . . ,  n2+2; 

Zi.  a  .  a  .  *• 


»j  2J  2J. 


Sl,  S2, . Sn 


H(S^  ) 


n4  a  j  =1*  a  2  =  •  •  •  • »  an4  =  1 


•  Pa  ■  (u4j  =  X£  a  .*  •  l°8  P°  •'  j  =  l>  2’  3 . V 

J  J 


a  . 
J 


Entropies  of  Subsystems 


IKilH  K  1!* 
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1 


As  the  next  step  we  calculate  some  sensitivity  co¬ 
efficients.  Subsystem  Sini  when  it  is  transformed 
from  state  1  to  state  2,  i.e.. 


(1)  (2) 

Slnj+i  Slnj 


(1,2) 


Hfeln  +l)  -  H(S/n^ 


,  (1)  v 

H<Sln1+l> 


Subsystem  +  2  : 

2 

H(si"  .,)  -  M(si^  +  ,) 
„  (1.2)  2n2+i  2n2  * 
+2  “ 

2n2  (1) 

H(S9 

2n^+2 


Subsystem  S^n  : 


Se 


(1,  2) 

4m 


-  H(S^> 

<> 


Se nsitivity  Coefficients  of  Transformation  (l)-v>  (2) 

KIGURK  20 
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nci  Output  from 


Efficiency  Coefficients  of  Subsystems  ( numerical  calculations) 


l'K.l'RE  24 


Efficiency  Coefficients  after  the  T  ran ;  fo  r  mat  i  on 
from  the  State  S(0)  to  the  State  S(1  ) 


Subsystem  or 
Total  System 

H  =  entropy  in  bits 

Efficiency  Coefficients  of  Subsystems 
and  Total  System  ! 

Symbol 

Value 

o(0) 

48.  074 

so!0'* 

lni 

-0.  369 

si*) 

lnl 

b5.  797 

s(°) 

SZn2 

81 . 837 

sjo>,0 

2n2 

0.  41  2 

s*') 

Zn2 

48.  062 

S<°> 

3n3 

30.  510 

3"3 

-0. 81 5 

s<»> 

3n3 

55. 01 1 

s<°> 

4n4 

80. 981 

s  JO)  ,/) 

4n 

0.  371  5 

*«*> 

<n4 

59. 573 

Total  System 

c(0> 

S 

241 . 402 

Se^°’  1  )(S) 

0.  0536 

Total  System 

S<» 

228.  443 

KicrKi: 
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Efficiency  Coefficients  after  the  Transformation 
from  the  State  S(2)  to  the  State  S(3) 


Subsystem  or 
Total  System 

H  =  entropy  in  bits 

Efficiency  Coefficients  cf  Subsystems 
and  Total  System 

S  ymbol 

Value 

s'2' 

'"1 

68.  056 

Sc'2  ’3} 
nl 

-0.  1  626 

s'31 

In, 

79.  143 

s'2' 

76.  687 

s42  ‘3) 

^n2 

_ 

0.  1045 

s(3) 

SZn2 

68.  675 

S<2> 

3n3 

77.  746 

CO 

rc 

Ol>  — 

3  rv 

iti. 

0.  326 

l 

f 

s(3) 

1  n3 

52.  395 

M) 

i 

79.  41  3 

Set2 

0.1909  [ 

s<» 

I- , 

64.  279 

Total  System 

s<2> 

301, 902 

Se(2,  3)(S) 

0.  I  240 

Total  System 

s(3) 

264.492  : 

l-JC 

KHi:  26 
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( 0 ,  1):  From  State  0  to  State  1 


„  (0,1), H(S<0))  -  H(S(1)) 

Se  <S) - gfctDJ) - 


(1,  2):  From  State  1  to  State 


(1,2) 


se  (S)  » 


H(S(1))  -  H(S(2)) 
H(S(1)) 


From  State  i  to  State 
(i  <  p) 


(i,  p) 


(i)  (p) 

o  /ox  _  H(S  )  -  H(S  ) 

S  (o)  -  — - 7TT - 

e  H(su;) 


2 


etc. 


& 


Sensitivity  Coefficients  of  Entire  System 


The  Entropy  of  the  Total  System 


CHANGES  IN  STATES  IN  RADAR  TARGET  DETECTION 
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CHANGES  IN  STATES  IN  RADAR  TARGET  DETECTION  (contd) 
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FIGURE  32 


NOISE  IN  ATMOSPHERE 


CHANGES  IN  STATES  IN  INFRARED  TARGET  DETECTION 


FIGURE  34 
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FIGURE  35 


CHANGES  IN  STATES  IN  INFRARED  TARGET  DETECTION  (contd) 
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FIGURE  36 


CHANGES  IN  STATES  IN  VISUAL  TARGET  DETECTION 
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FIGURE  37 


CHANGES  IN  STATES  IN  VISUAL  TARGET  DETECTION 


FIGURE  38 
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FIGURE  39 
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TENSOR  CONCEPTS  APPLIED  TO  PROJECTIVE  GEOMETRY 
Shunsuke  Takagi 

U.  S.  Army  Cold  Regions  Research  and  Engineering  Laboratory 
Hanover,  New  Hampshire 

SUMMARY 

A  point,  instead  of  a  line  segment,  may  "be  chosen  as  a  vector  in  a 
Euclidean  space,  which,  when  the  linear  transformation  of  point  vectors 
is  introduced,  becomes  a  projective  space. 

In  addition  to  the  usual  operation  of  linear  combination  of  vectors, 
a  new  product  called  a  "tensor  product"  of  vectors  is  introduced.  The  in¬ 
cidence  product  is  then  defined  as  a  special  tensor  product  expressing  the 
incidence  relationships  among  the  geometric  elements  in  the  projective 
space . 


1.  Point  as  a  vector 

In  the  axiomatic  theory  of  vector  space  (for  exan?>le  £l,  2 }  ) ,  a 
vector  is  an  "undefined  element".  We  may  choose,  therefore,  a  point,  in¬ 
stead  of  a  line  segment,  as  a  vector  in  a  Euclidean  space. 

Let  X  be  a  point  in  an  n-dimensional  Euclidean  space.  Then  we  may 

write 

**<**•  +  (i-15 

Cml 

where  expresses  the  origin,  ,  ...  ,  ^  are  the  unit  orthogonal 

tl/Y  I  /  ft* 

—  /  —  #72^ 

vectors  spanning  the  n-dimensional  Euclidean  space,  and  ^2Z  >•••»>£ 

are  the  coordinates  of  point  <x  in  the  usual  sense .  To  include  points  at 
infinity  in  our  algebra,  let 


J7l-h  / 


(1.2) 


This  article  has  been  reproduced  photographically  from  the  author's  manuscript. 
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We  then  write  (l.l)  as 


zc 


(1-3) 


where  i  is  a  summation  index  ranging  over  1,  ...  ,  n+1.  Only  the  ratio  “X. 1 

:  ...  :  X.  has  a  meaning  in  this  notation,  and  the  absolute  magnitudes  of 
/  nt/ 

X  >  •••  >  X  are  not  important.  Vector  Q)?v(i*l,  ...  ,  n)  may  then 

*1/ 

be  interpreted  as  the  representation  of  a  point  at  infinity  with  coordinates 

_  '  _ • 

X  ^  “1  and  X  =0  for  j/i . 

When  a  ratio  X 1  •*  •••  :  is  given,  a  pointy  defined  by  (1.3) 

is  unique.  A  sum  of  two  given  points,  however,  is  not  unique,  because  a 
set  of  coordinates  may  be  multiplied  by  any  number.  The  ambiguity  can  be 
removed  by  choosing  another  point  called  a  unit  point,  as  shown  in  the 
following.  For  simplicity,  the  procedure  will  first  be  shown  in  one 
dimension. 

Theorem  1.1.  Given  three  different  points, 

a  =  a! on i  ■+*  cl  c*2  ,  (1.i*) 


&  =  &'<*,  +  ; 


(1.5) 


in  a  one-dimensional  Euclidean  space,  there  exist  vectors 
such  that  fc*  and  fj°  are  scalar  multiples  of  Qfc  and 


Of  0%  • 

,  respectively, 
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4 


and  their  magnitudes  are  proportional  only  to  the  mgnitude  of  (U.  .  They 
are  ?\pressed  as 


I  u !  u * 

14' 

led  ed¬ 
it'  r 


CQ. 


(1.7) 


t 


and 


n 


cl!  cc 
uJ  Ct2 


a!  a} 

#  S2 


& 


In  terms  of 


end  ^  ,U  becomes 

^  =  t?  +  t2  • 

Proof.  Solving  (1.4)  and  (1.5)  for  Qj?;  and  &  ,  we  obtain 


Crf.  = 


Cd  of 
«■ 


and 


<*2  = 


cd  cd 

icc'  ca 
I#'  Sr 


cd  cd 

V  42 


(1.8) 


(1-9) 


(a) 


ft) 


I 

1 

! 


125 


The  substitution  of  (a)  and  (b)  into  (1.6)  transforms  it  to  (1.9).  The 

and  thus  obtained  prove  the  theorem. 

A  set  of  base  points  on  a  one -dimensional  Euclidean  space  is  a  set 

of  points  ft  -  ft  whose  coefficients  are  in  proportion  to  one  and 

same  number;  i.e.  the  ratio  of  the  components  r,‘  ■■  n * 

\ 

of  a  set  of  vectors  ft  ’ft  ,  where  ft ft -fife* 
is  constant .  Point  \LL  is  called  a  unit  point. 

The  use  of  base  points  ^  enables  us  to  define  ^  ^  in 

^  -  y'ft  +  fft  ■  (iao) 

I  2 

The  ratio  :  £  is  called  the  projective  coordinates  of  point 
referred  to  ,  and  denoted  by 

i  2. 

The  ratio  is  traditionally  called  the  crosB  ratio  or  the  double 

ratio  of  the  four  points  X  ,  u  ,  fa  ,  ^  . 

The  one-dimensional  theorem  can  readily  be  extended  to  n  dimensions. 

\ 

Theorem  1.2.  Assume  that  n+2  points  62^  =  CL^ ,  ...  ,  (2?  = 

ct y  Ca?  -  »  and  *  ui’  '  in  an  n-dimensional  Euclidean  space,  where 
n )+/  +  * 

i  is  a  summation  index  ranging  over  1,  ...  ,  n+1,  satisfy  the  condition 

that  none  of  the  determinants  of  the  coefficients  of  an  arbitrary  set  of 

n+1  points  is  zero.  Then,  there  exist  vectors  ft  •  •••  ’ft,.,  such  that 

»  •  •  •  •  »  ft"*  are  scalar  multiples  of  OH,  »  •  •  •  »  .  .  ,  respective- 

IL  /  U'frj-I  • 

ly,  and  the  magnitudes  of  flO  ,  ...  ,  ■  are  proportional  only  to  the 

V/  U 0+1 


(1.11) 
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magnitude  of  .  They  are  expressed  as 


ft 


(M 


•  UJ 


Tl+1 


«/  . a*’ 


T1+I 


< 


tl 


anH 

'Tit! 


Cl,  > 


p  = 
v  •?»+/ 


_ 

_  ~  ~  —  —  —  - 

s' 

of 

< 

. 

u! 

. u?+l 

ob 


W/  > 


(1.02) 


(1.13) 


where 


4  — 


ct/  « *  * '  a, 


'wt/ 


In  terms  of 


</  • 

# . # 

^  =  it;  + 


0+1 


7}  +1 

(End  of  Theorem  2) 


(1.14) 


(1.15) 


A  set  of  base  points  is  a  set  of  points  vhose 

coordinates  are  in  proportion  to  one  and  same  number;  i.e.  the  ratio  of  the 
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•  •  •  • 


components 
where 


*7?  ^  / 

T,  ■  ■  ■  ■  ■■  Tit  I  of  a  set  3f  vectorB  1ft  . fyr/  , 

’  and  0^H  =  fz+^u'  is  constant.  Point  IL£, 

is  called  a  unit  point. 

use  of  base  points  {j^  ,  ....  ,  ena"^es  us  to  define  ^ 


The 


>  r  - 


7?Y-/ 


(1 


*  =  2/7?  +  ""  +  2  £ 

The  ratio  :  ...  :  is  called  the  projective  coordinates .  of  point 

X  referred  to  points  ^  *  ^f./  5  U  * 


Thus  a  linear  combination  of  a  set  of  "^ase  points  represents  a 
definite  point.  Totality  of  the  points  that  are  linearly  dependent  on  the 
base  points  form  a  projective  space.  A  projective  space  is  n  dimensions, 
when  the  number  of  base  points  is  n  +  1.  When  a  measure  is  given  to  a 
set  of  points  in  a  projective  space,  its  geometry  becomes  that  of  a 
Euclidean,  or  of  a  non-Euclidean,  space. 

The  vectors  are  called  projective  Cartesian  base 

‘TJi-/ 

vectors;  and  those  components  in  which  the  last  member  jC  is  reduced 
to  1  are  called  Euclidean  components.  The  introduction  of  Euclidean 
components  gives  a  Euclidean  measure  to  the  projective  space. 

2.  Tensor  Product 

Juxtaposing  vectors  Ct  ant*  ^  in  this  order  is  to  write  Of_  and 
side  by  side  forming  ,  which  was  called  a  dyad  by  Gibbs  and  Wilson 

[31  •  Note  that  dyads  and  to  are  different,  if  CQ.  and  &  are 

different. 

Juxtapositions  of  three,  four,  five,  six,  ...  ,  r  vectors  are  called 


triads,  tetrads ,  pentads ,  hfixads,  ...  ,  r-ads ,  respectively.  They  are 
collectively  called  multiads  £5j  . 

Products  defined  by  juxtaposition  are  called  tensor  products. 

The  axioms  of  tensor  products  are  as  follows: 

In  r-ad  C^. . . .  ,  vectors  ,  ....  ,  OQ^  are  called  the  first, 

....  ,  rth  members,  respectively. 

Axiom  1.  r-ad  QLS  •  •  •  •  and  s -ad  •  •  •  •  are  equal  when, 

and  only  when,  r=s  and  the  first,  second,  ....  ,  and  rth  members  are  equal. 
Axiom  2 .  Tensor  products  are  associative. 

For  example, 

, 

which,  therefore,  may  be  written  • 

Axiom  3.  Tensor  products  are  distributive. 

For  example, 

4Ra(IBs  +  <z)IDt  =  +  ' 


Axiom  4.  A  multiple  of  one  of  the  factors  of  a  tensor  product  by  a 
scalar  is  equal  to  the  multiple  of  the  tensor  product  by  the  scalar. 

For  example , 

ct  =  a-CK"'  Bs"' 

where  a  is  a  scalar. 

Given  n+1  independent  vectors,  the  total  number  of  independent  r-ads 
is  (n+l)r,  A  linear  combination  of  the  r-ads  is  called  an  n-dimensional 
rth-order  tensor.  The  totality  of  n-dimensional  rth-order  tensors  forms 
a  vector  space  of  (n+l)r  dimensions. 


3«  Wedge  Product 

f=>  ...ib 

The  permutation  symbol  7C'J  l?  represents  1  ,  -1  ,  or  0  ,  when 
the  permutation  Tr-fn  is  an  even  permutation,  an  odd  permutation,  or 
not  a  permutation  derived  from  CLf  respectively.  When  one  of  the 

permutations  ..*■  and  in  Ti?*  ^  is  123  ...  n, 

we  usually  omit  it  and  simply  write  ^ ^or  -r-  , 

A-  A~Ctl 

respectively. 

The  following  proposition,  although  not  used  explicity  in  this 


paper,  is  noted  for  the  sake  of  potential  usefulness. 


Proposition  3.1 


3,  *" 

7Cc  . 

V  L» 


s-3'  r2 


(3.1) 


Proof  An  exchange  of  indexes  in  one  side  of  (3.1)  causes  the  same  sign 
change  on  the  other  side,  hence  proving  the  proposition. 

The  wedge  product  (sometimes  called  the  Grassmann  product  or  the 
exterior  product)  of  vectors  ^  ,  ....  ,  >  denoted  by 

"" 

is  defined  as  a  linear  combination  of  the  72-/  tensor  products  using  per¬ 


mutation  symbols  as  the  coefficients: 


X,a-  K?'"  'Xft 


(3.2) 
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Theorem  4.1.  A  linear  space  passing  through  r  points  that  are 
linearly  dependent  on  points  ,  •  •  •  >  is  the  linear  space 


Proof.  Let 


%A  ■ 


~  it' 


'iSXi,*'"**** 


I  O'1- 


■■■% 


u  7l 
6H 


2C,h  "A 


The  theorem  is  thus  proved. 


Let,  us  assume  that  a  set  of  projective  Cartesian  base  vectors 
can  be  found  in  the  projective  space  spanned  by  points 
then  we  can  have  the  Euclidean  interpretation  of  multivector  ^  . . . 

A^im 

Corollary  4.1.  Given  the  Euclidean  measure,  the  multivector 
a^A—AZx+i  is  an  r-dimensional  oriented  volume  of  the  r-dimensionaL 
parallelepiped  spanned  by  the  ordered  point  set  ,  ...  ,  . 


Proof. 


> 


with  their  Euclidean  components  as 


Then 


.  Express  ^  ,  - 

=  z  %  % 

f=l 


-h 


. X 


+  1 


Z 


A+l 


z> 


Jl+I 


The  determinant  on  the  right-hand  side  of  (a)  aeans  the  r-dimensional 
oriented  volume  of  the  r-dimensional  paralleleped  spanned  "by  the  ordered 
point  set  •  The  interpretation  stated  in  the  corollary 

therefore  may  be  applied  to  the  multivectors.  The  corollary  is  thus 
proved. 

The  bivector  A  in  a  Euclidean  space  is  a  "free  vector" 
that  can  move  freely  on  the  line  spanned  by  points  2)C  and  ^  .  Similarly 
a  multivector  in  a  Euclidean  space  can  move  freely  in  the  Bpace  in  which 
the  multivector  is  defined. 

5.  Incidence  product. 

The  wedge  product  will  be  re -defined  so  that  it  can  represent  the 
incidence  relationships. 

If  all  the  geometric  elements  of  interest  are  contained  in  the 
space  (£■  ,  and  if  a  space  that  embeds  (£■  need  not  be  considered,  then 
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it  is  called  the  universe 


Let  the  universe  he  n  dimensions.  Wedge  product  of  an  r-ad, 

/?  =  3C,A  .  A  dCfc  t  (5.1) 

and  an  s-ad, 

S  =  . <5'2> 

is  defined  as 

iRA§  =Z,a-  AXn A A-  -A 2Cht2  .  (5.3) 


Eq.  (5.3)  may  he  written  as 


LAt/  ^4 rtf 

•"(ktV  Lsin 


& 


4*vS 


(5.4) 


+2 


A  wedge  product  is  said  to  he  saturated,  if  it  is  comprised  of 
more  than  n+1  n -dimensional  vectors  including  n+1  linearly  independei 
vectors. 

Rule  (l)  of  saturation.  One  cannot  interchange  the  position  of 
the  same  vector  appearing  more  than  once  in  a  saturated  raultivector. 

One  can  interchange  vectors,  whether  the  same  or  different,  in  an  un¬ 
saturated  multivector,  and  different  vectors  in  a  saturated  raultivector, 
changing  the  sign  of  the  raultivector  at  each  such  interchange. 
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Rule  (2)  of  saturation*  A  multivector  with  £  wedged  from 
the  right  is  equal  to  }  i.e. 

[R  A  (B  —  CR  •  (5.5) 


The  re -defined  wedge  product  is  called  the  Incidence  product. 
Example  1,  The  intersection  %  of  coplanar  lines  £  and  ^ 
is  given  as 

I  =  £  /1  ^  , 

when  the  plane  is  in  the  universe . 

Proof.  Let 


f  -  i 


A  Z 


(a) 


and 


a  =  g  4  dc  , 


00 


Tlien 


#  =  -  Z  A  ($A  %  A&)  . 


Co) 


Because  %  A  &L  represents  the  universe,  (c)  proves  the  example. 

The  example  can  readily  he  extended  to  intersections  in  a  space 
of  higher  dimensions. 

6.  IXial  Base  Vectors 

For  simplicity,  the  universe  in  this  section  is  three-dimensional. 
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The  base  points  Iff  *  ^  *  Iff  ’  span  the  universe: 

t,A  fcA  A  =  <B  . 


(6.1) 


Superindexed  vectors  will  represent  planes,  while  subindexed  vectors 
will  continue  to  describe  points. 


Base  planes  (i=l,  2,  3>  *0  are  defined  as 

II 

(6.2) 

'  '-if! 

(6.3) 

2, 

and  ljo  will  be  called  subindexed  and  superindexed  base 
vectors,  respectively. 

Proposition  6.1. 


Vectors 


t 


tc  A  Soi  - 

(6.U) 

H°*  A  te  - 

&<£ 

\ 

(6.5) 

Proof.  The  substitution  of  (6.3)  into  U°.A  yields 

£idaiiAQiAtc  , 
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which  ‘becomes 


=  zCa^(£ , 


vhere  (6.1)  is  used.  Eq.  (a)  reduces  to  (6.1)  by  use  of  the  formula 


(6.6) 


Eq.  (6.5)  can  be  found  similarly.  The  proposition  is  thus  proved. 


Bivectors  fcA  ^  Q°'  are  ^ases  of  straight  lines.  They 

are  related  as  follows: 


Proposition  6.2. 


fA  ip3  =  /c^a  H*  fc 


% A  9}  =  e° 

Proof .  The  use  of  (6.3)  yields 


(6.7) 


(6.8) 


H  A  r  =  ji  ^  tl*  t'~ . 


which  becomes 


(a) 


where  the  fomila  (6.6)  is  used.  Comparing  (a)  with  (6.4)  proves  the 
proposition.  Comparison  of  (a)  with  (6.4)  yields  (6.10).  ^  proposition 
is  thus  proved. 

Proposition  6,5. 

'%  «  V  H°1  (6.3 2) 


&  =  1 1*  “  t'tt 


Proof.  The  use  of  (6.2)  yields 


_  -rrL^^ 


fct  ~  7C‘ 


fctnttti 


which  becomes 

m  t  = 

by  use  of  (6.1).  The  relation 

[P'fr-  = 

b'  prov'd  ■i'iUrly.  The  proposition  is  thus  proved. 

Proposition  6.5  shows  that  the  unit  tensor  Z  ,  used  in  the  Euclidean 
tensor  analysis  as  the  unit  for  scalar  products  [6,7  ]  ,  is  equal  to  <£ 
in  the  projective  tensor  analysis. 

It  is  nov  seen  that  the  tensor  analysis  developed  by  Takagi  [k, 5,6,7) 

following  the  treatment  of  Gibbs  and  Wilson  [3)  can  be  extended  to  pro-’ 
jective  geometry. 
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A  GENERAL  THEORY  OF  STRESSES  AND  DISPLACEMENTS 
IN  ELASTIC  AND  VISCOELASTIC  LAYERED  SYSTEMS 


Y.  T.  Chou 

U.  S.  Army  Engineer  Waterways  Experiment  Station 
Vicksburg,  Mississippi 


ABSTRACT.  A  multilayered,  linear,  elastic,  and  viscoelastic  half 
space  under  stationary  and  moving  axisymmetric  loads  is  analyzed.  Solu¬ 
tions  are  presented  for  normal  stress,  radial  stress,  tangential  stress, 
shear  stress,  vertical  deflection,  and  radial  displacement  at  any  point 
within  the  half  space.  The  elastic  solutions  are  obtained  by. Love's 
stress  function  and  the  Fourier-Hankel  transform;  the  viscoelastic 
solutions,  based  on  the  elastic-viscoelastic  correspondence  principle, 
are  obtained  by  applying  the  Laplace  transformation  to  replace  the  time 
variable  with  a  transformed  variable.  The  time-dependent  problem  is 
then  changed  to  an  associated  elastic  problem.  Inversion  of  the  solu¬ 
tion  of  the  associated  elastic  problem  into  the  real  time  variable  solves 
the  viscoelastic  problem.  By  neglecting  the  inertia  effect,  the  static 
viscoelastic  solution  has  been  extended  to  the  moving  load  case. 

Numerical  examples  are  given  to  illustrate  the  response  of  the 
materials  to  a  normal  point  load.  Such  an  analysis  is  believed  to  be 
an  essential  step  in  the  development  of  a  rational  method  for  designing 
airport  and  highway  flexible  pavements. 

INTRODUCTION.  A  rational  design  method  for  airport  and  highway 
flexible  pavements  requires  knowledge  of  the  stresses  and  displacements 
within  the  layered  systems.  Once  these  quantities  are  numerically 
determined,  other  design  criteria,  such  as  fatigue  and  failure  considera¬ 
tions,  can  then  be  taken  into  account. 

This  paper  presents  an  analysis  of  linear,  elastic  and  viscoelastic, 
multilayered  systems  under  both  stationary  and  moving  axisymmetric  loads. 
These  loads  were  comprised  of  normal  point  load,  uniform  and  parabolic 
normal  loads,  and  tangential  load,  which  are  commonly  found  on  pavements. 
Expressions  for  stresses  and  displacements  under  stationary  loads  at 
points  within  the  systems  were  developed  by  Love's  stress  function^- 
and  the  Fourier-Hankel  transform.  Expressions  were  developed  for  visco¬ 
elastic  cases  under  stationary  and  moving  loads,  based  on  the  elastic- 
viscoelastic  correspondence  principle. 2  This  was  accomplished  by 
applying  the  Laplace  transform  to  replace  the  time  variable  with  a 
transformed  variable  p.  The  time-dependent  problem  was  thus  changed 
to  an  associated  elastic  problem.  Inversion  of  the  solution  for  the 
associated  elastic  problem  into  the  real  time  variable  solved  the 
viscoelastic  problem.  Inertial  effects  were  not  considered  in  the 
derivation  of  equations  for  moving  loads. 
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In  deriving  equations,  a  "rough"  interface  was  assumed;  i.e.,  the 
displacement  in  the  horizontal  direction  and  the  shearing  stress  were 
continuous  across  the  interface.  These  conditions  were  felt  to  be 
better  descriptions  of  the  actual  conditions  of  flexible  pavement 
structures . 


STATIC  ELASTIC  SOLUTION.  The  elastic  solution  for  two-and  three¬ 
layered  systems  was  developed  by  Burmister^  and  later  extended  to 
multilayer  systems  Mehta  and  Veletsos.^  An  n-layer  elastic  system, 
subjected  to  an  axisymmetrically  distributed  load,  is  shown  in  Figure  ] 
Cylindrical  coordinates  are  used  to  facilitate  the  solution  of  the 
problem,  since  axial  symmetry  exists.  The  general  method  of  analysis 
involves  the  determination  of  a  stress  function  that  satisfied  the 
governing  differential  equation 


in  which 


4 

V  <j>  =  0 


(1) 


v2  = 


3r 


3r 


3z 


for  each  of  the  layers.  The  stresses  and  displacements  for  the  various 
layers  are  expressed  in  terms  of  the  stress  function 


Consider  a  stress  function  of  the  form: 


where 


<t> .  =  G  (z)  J  (mr) 
J  J  o 


Gj(z)  =  a  function  of  depth  z  only, 

J  (mr)  =  the  Bessel  function  of  the  first  kind  and  order  of  0 
o 

m  =  a  parameter 

th 

Subscript  j  =  the  quantities  corresponding  to  the  j  layer 
Substitutions  can  easily  verify  that 


H  J  (mp) 
o 


m 


^Ajexp[-m(Xj-A)  ]  -B^  exp[-m(A-Aj  ^  ] 

+  C^mAexp  [-m(A^-A)]  -  DjinAexp  [-m(A-Aj  ^)]^ 
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where8 tfeSS  £u"Ctlon  C°*  the  jth  layer 


that  satisfies  equation  1, 


A»  B,  c,  D  =  integration 


constants 


=  z/H 


‘  ^ethe8l“"eC:tfL°y"erthe  *»  h„u„dary 

Jhe  stresses  a„d  *splaeewe„ts  deterge.  tree  the  stress  functIona 

z  j  m  Jo(rap)  {tAj-Cj(l-2vj-mA)]  expf-m(Aj-A)  ] 

+  fBj  +  Dj(l-2uj-HnA)J  exp[-m(A-Aj  1>]}  (3a) 

/  **r  J  (mp) 

).!  =  [mJ  (mp) - i _ 1  rr.  . 

°  P  ^  ^fAj+C.  Cl+mA)]  exp[-m(A  -A)  1 

J 

+  tB  -D  (1-mA)]  exp[-m(A-A  \i  .  7  T  * 

J  J  j-l>}  +  2vjmJo(mp)  (3b) 

<CJexpI-»(*j-A)J  -Djexp[-n(J.Aj_i)> 


( n**^  J1(mp) 

6  J  P  {[Aj  +  Cj<1+“A)J  exp[-mAj-A)  ] 

+  Hj-yi-aDj  expl-^i.i^pjja.  2vjnJo(l»p) 

{CJ  -  DJexp[-s,(A-x_|  p, 

** 

“  J  '  "Jl(mC)-  UAJ  +  CjC2Vj^)J  exp[-0arl)J 

[Bj  -  Dj^-mA)]  exp[-m(A-AJ_1)]} 
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** 

(w  ). 


(u  ). 


1  +v 


1 


“J 

-  [B 


1  +V 


1 


“J 

+  [B 


j 


j 


-  JQ(mp)  •  { [ Aj  -  C  (2-4vj  -mX)  ]  exp[-m( Xj- X)  ] 

+  (2-4Vj-HnX)]  exp[-m( A-Aj_^) 3  } 

•^(mp)  {[A  +  C  (1-hnA)]  exp[-m (Aj  — A)  ] 

-  D  (1-mA)]  exp[-m(A-A^_1)  ]  } 


(3e) 


(3f ) 


where 


o^,  or>  and  =  stresses  in  z,  r,  and  0  directions,  respectively. 

w  and  u  =  vertical  and  horizontal  displacements,  respectively. 

=  Bessel  function  of  the  first  kind  and  order  of  1. 

The  double  asterisks  indicate  that  these  quantities  are  not  the 
actual  stresses  and  displacements  due  to  the  actual  load,  but  are  those 
due  to  a  vertical  load,  -mJQ(mp),  and  a  horizontal  shearing  force,  mJ^(mp). 

From  equations  3a  and  3d,  at  ti.e  uppe^r.- surface  (j  =  1,  A  =  0),  o  =  -mJ  (mp) 

z  o 

and  xrz  =  mJ^(mp) ,  when  the  respective  expression  in  the  brackets  is 
taken  as  unity. 

The  boundary  and  interface  conditions  arc: 

a.  At  the  upper  surface,  j  *  1  and  A  =  0 
** 

(a  )  =  -raJ  (mp)  (4a) 

z  1  o 

** 

(t  )  =  mJ  (mp)  (4b) 

rz  i  i 

** 

If  the  influence  of  normal  loads  is  considered  alone,  then  (xrz  )^  =  0 

in  equation  4b;  if  only  the  horizontal  force  exists,  then  (o  )^  =  0 

in  equation  4a.  In  the  following  discussion,  the  effects  of  normal  and 
horizontal  loads  are  considered  separately. 


b.  At  the  interface. 


** 

(°z  'j  ' 

** 

<Tr.  >j 


Oj« 

** 

1  (t  ) 

V  rz  'j+1 


(5a) 

(5b) 
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(w  ) 

'  (“  Vi 

(5c) 

** 

** 

<u 

’  (u  >1+1 

(5d) 

Since  the  stresses  and  displacements  must  vanish  as  a  approaches 

infinity,  it  can  be  concluded  from  equation  2  that  for  the  lowermost 

layer  (i  =  n) ,  A  =  C  =0. 

n  n 

The  remaining  4n-2  integration  constants  can  be  evaluated  from  the 
4n-2  simultaneous  equations  obtained  by  satisfying  equations  4  and  5  for 
each  of  the  n-1  interfaces.  After  the  integration  constants  are  deter¬ 
mined,  they  can  be  substituted  into  equation  3  to  get  the  stresses  and 
displacements  due  to  loadings  -mJQ(mp)  or  mJ^(mp). 


To  find  the  stresses  and  displacements  due  to  various  types  of 
surface  loading,  the  Hankel  transform  is  used.  For  a  normal  load  of 
constant  intensity  q  distributed  over  a  circular  area  of  radius  a: 


f  (m) 


J  (mp)dp  = 
o 


qa 

— —  3,  (mot) 

m  1 


where 


a 


The  Hankel  inversion  of  f(m)  is 


q( 


JO 

p)  =  J  f(m) 


(m)  mJ  (mp)dm  =  qot  /  J  (mp)  J,  (ma)dm 

o  J  o  1 

0 


If  Y*  is  the  stress  or  displacement  in  equation  3  due  to  the 
vertical  loading  -mJQ(mp)  and  Y  is  that  due  to  the  load  -q ,  then: 


Y  = 


Y* 

-  J, (ma)dm 

m  1 


For  a  concentrated  normal  load  -q  : 

o 


(6) 
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For  a  given  value  of 


'  '■  7<m>  ““  "*  f°”d  ^  —rl*!  intention, 

00 

J'  F(m)  mJ^(mp)dm 


00 

’/  7 


f(m)  Y*  dm 


axisymmetric  loads!  ^  Pr°Cedure  raaY  be  employed  for  other  types  of 
summarized  i/the  following^Jeps^ ^ (7)' ^  therefo«,  be 

rSiSLT^s:^  Lz 

equatIoens8ef;  (b)  f°r  each  vaiue  of YttmiT  !°8itiVe  ^  ^il 

integratxon  LeqUr!°nS.3’  *’  and  5'  and  solve  for 

y*  j  ,  *  and,  (c)  substitute  f-h«  ™  4.  0r  ^“e  constants  of 

v  “d  dete™iM  y  “r9tto„^uati°” 3  «  *«. 

To  illustrate  -  the  vertlcal  d.  ?  nU"eriCal 

vertical  displace-eut  „  and  the  ve^icTT  “  ““  SUrfa“’  th* 
below  the  surface  for  an  inc  S  °B  3t  3  P°int  2hi 

t0  3  VGrtical  ^  -mJ^p)  °®Pressible ,  two-layer  elastic  system  due 


2GX  jq(*p)  VQ 


(10a) 


Jo(mo)  Vfi 


(10b) 


where 


JB  =  ~J_(®P)  V 


(10c) 


—  1HNm  exP(~^m)  ~  N2  exp(-4m) 

1-2N(1  +  2tt^)  exD(-?m)  j. 

>  exp  (-2m)  +  n  exp  (-Am) 
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VB  =•  (1-N) 


(l+2m)  exp(-2m)  -N(l-2m  )  exp(-4m) 

l-2N(l+2m^)  exp(-2m)  +  N^exp(-4m) 


mVT 


G1~G2 
Gl  +  G2 


The  corresponding  expressions  wq,  w^,  and  due  to  a  normal  point 
load  -q  can  be  obtained  from  equation  7: 


w  = 
o 


4,,hi  al  0 


O 

/ 


J  (mp)  V  dm 
o  o 


(Ha) 


w 

"  r 


G2 


a 

/ 


J  (mp)  V„  dm 
o  B 


(lib) 


q 

27Th 


yf 

hi  ^  c 


J  (mp)  V  dm 
o 


(11c) 


where  V  ,  V0,  and  are  the  same  as  in  equation  10. 

The  expressions  for  stresses  and  displacements  at  any  point  in 
the  layered  system  induced  by  other  axisymmetric  normal  loads  have  the 
same  form  as  shown  in  equation  11.  For  example,  equation  11  for  a 
uniform  circular  load  -q  can  be  written: 


w  = 
o 


SSL 


2G, 


0 

/ 


J  (rap) 


m 


J, (ma)  V  dm 
1  o 


(12a) 


qa 


WB  = 


2G 


a 

/ 


2  0 


J  (mp) 


m 


J. (raa)  V  dm 

1  D 


(12b) 


a 

0B  *  -qa J 


JQ(mp) 


m 


J, (ma)  V  dm 
1  a 


(12c) 


where  V  ,  V„ ,  and  V  are  the  same  as  in  equation  10. 
o  B  a 


mmm 11  ,t”  ■■  “‘nil  * 
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Note  that  singularity  exists  in  surface  displacement  wq  under  a 

normal  point  load,  as  shown  in  equation  11a.  The  value  of  the  Bessel 
function  becomes  1  when  the  value  of  p  is  zero,  and  the  value  of  V 

o 

converges  to  1  when  m  becomes  larger  than  10. 

When  the  number  of  layers  is  increased,  the  equations  for  stresses 
and  displacements  have  the  same  form  as  equation  11;  but  the  terms  V  , 

Vg,  V  ,  which  contain  expressions  for  material  properties  of  the  components 

of  each  layer,  become  more  complicated. 

STATIC  VISCOELASTIC  SOLUTIONS.  The  viscoelastic  stress-strain 
relations  used  throughout  this  paper  are  based  on  the  principle  of 
elastic-viscoelastic  correspondence  developed  by  Lee^  and  are  defined 
by  linear  differential  operators  with  respect  to  time.  For  a  linear, 
homogeneous,  and  isotropic  material,  the  stress-strain  relation  can  be 
represented  by  two  pairs  of  operators,  one  of  which  relates  the  deviatoric 
stress  to  the  deviatoric  strain,  the  other  the  mean  normal  dilatational 
stress  to  the  mean  normal  strain.  Thus: 


P'S  .  -  2Q*e  (13a) 

ij  ij 

P"j..  =  3Q"£. .  (13b) 

li  li 


where 


S . .  *  deviatoric  stress  =  a.. 
ij  13 

e.,  =  deviatoric  stress  =  6  . 
ij  ij 

stress  tensors 

strain  tensors 

Kronecker  delta;  i.e.,  6.,  =  1,  i  =  i,  6..  =0,  i^i 

IJ  IJ 

The  analogous  equations  for  the  elastic  solid  are: 


а.  .  z 
ij 

€ij  = 

б.  .  = 
ij 


3  °KK4ij 
"  3  € KK6ij 


S. .  =  SGe .  . 
ij  IJ 

(14a) 

Q 

H* 

II 

LO 

H- 

M* 

(14b) 

where  G  is  the  shear  modulus  and  K  the  bulk  modulus. 


149 


! 


Compare  equations  13  and  14 


where  Q' ,  P',  Q",  and  P"  are  linear  operators  of  the  form  Y  a 

L  r 

r=0 


(15a) 

(15b) 


The  coefficients  a^  and  the  integer  n  are,  in  general,  different  for  each 

operator.  Linearity  requires  that  a^  be  independent  of  stress  and  strain, 

and  the  assumption  of  homogenity  and  isotropy  eliminates  the  dependence  of 
a^  on  location  and  orientation  of  stress  within  the  system.  The  Young’s 

modulus  E  and  the  Poisson's  ratio  v  are  related  to  G  and  K  by  the  formulas 


E 


9  KG 
3K  +  G 


(16a) 


3K  -  2G 
6K  +  2G 


(16b) 


In  elastic  problems,  K,  G,  E,  and  v  are  time-independent  constants;  but 
in  viscoelastic  problems,  they  are  not  constants,  but  are  linear  dif¬ 
ferential  operators,  as  shown  in  equation  15. 


To  eliminate  the  time  variable  t,  the  Laplace  transform  with  respect 
to  t  can  be  applied  to  equation  13.  The  transforms  of  stresses  and 
strains  are  denoted  by  an  asterisk  on  the  corresponding  function.  It 
the  system  is  initially  undisturbed;  i.e.,  with  initial  stress  and  strain 
conditions  equal  to  zero,  and  the  operator  in  9/9t  merely  becomes  the 
same  function  of  the  transformed  variable  p,^  equation  13  becomes: 


P '  (P) Si j*  -  2Q’(p)  e±j* 


(17a) 


P"(p)aii*  =  (17b) 

n 

where  P'(p),  Q'(p),  P"(p),  and  Q"(p)  are  polynomials  of  the  form  £  a^p17. 

r=0 
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If  the  Laplace  transforms  of  the  stresses  and  strains  are  considered, 
and  if  G*  and  K*  are  defined  as  follows: 


*  ii 
K  =  — — - 

3€ii* 


Q'(P) 

P'(P) 


Q"(p) 

P"(P) 


(18a) 


(18b) 


then  by  replacing  G,  K,  and  load  q  (or  q,  T)  in  the  elastic  equations 

for  stresses  and  displacements  with  G* ,  K*,  and  qQ  ,  respectively,  the 

equations  for  the  Laplace  transforms  of  stresses  and  displacements  are 
obtained.  These  equations  are  functions  of  the  transformed  variable,  p, 
and  their  inversions  give  the  stresses  and  displacements  in  terms  of  the 
time  variable,  t. 


The  corresponding  equations  in  the  transformed  domain  for  equation  11 


00 

V  [  * 

2  J  0 


(mp)  V  dm 
o 


(19a) 


00 

,  2  J  o 


(mp)  Vg  dm 


(19b) 


QO 

1  f 

'  -  r~2~J  Ja  <"">>  \ 


(19c) 


where 


"k  k  k  2 

q^  1+4N  m  exp (-2m)  -(N  )  exp(-4ra) 

G  1-2N  (l+2m3)  exp(-2m)  +  (N  )3  exp(-4m) 


(20a) 


*  qQ  (1-N  )  (l+2m)  exp(-2m)  -N  (l-2m^)  exp(-4m) 

G„  1-2N  (l+2m^)  exp(-2m)  +  (N  )3  exp(-4m) 


(20b) 


(20c) 


« 


* 


V 


<3 


qQ  m(l-N  ) 


(l+2m)  exp(-2m)  -N  (l-2m^)  exp(-4m) 

1-2N  (l+2m^)  exp(-2m)  +  (N  exp(-4m) 


* 

N  = 


* 


q 


o 


q 


o 


p 


(20d) 


(20e) 


*  * 

and  ,  which  characterize  the  material  properties,  can  be 

obtained  from  the  linear  differential  operators  as  shown  in  equation  18a. 
For  a  given  mechanical  model  that  properly  characterizes  the  shear  be¬ 
havior  of  the  material,  the  transformed  shear  modulus  G*  can  be  substituted 
into  equation  20.  V  *,  V  *,  and  V  *  will  be  found  to  be  the  ratios  of  two 

polynomials ,  the  polynomial  in  the  denominator  having  degrees  higher  than 
that  in  the  numerator.  Consequently,  Vq* ,  Vfi* ,  and  V^*  can  be  partial- 

fractioned,  and  the  direct  Laplace  inversion  can  be  applied.  By  sub¬ 
stituting  V  ,  V  ,  and  V  into  equation  11,  the  viscoelastic  solution  can 

O  D  0 

be  obtained.  The  resulting  integrals  can  be  evaluated  numerically  by 
the  Gaussian  quadrature  formula.  However,  when  the  polynomial  is  of 
such  a  high  degree  that  finding  its  roots  becomes  very  tedious,  the 
collocation  method  is  suggested,  which  will  be  explained  later.  For 
other  types  of  surface  loads,  similar  procedures  can  be  jsed  to  obtain 
solutions. 


MOVING  LOADS .  Since  the  speeds  of  the  loads  of  vehicles  traveling 
on  pavements  are  much  less  than  the  speeds  of  the  shear  and  compression 
waves  propagated  in  the  pavement  structures,  inertial  effects  can  be 
assumed  negligible.  The  system  is  assumed  to  be  at  rest  initially. 

For  time  greater  than  zero,  the  surface  of  the  system  is  subject  to  an 
axisymmetrical  loading  moving  along  the  x-axis  with  constant  velocity  v. 

A  point  load  -qQ(t)  is  shown  in  Figure  2.  At  any  instant  the  stresses 

and  displacement  at  the  point  (x,  0,  z)  directly  under  the  path  of  the 
load  in  the  elastic  problem  with  this  point  load  are  given  in  equation  11 
with  r  replaced  by  (x-at) ,  since  the  directions  of  x  and  r  are  the  same 
at  the  point  in  question,  and  the  radians  of  the  point  (x,  0,  z)  relative 
to  cylindrical  coordinates  based  on  the  load  axis  is  (x-vt) .  Equation  19 
for  the  case  of  a  moving  load  can  be  written: 

00 

w  =  - —  v—  /  {q  J  [m(X-VT')]}  V  dm  (21a) 

o  ..  2  J  oo  o 

4irl*l  Q 
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flliWMBWrr*"  ,*m**»*»<*“***“  - 


1 


(21b) 


w„ 


4  nh 


o 

I 


2  j  {qoJo[m(X-VT')]}*  VB*  dm 
1  0 


-1 


°B  = 


2nh, 


/CO 

{ aq_J_[m(X-VT* )  ]  }*  V  *  dm 

r 


‘O  0 


(21c) 


1  '  0 
X  "k 

where  X  =  —  ,  Vq  ,  ,  and  V^*  are  the  same  as  shown  in  equation  20, 

except  that  qQ*  does  not  appear  in  the  expression. 

Moreover,  the  viscoelastic  solution  can  be  obtained  by  using  the 
convolution  integral.  After  the  exchange  of  integrals  we  have: 


4  TT 

w  =  -  w  (t)  =  — 

o  q  o 

o  h 


-t 


1  f  f 

-5-  J  [m(X-Vx')]  V  ( t — r * )dmdT '  (22a) 

1  J  J  o  0 


1  0  0 


t  00 


4  TT  ,  . 

UB  ' 


Ml 

10  0 


J  [m(X-V x ' )  ]  V_(t-T')dmdT' 
o  n 


(22b) 


2  TT 


t  on 


°B - °Ba)  * 


/ 

10  0 


aJ  [m(X-VT')]V  (t-T ' )dmdT '  (22c) 

o  a 


where  x'  is  time  varying  from  zero  to  t,  and  the  expression  (t  -  x') 

means  that  V  ,  V_ ,  and  V  are  functions  of  (t  -  x'). 

0  B  a 

Mathematically,  the  exchange  of  integrals  is  possible  because  the 
inner  integrals  of  equation  22  are  uniformly  convergent  in  the  range 
0  <_  x'_<^  t.°  This  exchange  is  desirable,  since  it  greatly  reduces  the 
computation  time. 


The  value  of  V  ,  Vg,  and  in  equation  22  can  be  obtained  by 

inverting  VQ*>  an<*  V ,  as  in  the  case  of  a  stationary  load.  For 

cases  of  incompressible  two-layer  systems,  where  the  material  in  each 
layer  is  characterized  by  simple  models,  the  direct  inversion  method  may 
also  be  used.  To  solve  the  double  integral  shown  in  equation  22,  the  inner 
integral  can  be  evaluated  by  the  Gaussian  quadrature  formula,  and  the 
outer  integral  by  Simpson's  rule.  In  equation  22,  the  dimensionless 

factor  X(=x/H)  cannot  be  factored  out  of  the  Bessel  function  J  [m(X-V  ')], 

o  x 

as  in  the  case  of  the  lead  q  ;  therefore,  a  value  should  be  assigned  to  X 
in  numerical  computations. 
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The  singularity  that  exists  in  equation  22a  can  be  treated  by 
separate  consideration  of  the  conditions  where  the  load  approaches  the 
point  and  those  where  it  moves  away  from  the  point.  Equation  22a  can 
be  written: 


w  = 


o 


J  [m(X-Vt')] 
o 


V  (t-T')dmdx 
o 


+ 


J  [m(X-Vt')]  V  (t-T')dmdT' 
o  0 


(23) 


where  £  is  any  positive  number  less  than  unity. 

Equation  22  is  for  two-layer  systems  under  point  load;  the  same 
procedure  can  be  applied  to  obtain  stresses  and  displacements  for  other 
types  of  surface  loads. 

COLLOCATION  METHOD.  For  multilayer  systems  or  compressible  material, 
the  mathematical  work  required  for  the  direct  inversion  method  becomes 
very  tedious,  and  the  polynomial  that  results  is  of  such  a  high  degree 
that  its  roots  are  almost  impossible  to  find.  Therefore,  the  direct 
inversion  method  is  used  mainly  when  equations  can  be  reduced  to  a  sum 
of  simple  partial  fractions.  For  multilayer  or  compressible  material, 
an  approximate  method  is  developed.  This  method  was  originally  proposed 
by  Schapery,7*®  based  on  results  obtained  from  irreversible  thermodynamics 
and  variational  principles.  Schapery  concluded  that  the  class  of  problems 
to  which  the  elastic-viscoelastic  analogy  may  be  applied  has  time-dependent 
solutions  of  the  form: 


iKt)  =  ip'  +  +  A^(t) 


(24) 


where  i/j *  and  i p"  are  constants  with  respect  to  time,  and  Aip(t)  is  the 
transient  component  of  the  solution  defined  as 


Aip( t)  -  J  4> (t  * )  exp(-  |y)  dx' 
0 


(25) 


The  function  <J>(t'),  referred  to  as  a  spectral  function  of  the  variable 
x',  may  consist  either  entirely  or  partly  of  Dirac  delta  functions.  If  Ai|/(t) 
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is  expressed  approximately  by  a  Dirichlet  series  of  decaying  exponentials, 


Ai|i(t)  :  Aip 


l  Si  exP  7") 


Since  viscoelastic  materials  have  exponential  stress-relaxation 
characteristics,  equation  26  allows  a  wide  spectrum  of  relaxation  times; 
e.g.,  a  reasonably  large  number  of  springs  and  dashpots  may  be  incorporated 
in  the  material  representation.  Values  of  y^  are  positive  constants  pre¬ 
scribed  in  such  a  way  as  to  provide  adequate  coverage  of  the  time  spectrum, 
and  the  are  unspecified  coefficients  to  be  evaluated  by  minimizing  the 

total  square  error  between  the  actual  Ai|;(t)  and  A^,  as  given  by  the  series. 
The  minimization  process  will  result  in  the  expression: 


At^exp( 


OC 

-  — )  dt  =  f 
Yi  K 


AtpD  exp(-  — )  dt  i=l,2,...n  (27) 


Equation  27  essentially  means  that,  for  the  mean  square  error  of  the 
approximation  to  be  a  minimum,  the  Laplace  transform  of  the  approximation 
must  equal  the  Laplace  transform  of  the  exact  function,  at  least  at  the 
n  points  p  =  1/y^  i=l,2,...n.  Therefore,  n  relations  are  available  for 

the  Laplace  transforms  of  Ai^(t)  and  evaluated  at  p  *  1/y^ ;  i.e.. 


(1/y  )  = 

U/V  U(l/Y.) 


i=l,2,...n 


A  more  convenient  form  is  obtained  by  multiplying  these  by  1/y^  which 
yields : 


<»**<!>» p=l/Yi  '  <»»„  <P»p.l/Yi  1=1,2, . .  .n 


Since  Aijj(t)  was  assumed  to  be  of  the  form  indicated  by  equation  26, 
equation  29  reduces  to  the  series  of  equations: 


(pAip  (p)) 


P=l/yi 


i=l,2 , . .  .n 


1  +  — 


1 
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which  constitutes  a  set  of  simultaneous  equations  for  different  values 
of  p,  which  are  solved  for  S_^.  Thus,  the  collocation  consists  of 

matching  the  summation  on  the  left-hand  side  of  equation  30  with  the 
calculated  values  of  p Aip* ( p)  for  various  values  of  real,  positive  p. 
Hence,  the  inversion  procedure  consists  essentially  in  being  able  to 
determine  the  values  of  the  transform  all  along  the  positive  real  p-axis. 

The  constants  \p'  and  ip"  in  equation  24  are  determined  from  given 
initial  and  boundary  conditions.  For  the  special  case  of  a  moving  load, 
the  viscoelastic  pavement  system  is  assumed  to  be  initially  undistrubed, 
and  at  infinite  time;  i.e.,  the  load  has  passed  over  the  station  for  a 
very  long  time,  the  stresses  and  displacements  induced  by  the  moving 
load  approach  zero.  Therefore,  the  constants  ip'  and  ip"  are  equal  to 


If  we  are  interested  in  the  time  interval  between  zero  to  1000 
seconds  for  the  moving  point  load  case,  10  values  of  p,  i.e.,  100, 
0.1,  0.055,  0.031,  0.018,  0.01,  0.0055,  0.0031,  0.0018,  and  0.001, 
may  be  used;  so  equation  11  with  p  replaced  by  (X-Vt)  becomes 

<p(t)  *  exp (-100t)  +  S2  exp(-O.lt)  +  exp(-0.055t) 


+  exp(-O.OOlt) 


Take  the  Laplace  transform  of  equation  31  and  then  multiply  by  p: 


p<Hp)5 


0.055 


0.001 


By  assigning  successively  p  =  100,  0.1,  0.055,  0.031,  0.018,  0.01, 
0.0055,  0.0031,  0.0018,  and  0.001  in  equation  32,  10  equations  are  obtained, 
which  will  give  a  solution  to  the  10  unknowns,  through  S^q. 


*iq 


p«j<(p)’ 


p=100 


p^(p)1 


p=0. 1 


Plj/p)* 


p=0 . 001 


(33) 


The  values  of  p  used  in  the  example  are  quarter  decades,  spaced  in 
the  time  interval  between  10  and  1000  seconds.  Basically,  the  accuracy 
of  the  inversion  can  be  improved  by  adding  more  terms  to  the  series  in 
equation  26,  but  "ill  condition"  may  be  encountered  in  solving  the 
simultaneous  equations  if  the  p  values  selected  are  too  close  to  each 
other. 


The  most  basic  aspect  of  viscoelastic  response  is  that  the  complete 
time  histcry  of  the  event  must  be  taken  into  consideration  to  determine  the 
present  state  of  the  material.  Therefore,  the  criterion  for  the  selection 
of  an  effective  solution  range  is  that  the  p-multiplied  transform,  i.e. 
pA^*(p) ,  should  go  from  a  constant  value  (before  any  actual  response  takes 
place),  through  its  "transition"  range,  to  a  final  (long-time)  constant 
value.  Since  the  solution  at  any  given  time  is  basically  a  function  of 
the  value  of  the  Laplace  transform  throughout  its  entire  range,  the  time 
span  of  the  solution  should  be  as  wide  as  possible. 

NUMERICAL  EXAMPLES  AND  DISCUSSIONS.  The  effect  of  E1/E2  on  vertical 

stress  and  vertical  displacement  for  a  two-layer  incompressible  elastic 
system  under  a  stationary  normal  point  load  is  shown  in  Figure  3;  E^  and 
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are  the  Young's  moduli  of  layers  1  and  2,  respectively.  When  E^/E2  is 

less  than  unity,  the  stress  and  displacement  decreases  slowly  with 
increasing  values  of  E^;  but  when  E^/E ^  is  greater  than  unity,  the 

stress  and  displacement  decrease  rapidly,  and  the  stress  decreases  faster 
than  the  displacement. 

The  stress  factors  in  the  same  elastic  system  are  listed  in  Table  1. 

The  stress  factors,  S  ,  are  compressive  when  the  distance,  ft,  is  less 

15 

than  7.5,  and  oscillate  between  compression  and  tension  when  the  values 
of  R  are  greater  than  7.5. 

The  stress  and  displacement  in  a  viscoelastic  two-layer  incompressible 
system  are  shown  in  Figure  4.  The  response  of  the  material  in  each  layer 
to  deviatoric  stress  is  characterized  by  a  simple  Kelvin  model.  The 
displacement  has  a  very  small  value  initially,  but  the  value  increases 
slowly  with  time.  The  stress,  on  the  other  hand,  has  a  value  about  one- 
third  its  maximum  at  0.1  second;  the  value  then  increases  slowly  with 
time.  At  longer  times,  the  stress  and  displacement  factors  reach  the 
elastic  solutions  having  the  ratio  =  10. 

The  values  of  the  stress  factor,  S  ,  in  an  incompressible  viscoelastic 

D 

two-layer  system  at  a  point  2  ft.  below  the  surface  are  shown  in  Table  2. 

T,  a  dimensionless  time  factor,  is  the  ratio  of  the  real  time,  t,  tc  the 
retardation  time,  T2,  of  the  bottom  layer.  For  longer  periods  of  time, 

i.e. ,  T  =  100,  values  of  the  stress  factor,  SD ,  for  a  viscoelastic  case 

D 

approach  the  elastic  case  values.  Also,  interesting  is  the  fact  that 
the  stress  factor,  S  ,  for  a  given  value  of  R  may  either  oscillate  in 

D 

sign  between  compression  and  tension,  or  decrease  in  value  when  the 
time  factor,  T,  increases  from  0  to  100. 

The  effect  of  the  speed  of  a  moving  point  load  on  the  displacement 
at  a  point  2  ft.  below  the  surface  of  a  viscoelastic  half  space  is  shown 
in  Figure  5.  The  displacement  decreases  as  the  speed  of  the  load  in¬ 
creases.  At  low  speed  of  the  load,  the  displacement  curves  rebound  as 
soon  as  the  load  moves  away  from  the  station;  as  the  speed  of  the  load 
increases,  the  displacement  subsequently  increases  as  the  load  moves 
away  from  the  station. 

The  surface  displacement  for  an  incompressible  two-layer  viscoelastic 
system  under  a  moving  point  load  is  shown  in  Figure  6.  The  discontinuities 
shown  in  the  figure  are  caused  by  the  singularity  that  exists  when  the  load 
is  acting  directly  over  the  point  under  consideration.  The  shapes  of  the 
curves  are  similar  to  those  in  Figure  5. 

In  multilayer  systems,  the  collocation  method  replaces  the  direct 
inversion  method.  The  former  method  requires  long  computer  time  to 
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evaluate  the  stresses  or  displacements  in  their  transformed  domain.  The 
collocation  method  was  used  to  obtain  the  displacement  at  the  second 
interface  in  a  viscoelastic  incompressible  three-layer  system  under  a 
moving  point  load,  with  each  layer  having  the  same  material  properties. 
The  solutions  obtained  were  then  compared  with  those  for  a  viscoelastic 
semi-infinite  solid.  The  computed  results,  with  five  collocated  points, 
are  shown  in  Figure  7.  The  collocation  method  is  applicable  to  moving 
loads  on  multilayer  systems. 

SUMMARY.  An  analysis  of  a  multilayered,  linear,  elastic,  and 
viscoelastic  half  space  under  stationary  and  moving  axisymmetric  loads 
has  been  made.  Solutions  have  been  presented  for  the  normal  stress, 
o^,  radial  stress  o^,  tangential  stress,  a0  ,  shear  stress,  t  , 

vertical  deflection,  w,  and  radial  displacement  u,  at  any  point  within 
the  half  space,  in  terms  of  integral  equations.  Numerical  examples  have 
been  given  for  illustration. 
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Table  2 


I 


Stress  Factors  S  in  a  Two-Layer  Incompressible  Viscoelastic 
B 


R 

Time  Factor  T  = 

t/T2 

0.01 

0.1 

1 

10 

100 

0.0 

1.29  @  -1 

1.35  @  -1 

1.82  @  -1 

3.49  0  -1 

3.91  0  -1 

1.0 

1.12  @  -1 

1.17  @  -1 

1.54  @  -1 

2.68  0  -1 

2,88  @  -1 

2.0 

0.84  @  -1 

0.87  @  -1 

1.07  @  -1 

1.51  0  -1 

1.50  @  -1 

5.0 

2.68  0  -2. 

2.67  @  -2 

2.49  0  -2 

1.13  0  -2 

1.01  0  -2 

7.5 

0.81  @  -2 

0.77  @  -2 

4.50  0  -3 

-0.84  0  -3 

-0.95  0  -4  ' 

13.5 

-3.24  @  -4 

-3.66  @  -4 

-0.52  @  -3 

3,89  0  -5 

-2.72  @  -5  | 

22.0 

-0.76  @  -4 

-0.66  0  -4 

-0.51  0  -5 

-1.00  0  -6 

2.07  @  -6 

30.0 

-3.89  @  -6 

-2.96  @  -6 

1.61  @  -6 

1.21  0  -5 

1.71  0  -5  j 

ADAPTATION  OF  VALANIS'  METHOD  TO  THE 
KINETICS  OF  VISCOELASTIC  PLATES 


Struan  R.  Robertson 
Maggs  Research  Center 
Watervliet,  New  York 


ABSTRACT .  Valanis'  method  for  solution  to  dynamic  problems  of 
viscoelastic  media  having  a  constant  Poisson's  ratio,  is  a  lapted  to 
the  analysis  of  viscoelastic  plates.  Three  cases  are  treated:  first, 
the  dynamic  load;  second,  the  dynamic  moment  on  the  boundary;  and, 
third,  a  dynamic  displacement  on  the  boundary. 

1* 

INTRODUCTION.  A  method  developed  by  Valanis  for  a  general  linear 
viscoelastic  kinetic  problem  is  adapted  to  the  classical  theory  of  plates. 
Two  assumptions  are  made  by  Valanis  in  his  method;  firstly,  and  most 
important,  is  the  assumption  of  constant  Poisson's  ratio  and  secondly 
is  that  the  forcing  function  is  separable  in  time  and  space.  These 
assumptions  lead  to  reducing  the  viscoelastic  problem  to  the  super¬ 
position  of  a  static  problem  and  an  eigenvalue  problem  in  elasticity 
and  the  solution  of  a  Volterra  integrodif f erential  equation.  Cor¬ 
respondingly,  in  the  present  paper  the  problem  of  the  linear  visco¬ 
elastic  plate  is  reduced  to  a  static  problem  and  an  eigenvalue  problem 
in  elastic  plates  and  the  solution  of  an  integrodif ferential  equation. 

Three  cases  are  treated  for  the  plate  which  give  different  results. 

They  are:  the  forced  motion  with  homogeneous  boundary  conditions;  specified 
moment  on  part  of  the  boundary;  and,  a  specified  displacement  on  part  of 
the  boundary. 

GOVERNING  EQUATIONS.  In  the  following  cartesian  coordinates,  , 

are  used.  The  usual  index  notation  is  followed  with  repeated  indices 
denoting  summation  over  the  range  of  the  indices  and  a  comma  preceding 
an  index  denotes  partial  differentiation  with  respect  to  the  corresponding 
coordinate  direction.  Thus,  Hooke’s  law  for  a  linear  viscoelastic  medium 
can  be  written 


°ij  "  6ij  '  X  £kk+  2y  £ij 


i  =  1,2,3 


(1) 


where  *  indicates  the  convolution  integral 

-t 


f*g  mJ  [f(t-i)  9g(-r)/3-r]dT, 
J  0 


(2) 


*Subscript  after  a  name  refers  to  references  at  the  end  of  the  paper. 
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PRECEDING  PAGE  SLANK 


T 


f  I 


Taking  the  Laplace  transform  of  (1)  gives 


a.  .  =  <5 .  .  sX6  +  2ys£.  . 
lj  ij  kk  ^  ij 


(3) 


or 


€ij  =  f  °ij  ~  6ij  Xakk^3X  +  2ti^/2svJ 


(4) 


where  s  is  the  Laplace  transform  variable  and  the  superbar  indicates  the 
Laplace  transform. 

The  assumption  of  a  constant  Poisson's  ratio  is  now  employed.  This 
assumption  gives  the  following  simplification 


y  =  UqG, 


X  =  A  G 
o 


(5) 


with  y^  and  Xq  being  constants  and  G  is  essentially  the  relaxation 

modulus  in  shear.  If  J  is  essentially  the  creep  function  in  shear 
then 


sG  =  1/sJ  . 


(6) 


Employing  (5)  in  (4)  gives 


eij  ‘  loij  -  ‘uVit®1/ 


(7) 


with 


v  =  X/2(X  +  u  )  ,  E  =  y  ( 3A  +  2y  )/(A  +  y  )  (8) 

OOOO  000  ooo 


the  constitutive  relations  for  viscoelastic  plates  becomes 


€  =  [(1  +v)o0-60v  o  ]/E  sG  a  =  1,2  (9) 

aB  o  aB  a6  o  yy  o 


The  strain  displacement  relations  are 


eae  ■  2  <u«,6  +  ue,a> 


(10) 
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Using  the  usual  plate  assumptions 


u  =  dw/dX, 


V  =  -2^w/3y 


(11) 


w  =  w(x,y,t) 


the  stress-displacement  relations  become 


Cxx  =  "[wxx  +  Vo  Wyy]  2 


yy  =  "[wyy  +  "o  wxx]  2E^g/(i-v?) 


(12) 


°xy  =  “  wxy  zE0sG/(l-vo) 


As  usual  in  the  derivation  of  the  classical  plate  equations, 
llonenko-Borodich  s  book, 2  the  equations  of  motion  are  taken  as 


see 


o .  .  .  -  pu . 
iJ.J  i 


i  =  1,2,3 


(13) 


wi  th 


ui  =  a2  =  0 


and  the  boundary  conditions 


c 

xz 


a 

zz 


0 

q(x,y,t) 


z  =  +  h/2 

z  =  h/2 
z  =  -h/2 


(14) 


Figure  1  serves  to  illustrate  the  geometry.  Using  (12) 
first  two  equations  through  the  plate  thickness  to  get 


integrate  the 
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E  (z2  -  h2/4)  2  -  _ 

_  iZ  w  sG 


az 


a  =  x,y 


(15) 


2(1  -v  ") 
o 


3a 


Then,  using  (15)  and  (12)  in  the  regaining  equation  of  motion  integrate 
through  the  plate  thickness  to  obtain 


E  h  __  4_ 

—  sG  V  «  +  ph(s  w  -  sw(0)  -  w(0))  -  q 


12(1  -  v  ) 

o 


(16) 


Letting 


D  =  E  h3/12(l-v2) 
0  0  o 


(17) 


the  equation  of  motion  for  the  viscoelastic  plate  oecomes 


.  4 

DoG*V  w  +  phtf  =  q 


(18) 


The  moments  and  shearing  forces  are  direct  analogs  to  those  of 
classical  plate  theory  and  are  found  to  be: 

the  moment  about  the  x-axis 


M  =  D  sol  w  +  v  w  1 
x  o  yy  o  xx 


the  moment  about  the  y-axis 


M 

y 


D  sG 
o 


v 

0 


w 

yy 


] 


the  twisting  moment 


(19) 


H  =  -D  (1-v  )  sG  w 

o  o  xy 


and  the  shearing  forces 


N  =  -D  sG3V2  w/3x 
X  o 


N  -  -D  sGcW2  w/jy 
y  -  o 
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where  the  super-bar  denotes  the  Laplace  transform.  The  similarity 
between  equations  (16)  and  (19)  and  those  of  elastic  plates  was  to 
be  expected.  The  equations  (16)  and  (19)  may  be  simply  arrived  at 
by  taking  the  equations  for  elastic  plates,  taking  their  Laplace 
transform  and  replacing  the  flexural  rigidity  D  by  D  s(J.  This  is 

0  3 

just  the  usual  correspondence  principle  as  given  in  Bland’s  book, 
for  example. 

The  boundary  condition  will  be,  of  course,  the  same  as  elastic 
plates.  Thus,  with  the  aid  of  figure  2,  at  the  clamped  edge 

w  =  0,  -<w/*x  =  0  (x  *  0)  (20) 

at  the  simply  supported  edge 

w  =  0,  Mx  =  0  (y  =  b)  (21) 


M  =  0  implies  that 


D  sG 
o 


r  2  -/•  2  a 
[  j  w/  tiy  + 


2  —  2 

v  3  w/'Jx  ]  =  0 


and  since  D  sG  ?  0 
o 


2  2  9  ? 

"<  w/jy  +  v  j“w/'3x  =  0 


(21a) 


and  at  che  free  edge 

M  =  0,  N  +3H/3y  =0  (x  =  a)  (22) 

y  x 

which  leads  t;o 

3^w/^x^  +  v  3  w/Oy^  =  0  (22a) 

3  3  3  2 

3  w/3y  +  (2-v  )o  w/jx3y  =  0  . 

FORCED  MOTION. 

Case  I.  Solution  of  the  Inhomogeneous  Equation  of  Motion  with 
Homogeneous  Boundary  Conditions 

In  this  case  there  will  be  no  need  to  seek  a  solution  to  the 
static  problem.  This  is  due  to  the  fact  that  the  boundary  conditions 
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are  homogeneous  and  that  the  static  equation  is  also  homogeneous;  thus, 
leading  to  a  trivial  solution.  The  problem  is  solved  by  employing 
Valanis'  approach,  which  will  reduce  it  to  an  eigenvalue  problem  in 
elastic  plates  plus  an  integrodif ferential  equation. 

The  equation  of  motion  is 

DqG*V4  w  +  phw  =  q(x,y,t)  (23) 

together  with  the  initial  conditions 

w  =  p1(x,y),  w  =  pz(x,y)  (t  =  0)  (24) 

and  homogeneous  boundary  conditions  appropriate  to  whatever  plate  is 
being  considered.  For  example,  if  the  plate  is  simply  supported  at 
x  =  0,  a  and  clampled  at  y  =  0,b  then 

w(0,y)  =  M  (0  ,y)  =  w(a,y)  =  M^(a,y)  =  w(x,0)  = 

y  j 

9w(x,0)/3x  =  w(x,u  9w(x,b)/o,  =  0. 

In  order  to  reduce  the  problem  to  an  eigenvalue  problem  it  is  necessary 
to  seek  solutions  to  the  homogeneous  equation 

D  G*V4  V  +  phV  =  0  (25) 

o 

Expand  V  in  the  series 

V  =  y  A  U(n)  (x,y)  f  (t)  (26) 

u  n  n 

n 

then 

D  G*  f  V4u(n)  +  phu(n)  f  =  0  (27) 

on  n 

Require  that  f  satisfy 

f  / G*f  =  -k2  (28) 

n  n  n 
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then  u(n)  satisfies 

D  V4u(n)  -  k2  phu(n)  =  0  (29) 

on 

together  with  the  appropriate  boundary  conditions.  Thus,  the  eigen¬ 
functions  for  the  elastic  plate  are  sought.  Note  that  no  initial 
conditions  were  specified  for  V  so  that  the  initial  conditions  associated 
with  (28)  are  arbitrary.  However,  f^(t)  is  not,  as  will  become  apparent, 

needed . 

Expand  the  desired  solution  w  in  terms  of  the  eigenfunctions  as 
follows 


v  gn(t) 


and  assume  that 


q(x,y,t)  =  Q(x,y) F(t) 


(30) 


(31) 


Thus  the  equation  of  motion  (25)  becomes 


l  [DQ(G*gn)  B^V4  u(u)  +  phgn  Bnu(n)]  =  Q(x,y)F(t)  (32) 

n 

Employing  (29)  in  (32)  gives 

l  [G*g  B  phk2  u(n)  +  phg  B  u(n)]  =  QF  (33) 

L  n  n  n  n  n 

n 


For  the  usual  homogeneous  boundary  conditions  the  eigenfunctions  are 
orthogonal  thus,  multiplying  (33)  by  u^m)  and  integrating  over  the 
plate  gives 


G*g  B  phk  + 
n  n  n 


phgB 


F//  Qu^dxdy 

r,  (n)  (n) 

JJu  u  dxdy 


(34) 
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gives 


ff  P2u(n)  dxdy 

, ,  (n)  (n),  . 

//  u  u  dxdy 


(41) 


If  4  0  and  ^  0  superimpose  the  solutions  resulting  from 
the  two  above  cases . 

If  p  =  0  and  p2  =  0  take 


B  =  1 
n 


(42) 


then 


g  (0)  -  g  (0)  «  0  .  (43) 

n  n 

Now  the  B  are  determined  and  the  anpropriate  initial  conditions  for  g 
n  . r  r  °n 

found  the  solution  to  (35)  can  be  found.  One  method  is  to  employ  the 

Laplace  transform.  Considering,  for  example,  the  case  when  p1  i  0  and 

p9  =  0  this  gives  for  (35) 

sG  g  +  s^g  -  s  =  C  F/phB  (44) 

n  n  n  n  n 

or 

g  =  (s+  C  F/phB  )/(sGk^  +  s^)  (45) 

n  n  n  n 

If  a  system  of  springs  and  dashpots  is  used  to  represent  the  relaxation 

function  G  then  U  is  the  ratio  of  polynomials  in  s  and  if  F  is  of  the 

form  such  that  F  is  also  a  ratio  of  polynomials  in  s  then,  of  course, 

g  is  the  ratio  of  polynomials  in  s  which  can  be  easily  inverted  by 
n 

finding  the  roots  of  the  denominator  on  a  computer.  Note  that  there 

will  be  a  g  (t)  corresponding  to  each  eigenvalue  k  . 

n  n 

Case  II.  Specified  Moment  of  Kirchoff  Boundary  Condition  as  a 
Function  of  Time 

In  this  case  it  will  be  necessary  to  seek  the  solution  to  a  static 
problem  in  elastic  plates  as  well  as  that  of  the  eigenvalue  problem. 

The  moment  on  the  boundary  takes  the  form 
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M  =  -D  G*[32w/8g2  +  v  32w/3ct2] 
a  o  o 


g1(x,y,t) 


a  =  x  ,y 


(46) 


and  the  Kirchoff  condition  is 


+  3H/3B  =  -DqG*[ J3w/3a3  +  (2-v  ) ?3w/ jo^p2] 


=  g2(x,y,t) 


a  =  x,y 


(47) 


Assume  that 

g1  2  =  g(x,y)E(t) . 
Equations  (46)  and  (47)  are  of  the  form 


(48) 


-DqG*L{w}  ■  g(x,y)E(t) 


where  L  is  a  linear  differential  operator. 
The  equation  of  motion  is 


(49) 


D  G*7  w  +  phw  =  0 
o 


(50) 


with  the  initial  conditions 

w  =  w  =  0 

and  the  boundary  condition 


(t  =  0) 


(51) 


-DqG*  L  (wl  =  g(x,y)E(i.)  (52) 

plus  other  homogeneous  boundary  conditions  appropriate  to  the  particular 
problem  being  considered. 

Look  for  an  auxiliary  solut '  >a  defined  by 


w  = 


E  - 
—  w 

G  AUX 


(53) 
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or 

V  {wAux}  =  8  H(t)  (57) 

plus  other  homogeneous  boundary  conditions  cn  w.  Note  that  by  using 
(53)  the  convolution  was  removed  from  (52)  . 

Define  a  static  problem  by* 

A:  =  0  (58) 

with  the  boundary  condition 

-DoL  {U}  =  g(x,y)  (59) 

plus  other  homogeneous  boundary  terms  for  w.  The  initial  conditions 
are  identically  satisfied. 

Now  define  a  dynamic  problem  with  homogeneous  boundary  conditions 
by 

D  G*  VA  V  +  oVh  =  0  (60) 

o 

with 

V  =  U,  V  =  0  (t  =  0)  (61) 

_ _ _  4 

*To  clarify  where  (58)  comes  from  consider  G*V  U  =  0.  The  convolution 
states  that  either  G  =  0  or  V^U  =  0  or  they  both  equal  zero  and  G^O  so 

v*u  =  o. 
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and  the  boundary  term 


L  {V}  -  0 


(62) 


plus  other  homogeneous  boundary  terms  on  w.  Following  the  procedure 
used  in  treating  (26)  expand  V  in  the  series 


l  A  v(n)f  (t) 
L  n  n 


(63) 


and  take 


f  /G*f 
n  n 


=  -k 


n 


(64) 


then  v(n)  satisfies 


4  (n)  2  (n)  , 

V  v  =  k  phv  /D 
n  o 


with 


(65) 


L  {v(n)  }  =  0 


(66) 


/  \ 

plus  other  appropriate,  homogeneous  boundary  terms.  Thus  v''nj  is  an 
eigenfunction  of  the  elastic  plate  problem. 

The  initial  conditions  require  that 


y  A  V(n)  f  (0)  =  U 
L  n  n 


l  A  v(n)  f  (0)  =  0 
L  n  n 


(67) 


so  that  taking 


f  (0)  =  1 
n 

i  (0)  =  0 

n 


(68) 
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gives 
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T 


\ 


and  for  the  eigenvalue  problem  they  are 


32U 

9x2 


33U 

3x3 


+  v 


2 

a  u 
ay2 


(x  =  a) 


+  (2-vq) 


3 

a  u 


3x3y 


=  0 


U  =  0 


au 


(y  =  o,b) 


3y 


U  =  0 


(x  =  0) 


A 

ax2 


+  V 


2 

au 

o  „  2 
3y 


-  =  0 


Case  III.  Specified  Displacement 


The  procedure  is  similar  to  Case  II,  the  only  difference  being 
the  definition  of  the  auxiliary  solution.  If  the  displacement  is 
specified  on  part  of  the  boundary  as 


w  =  <t>(x,y)E(t) 


(71) 


then 

w  =  4>E 

so  the  auxiliary  solution  is  given  by 


w  =  Esw. 

Aux 

and  the  boundary  condition  (71)  becomes  for  the  auxiliary  problem 

w  =  <(>H(t) 

Aux 


L82 


(72) 


(73) 


i 


U.i.1 


Thus  the  static  problem  is 


v4u  =  0 

with  the  boundary  condition 


(74) 


U  =  4i 

plus  additional  homogeneous  boundary  conditions. 
The  dynamic  problem  is 


(75) 


D  G*V4V  =  -  ohV  (76) 

o 

with  the  boundary  condition 

V  =  0  (77) 

on  part  of  the  boundary  plus  the  other  appropriate  homogeneous  boundary 
conditions.  The  remainder  of  the  procedure  is  the  same  as  in  (63)  to 
(69)  in  Case  II.  The  auxiliary  solution  is  thus 


wA  =  U  -  V 
Aux 


(78) 


As  an  example,  consider  figure  2  with  a  forced  displacement  at  x 
Then  for  the  static  problem 


0. 


U  =  i  (0,y) 


2  2 

3i!  ,  ru 

- —  +  v  - =  0 

2  o  2 


3x 


3y 


(x  =  0) 


U  =  0 


(y  =  0  ,b) 


3U 

3y 


=  0 
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a2u  +  v 

3x2 


A 

^y2 


;)3u 


3x"  “  3x3y‘ 

and  for  Che  dynamic  problem 


(x  -  a) 


V  -  0 


32V 

-  .  +  v 

2  o 


3x 


32V 

3y2 


(x  -  0) 


V  -  0 


3V 

3y 


32V  . 

TT-  +  v° 


(y  -  o,b) 


32v 


3y 


4  *  <«-»„> 

3x 


33V 


2x3y 


(x  -  a) 


CONCLUSION .  Other  cases  chan  the  three  treated  here  are  certainly 
possible  and  the  methods  used  to  threat  these  cases  should  be  easily 
adapted  to  ones  such  as  forced  motion  of  a  plate  with  an  elastic  support 
on  part  of  the  boundary.  However,  it  was  the  Intent  here  to  give  an 
outline  that  Illustrated  the  pertinent  features  of  the  method  and  which 
could  be  modified  to  suit  the  needs  of  particular  cases  and  not  to  treat 
a  wide  variety  of  them. 


184 


REFERENCES 


1.  Valanls,  K.  C.,  "Exact  and  Variational  Solutions  to  a  General 
Vlscoelasto-Kinetlc  Problem,"  Trans.  ASME,  Journal  of  Applied 
Mechanics,  Vol.  33  Series  K  No.  4,  Dec.  1966,  pp.  868-892. 

2.  Filonenko-Borodlch ,  M.  ,  "Theory  of  Elasticity,"  Dover  Publications, 
Inc.  ,  New  York,  1965,  pp.  303-317. 

3.  Bland,  D.  R.  ,  "The  Theory  of  Linear  Viscoelasticity,"  Pergamon  Press, 
New  York,  1960. 


185 


b 


CLAMPED 


simply 

SUPPORTED 


0 


CLAMPED 


4 


Third  Order  Positive  Cyclic  Systems  of 
Linear  Differential  Equations*  ** 

<.AH  Hill  lIlKKIIOII 

Hurt  ithl  (miitmiH,  I  amluiJjr,  Maitoehutrlli  OHIH 
AVI) 

l.niv  Konv 

Imlitutr  )nt  /m f’lnmttil  v  Kurarth, 

l  .S'  .Irirv  /./rf In. n» i  (  ommatul.  I'l’tt  Miumt'ittlh.  \ru-  Jrnr)  0770.1 
Kru-IVril  O,  loiter  21,  I  7 

I.  Intnoim'ition.  Our  original  aim  wan  In  fiiui  analog  of  Sturm's 
llit-ori'iiiH  for  lunar,  homogenous  third-order  differential  equation*  of  the 
special  form  v~(/)  p (!)  \.  results  concerning  such  analogs  for  the 

Kcncral  third  order  linear  homogeneous  difTereiiti.il  equation  were  established 
in  1911  by  <».  I).  liirkhoti  [/]  lie  proved  that  an  integral  curve  (i.e.,  one 
whose  components  are  three  linearly  independent  solutions)  in  the  projective 
plane  can  have  no  point  of  inflection,  hot  that  any  smooth  curve  without 
points  of  inflection  can  he  an  integral  tunc  of  a  third-order  equation.  From 
this,  he  showed  that  there  exist  third-order  differential  equations  with  three 
solutions  w  hose  zeros  occur  in  anv  arbitrarily  prescribed  order  This  destroyed 
any  hope  that  there  might  he  a  simple  analog  of  Sturm’s  classical  separation 
theorem  to  genera,  third-order  differential  equations 

However,  as  we  shall  see  below,  much  can  be  proved  in  the  special  case  of 
v"(0  p(t)  .v,  w  ith  p(t)  0.  More  generally,  much  can  be  proved  for  any 
piecewise  continuous  (»-th  order)  posit  it  e  cyclic  system  of  the  form 

■<(')  />.(()•',.,  ,  /.,(/)  0  .  i  ■  1,2 . n.  (I) 

Remark.  The  condition  that  all  p,  0  in  (1)  can  be  weakened  to  the 
conditions  that  each  />,(/)  has  constant  sign  and  that  n".iP;(0  ' '  0-  For, 
upon  replacing  x ,  for  i  2 ,...,«  by  fj- JJ.. J  sgn  />,(/)]  *.  -  „V. ,  we  get  a 
positive  cyclic  system.  When  «  is  odd,  it  suffices  to  assume  that  each  p,(t) 
has  constant  sign,  since  the  substitution  t  -  t  reverses  the  sign  of  ’’  ,  />,(<)• 
Stronger  results  can  be  obtained  if  one  assumes  that,  for  suitable  positive 
constants  m  and  .1/, 

m  />,(/)  .1/,  0  m  M  <  rf..  (T) 

*This  paper  has  been  published  in  the  Journal  of 
Differential  Equations,  Vol.  5,  No.  1,  January,  1969, 
pp.  182-196.  We  ap]  reciate  the  fact  that  the  Editor 
of  this  Journal,  which  is  copyrighted  by  Academic 
Press,  gave  his  permission  to  republish  this  article 
in  these  Transactions. 

**This  article  has  been  reproduced  photographically. 
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Namely,  using  the  theory  of  positive  linear  operators  [2],  one  can  prove  the 
existence  and  projeclivt  unii/utneu  (i.c.,  to  within  a  constant  scalar  factor)  of 
a  solution  f  whose  n  components  are  poaitive  for  all  /.This  positive  solution 
grows  exponentially  as  /--•  *  oo.  Indeed,  if  a  solution  x(f)  of  (l)-(l')  ever 
becomes  poaitive,  then  for  ali  sufficiently  large  / 

re"'  <;  x,(t)  CtUi 

where  c  and  C  arc  suitable  positive  constants. 

The  adjoint  equation  ilxjtil  -P'(t)x  also  lias  .1  projectivcly  unique 
positive  solution  g(f)  Both  g  and  f  remain  for  all  /  in  a  positive  cone  in  the 
interior  of  the  positive  orthant.  Letting  g'f/)  denote  the  (n  —  l)-spacc 
orthogonal  to  g(/),  any  solution  x(0  of  (I)  cither  lies  in  gx(/)  for  all  I  or  never 
intersects  it  at  all.  If  xf  gJ  then  x  off)  as  /-►  •  00,  and  conversely.  This 
is  equivalent  to  the  condition  that  x  is  never  positive  or  negative.  On  the  other 
hand,  if  x  is  ever  positive,  then  x  ~~  kf  for  some  suitable  constant  k  as 
I  +00. 

When  n  3,  stronger  results  can  be  obtained  (see  Part  II).  g l(t)  is  then  the 
2-space  composed  of  all  oscillatory  solutions  at  time  t,  an  oscillatory  solution 
being  one  whose  components  all  have  an  infinite  number  of  zeros  going  to 
+-ao  with  t.  From  the  general  case  then,  x  is  anoscillatory  solution  if  and  only  if 
x  -  off)  as  /  -►  -f  00,  where  f  is  a  positive  solution  of  (!)-(!')  (with  n  --  3). 
Likewise,  if  x  is  nonoscillatory  then  x  ~  kf  as  /  --*■  4-  so. 

These  results  have  their  duals  as  t  —00;  e.g.,  if  u  and  v  are  any  linearly 
independent  oscillatory  solutions,  ther.  f  -=  ofu)  as  t  —00;  and  if  ±  x  is 
not  positive,  then  x~«u  +  ivas( -*  —00. 

Because  of  the  negative  character  of  the  adjoint  equation,  its  solutions 
behave,  as  t -*  -foo,  like  those  of  (l)-(I')  as  /-»•  —00.  Thus  any  positive 
solution  gft)  of  the  adjoint  system  approaches  zero  exponentially  or- 1  -foo. 
Similarly,  if  u  and  v  are  any  linearly  independent  oscillatory  solutions,  then 
g  ==  ofu);  and  if  y  is  a  nonpositive  and  nonnegative  solution,  then  y  ~au  +  bv 
a s/-^  +00. 


I.  The  hth  Order  Case 

2.  Positive  Cyclic  Systems.  Sharpening  the  results  of  [5]  and  [4],  we 
first  prove  the  existence  and  uniqueness  of  positive  solution1  of  the  nth  order 
piecewise  continuous  positive  cyclic  system 

*5(0  =  /><(')  *<+i  •  *-“1.2 . n,  (2) 
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with  the  uniform  bound* 


0  <:  m  s  p((t)  *  M  Nm,  t  1, 2 . n,  (T) 

all  subscripts  taken  modulo  n  lu-rc,  as  throughout  the  paper. 

We  (hall  normalize  (2)-(2)  by  substituting  for  t  a  new  variable  r,  defined  by 


r  ,  A(.c),A.  Ml)  inH"-  (3) 

•  "  l-l  1 

This  substitution  yields  from  (2)  another  nth  order  cyclic  system 

dxjdr  q,(r)  Al+l .  i  1 , 2 . n,  (4) 

where  </,(r)  />,(t)/A(t),  thereby  reducing  (2)  to  a  system  of  the  same  form, 

with  n;.,  ?.(T)  I  Indeed, 


I  ,V  '  y,(r)  •'  A  and  [  |  q,(r)  I.  (5) 

i  -i 

Moreover,  trivially  for  /  and  r  as  in  (3), 

sup../fo(TMT)]  sup .MOlpiit)]  ■  N. 

Finally,  (2')  implies  that  m  A(/)  ;t  M,  so  that  r  ranges  over  (  —  oo,  -l-oo) 
with  t. 

Example  1.  In  the  constant  coefficient  case  N  -  1,  /»,(/)  -  />,  -  const, 
in  (2),  the  preceding  normalization  gives  q,(r)  qt  --  const,  with  77^  —  I. 
The  characteristic  equation  of  the  coefficient  matrix  Q  of  the  associated 
(constant-coefficient)  vector  system 


x'(r)  —  Ox, 


/° 

9l 

0  • 

•0  \ 

r 

0 

?  ■:  • 

0  ) 

\° 

0 

0- 

0 

0  ■ 

•0  / 

(6) 


is  then  A"  —  I .  Hence  (6)  has  a  positive  solution 


Xo(T)  ■■■  *Tgu  • 


(7) 


Moreover,  writing  a  2n/n,  the  other  solutions  of  the  characteristic  basis1 
have  the  oscillatory  form 

(l*i»l  \Z  I  1  ar**u] 

. 

I  A*  I  j“‘ j  [(»in  k<x)  r  +  arg*,*] 

where  k  —  1, 2 . [(»  —  l)/2],  and  g*  -  (glk . g„k)T  id  the  Atth  eigenvector 

of  Q,  with  eigenvalue  A*  e**‘,  If  n  is  even,  we  have  also  a  decreasing 
solution  xn/2(r)  -  c~Tgn,t  ■ 

In  particular,  if  n  —  3,  (6)  has  a  suhspace  of  decaying  oscillatory  solutions, 
whose  components  have  interlacing  zeros,  of  the  form 


Now  we  shall  prove  that  there  exists  a  unique  positive  solution  of  the 
system  (2)-(2').  We  introduce  as  in  [2]  the  two-parameter  family  of 
nonnegative  linear  operators 

s 

P(s,  t)  =  j*  P(u)  du ,  (9) 

the  product  integral  or  matrizant  of  the  system  (2)-(2'),  whence 

P(s,  t)x(s)=x(t). 

This  product  integral  is  a  positive  matrix  ([2],  p.  387,  Example  4),  whose 
entries  pi$)  are  easily  expressed  as  sums  of  multiple  integrals  by  expanding 
the  product  integral  in  a  Peano  series.  Thus,  for  small  h  we  have  cyclically, 
generalizing  ([2],  (3)): 

Pi,i(s< s  +  h)  =  1  +  0(hn) 

PiM l(*.  s  +  h)  =  PM  h  +  °(A*) 

PiM t(*.  t  +  h)-  pi{s)pi+l(s)  h*l2\  +  0(h*) 

Pi.i- .(M  -h)  (  f[  p,(r))*-l/(«-l)!  !  0(h*). 

1  By  •  characteristic  basis  of  a  real  linear  aystem  with  constant  coefficients,  we  mean 
a  basis  of  solutions  of  the  form  c*A*  (A  real),  or  Re  [ce*r]  and  Im  [ce'r]  (A  complex). 


190 

i 


In  view  of  the  uniform  inequality  m  p(s)  :V  Af,  it  follows  that  (for 
sufficiently  stnall  h)  we  car.  write 

-*  h)  Mk,  h  ~  0,  1 . n  -  1.  (10) 

where  the  R  -  R(i,  k,  s,  h)  ■  0  are  uniformly  hounded  away  from  0  and  to: 
c.g.,  when  m  <  I  A/, 

mn  l/(n  -  1)!  0(h)  '  R  <.  M'-'l(n  -  1)1  -4  0(h). 

Consequently,  the  projective  diameter  J(s,  s  -}-  h)  of  the  transform  of  the 
positive  orthant  under  the  action  of  P(s,  s  |-  h)  satisfies  (for  small  h) 

J(s,s  t  h)  sup,.;  In pt.ipj'i] 

(II) 

■■=  In  (h-”IR2) 


where  R2  represents  the  product  of  two  suitable  R's.  This  projective  diameter 
is  bounded  uniformly  in  s.  Ii  follows  that  the  family  {P(s,  /)}  of  positive  linear 
operators  is  uniformly  semi-primitive  |2]  Jor  increasing  and  decreasing  time. 
We  thus  obtain  the  following  result  as  a  corollary  of  ([2],  p.  389,  Theorem  9). 

Theorem  1 .  The  system  (2)-(2')  has  a  projectively  unique  positive  solution, 
i.e.,  with  all  components  positive  everywhere  in  ( —  oo,  +00). 

3.  Positive  Solutions.  It  is  easy  to  derive  bounds  on  the  rate  of  growth 
of  positive  solutions  of  any  positive  cyclic  system  (2)  satisfying  the  uniform 
inequalities  (2').  This  is  because  positive  solutions  are  isotone  both  in  their 
initial  values  jc,(0)  and  in  the  p,(t).  As  a  result,  from  a  simple  comparison 
with  the  solution  of  the  systems  *•(/)  --  mx(H  ,  xft)  —  Mxi+1  for  the  initial 
condition  .r,(0)  =  1 ,  we  infer 

Theorem  2.  If  \(t)  is  any  solution  of  a  uniformly  positive  cyclic  system 
(2)-(2')  with  x(fl)  >  0  for  some  real  a,  then  for  some  c,  C  >  0  we  have: 

cemt  ,r,-(f)  ^  CeMI  for  all  t  >  a.  (12) 

Proof.  By  hypothesis,  all  xt(a)  >0;  let 

c  —  e~ma  Min,  x((a),  C  =  e~Ma  Max4  *<(a). 

The  inequality  now  follows  by  comparison  with  the  systems  xft)  —  mxi+l 
and  *'•(/)  —  Mxui ,  for  the  initial  conditions  xfa)  =  cema  and  CeMa 
respectively.  This  is  because  the  hypotheses  />,(<)  ^  qft)  ^  0  and 
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*<(<*)  >  y<(a)  2*  0  imply  x,(t)  >  yt(t)  >  0  for  any  solutions  of  (1)  and  the 
analogous  positive  cyclic  system  y'^t)  =  q, (f)y,+,  • 

Likewise,  we  can  prove  that  any  non  positive  and  nonnegative  solution  of 
a  uniformly  positive  cyclic  system  (2)-(2')  is  dominated  hv  any  ultimately 
positive  solution.  This  is  an  immediate  corollary  of  the  following  general 
theorem,  which  seems  to  be  new. 

Theorem  3.  Let  {(/)  be  any  somewhere  positive  function  consistent  with 
a  uniformly  semi-primitive  multiplicative  process,  and  let  x(t)  be  any  other 
consistent  function  which  is  nowhere  positive  or  negative.  Then  x(f)  =  o(f(/))  in 
the  sense  that ,  for  any  e  >  0,  —2tf(t)  <  x(t)  ■£  2d(t)  for  all  sufficiently  large  t. 

Proof.  Let  x(0)  -  c  be  decomposed  into  its  positive  and  negative  parts 
<+,  c~,  and  let  x,(/),  x.,(t)  be  the  (ultimately  positive)  solutions  which  satisfy 
the  initial  conditions  x,(0)  —  cf,  x2(0)  -  —  c".  Then,  by  uniform  semi- 
primitivity2,  there  exist  constants  Af,(i  =  1,2)  such  that  x,(t)  ~  Af,f(<)  in  the 
sense  that,  for  any  e  >  0  and  all  large  enough  t, 

(A7,  -f)f(r)  <x,(t)  <.(M,  +  t)f{t).  (13) 

Unless  Mj  =  Af 2 ,  clearly  x(f)  --  x,(?)  —  x.,(t)  will  ultimately  become 
positive  or  negative,  contrary  to  hypothesis.  Hence  A/,  =  M^  and  so, 
subtracting  the  two  inequalities  of  (13), 

-  2d (0  ^  x(t)  =  x,(()  -  x2(/)  ^  (Af,  +  *)  f(t)  -  (Af,  -  «)  f(r)  =  2ef(r), 
as  claimed. 

Now  recall  that  the  family  (P(r,  t )}  of  product  integrals  defined  in  (9)  is 
uniformly  semi-primitive,  and  that  a  function  f(t)  is  consistent  with  this 
process  if  and  only  if  it  is  a  solution  of  the  positive  cyclic  system  (2)-(2'). 
Because  of  this,  Theorem  3  has  the  following  corollary. 

Corollary.  Let  x(t)  be  any  nowhere  positive  or  negative  solution,  and  let 
f(t)  he  any  ultimately  positive  solution  of  (2)-(2  ).  Then  x(t)  =  »(f(/))  as 
t  -*•  +oo. 

4.  The  Adjoint  System.  Since  the  adjoint  of  any  linear  system 
x'(t)  =  Ax  is  y'(/)  =  —AT y,  the  adjoint  of  any  positive  cyclic  system  (2)  is 
the  system 

m  =  -ps- (i4) 

*  The  details  of  the  argument  resemble  those  of  the  proof  of  Theorem  4  in  G. 
Birkhoff,  Trans.  Am.  Math.  Soc.  85  (1957),  219-227;  see  also  J.  Math.  Mech.  3  (1965), 
507-512. 


which  is  cyclic  for  the  reverse  ordering  pn  ,  . . . px .  If  (2)  is  normalized, 

then  so  is  ( 1 4).  Moreover  the  adjoint  system  ( i  4)  is  positive  for  the  independent 
variable  —t,  assuming 

0  <  m  ^  />,(')  <  M.  (14') 

If  we  apply  the  same  considerations  to  the  adjoint  (I4)-(14')  as  to  (2)-(2'), 
obtaining  a  two-parameter  family  of  positive  operators  for  increasing  —  t 
(i.e.,  decreasing  /),  we  arrive  at  the  following  dual  of  Theorem  1. 

Theorem  1'.  The  system  (14V(14')  has  a  projectively  unique  ( strictly ) 
positive  solution. 

Actually,  no  two  linearly  independent  solutions  can  be  strictly  positive 
eveo  on  (a,  oo),  i.e.,  even  for  all  sufficiently  large  t. 

If  we  permute  the  x'ts  and  replace  t  by  — the  adjoint  system  (14)  can  be 
made  positive  cyclic.  Therefore  (14)  behaves  for  positive  t  like  (3)  does  for 
negative  t\  e.g.,  any  ultimately  positive  solution  x  of  (14)  satisfies 

ce~Mt  ^  x,  <  Ce~mt 

for  t  sufficiently  large  whence  positive  solutions  approach  zero  exponentially. 

We  now  appeal  to  the  following  easily  proved  result  [5,  p.  71]. 

Lemma  1 .  The  inner  product 

(g(0.*(*))  s  Y,8k(t)*k(t)  -  const. 

for  every  solution  x(t)  of  ( 2)  if  and  only  if  g(i)  satisfies  (14). 

Thus  any  solution  x(t)  of  (2)-(2')  which  is  orthogonal  at  t0  to  a  positive 
solution  g(t)  of  its  adjoint  (14)  is  dtntically  orthogonal  to  it;  i.e.,  if 
x(t0)  e  g±(t0),  then  x(t)  e  g1^)  for  all  t.  Here  gi(?)  denotes  the  space  of  all 
solutions  x(f)  which  satisfy  (g(.),  y(r))  =  0. 

Theorem  4.  Let  x(t)  be  a  solution  of  (2)-(2’)  and  let  f(t)  be  a  positive 
solution.  Then  the  following  conditions  are  equivalent :  (i)  x(t)  —  o(f(t))  as 
l  -*■  +00;  (ii)  x(l)  e  g -*-(/);  (iii)  x(t)  is  nowhere  positive  or  negative ;  (iv)  x(t)  is 
not  ultimately  positive  or  negative. 

Proof.  To  prove  the  equivalence  of  the  first  two  conditions,  consider  the 
set  of  all  solutions  x  with  the  property  that  x  =  o(f),  which  is  trivially  a 
subspace  of  the  n-dimensional  vector  space  of  all  solutions.  This  set  is  proper 
since  it  fails  to  contain  f(f).  From  the  Corollary  of  Theorem  3,  it  contains 
gx(t);  for,  any  solution  in  g1  cannot  be  positive  or  negative  since  no  two 


positive  solutions  can  be  orthogonal.  Finally,  since  f£x{t)  is  (n  —  !  4 -dimensional, 
the  subspace  is  gx(t). 

To  prove  the  equivalence  of  conditions  (ii)  sr.il  (iii),  suppose  x(a)  is  positii  t* 
or  negative.  Then  clearly  x  £  g- .  C  onversely,  if  x  i«  no**  here  positive  or 
negative,  then  x  =  o(i)  fcom  the  Corollary  of  Theorem  3.  But  this  condition 
is  equivalent  to  x  c  g1.  Fira.b  .  is  immediate  from  (iii);  comerseK,  >v 
x(a)  is  positive  or  negative,  then  u  remains  so  for  /  •  a.  Thus  completes  the 

proof. 

Corollary.  If  \(i)  is  or.  ultimately  positin’  or e  solution  <1  (i'H2  ), 
then  x(')  cf(t)  as  !  -  *  ->  x>  for  some  constant  r. 

Proof.  lot  u1,  ua,.  u"  be  .■  s<  r  of  Imear'y  indcp;  lent  solutions  mi  g  . 
These,  together  with  f,  form  a  basis  of  solutions  >f  (2)-(2  ).  Then 
x  —  r,ul  -j-  c-u*  4-  -  ctl  .jU-1  1  4  r„ f  for  suitable  constants  c,  . 

From  Theorem  4.  each  u’  o{ f).  Since  -f-x  is  ultimately  poc.uve.  cn  yt  0. 


!I.  The  Third-Order  Cass 

5.  General  Resuits.  We  now  restrict  our  attention  io  ihe  -bird -order 
case  of  (2H2 ): 


dx,‘dt  —  p,(t)  x,+,  ,  i  “1,2,3,  (15) 

0  <  m  rf  C  M.  (15  ) 

1  .ettuig  gp. )  •=  (£j  ,  ,  %f)T  denote  a  positive  solution  of  the  adjoint  (14)  with 

n  3  now  ,  v/c  consider  the  siibspace  gx(r)  of  all  solutions  x(t)  of  (15)-(15  ) 
which  sstrify 


tf,(*)*i<0  4-  £,(/). va(G  0.  (16) 

This  condition  characterizes  the  oscillatory  solutions,  i.e  the  solutions  whose 
components  each  have  arbitrarily  iarge  positive  zeros. 

T Ui-'  .TEM  5.  .4  solution  -a/  ( 1 5)-(  1 5' )  is  oscillatory  if  and  only  if  it  satisfies 

(16).  jihere  g(7)  is  «  positive  solution  n/(14). 

Proof.  It  is  immediate  from  Theorem  4  that  any  oscillatory  solution  of 
( 1 5)-( i 5')  satisfies  (16).  To  prove  the  converse,  suppose  there  weir,  a  solution 
xt t)  which  satisfied  (16)  and  did  not  orcillate.  With  no  loss  in  goner  ait*y,  w* 
may  then  assume  that  for  some  suitable  t0  ,  x^t)  >  0,  xz(t}  >  ?).  and  '  0 
for  al!  T  iei.  f.-un  (15)-*x!  5'),  0<.v1Tt  *-nd  x}  f  const.  ^  0, 
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-  i  ’  • 


Thus  lim  inf^*  a?j  =  0.  Since  x't  —  and  />3  ^  m  >  0,  we  arrive  at  the 
contradiction  that  lim  inf,.,*  Art  —  0.  (Similarly,  (16)  implies  that  each  xf(t) 
vanishes  infinitely  often  as  t  decreases).  This  completes  the  proof. 

Thus  the  oscillatory  solutions  of  (1 5)-(l 5')  comprise  the  plane  g ■*•(/) 
orthogonal  to  g (t).  This  is  noteworthy  in  that  the  oscillatory  solutions  do  not 
generally  form  a  subspace.  More  typical  in  this  respect  is  the  system 

dxidt  —  I  0  0  1  x 

V-l  -1  -l' 

which  has  a  basis  of  solutions 


Thus  the  solutions  x1  4  x2  and  x2  are  oscillatory,  but  their  difference  is  not. 
This  example  is  also  typical  in  that  the  components  of  oscillatory  solutions 
(as  t  — ►  +  oo)  do  not  generally  vanish  infinitely  often  as  t  -*  —  oo,  in  contrast 
to  the  behavior  of  the  oscillatory  solutions  of  (1 5)-(l  5'). 

Since  the  oscillatory  solutions  of  ( 1 5)-(  1 5')  lie  in  the  plane  gx(r),  which 
makes  them  linearly  independent  of  f,  we  obtain  a  natural  basis  of  solutions. 

Theorem  6.  Any  tiuo  linearly  independent  oscillatory  solutions  of  the 
third-order  positive  cyclic  system  ( 1 5)-(  1 5')  constitute,  together  with  any  positive 
solution,  a  basis  of  solutions. 

The  equivalence  of  the  space  of  oscillatory  solutions  and  the  plane  g^  has 
other  consequences.  Following  are  two  which  are  immediate  from  Theorem  4. 

Corollary  I.  If  x(t)  is  a  nonoscillatory  solution  of  (1 5)-(l 5'),  then 
x(t)  ~  cf(t)  as  t  -*  +  oo,  where  f  is  any  positive  solution  and  c  is  a  suitable 
constant. 

Corollary  2.  A  solution  u(f)  of  (15)-(15')  is  oscillatory  if  and  only  if 
u  —  o(f)  as  t  -*■  +oo. 

6.  Decreasing  t.  As  t— ►  —  oo,  on  the  other  hand.it  is  the  oscillatory 
solutions  which  are  dominant.  The  following  results  are  the  duals,  as 
t  -*■  —oo,  of  some  results  stated  above.  Some  of  them  are  related  to  results 
of  Lazer  [6];  note  that  his  x  plays  the  role  of  our  —  t.  See  especially  his 
Theorems  1.4,  1.5,  and  2.3, 


Lemma  2.  Let  u(t)  be  any  oscillatory  solution  and  let  f(t)  be  any  positive 
solution  o/(15)-(15').  Then  f (t)  ==  ofuft))  as  t  -*•  —  oo. 

Proof.  Let  v  be  an  oscillatory  (for  negative  t)  and  g  a  positive  solution  of 
the  adjoint  (14);  select  v  so  that  the  inner  product  (u(0),  v(0))  ^  0.  By  the 
dual  of  Corollary  2  above,  v  ■---  o(g)  as  /--*  —  x.  From  Lemma  1, 

(f,  g)  =  |  f  I  |  g  !  cos  aft)  3=  const. 

(u,  v)  =  |  u  |  |  v  |  cos  /3(t)  =  const., 


whence 


|  f  |/|  u  |  —  const.  |  v  |  cos  /}/|  g  |  cos  a. 


Since  v  =  o(g)  as  /  — ►  —  x,  and  since  f  and  g  can  be  shown  to  be  bounded 
away  from  the  coordinate  planes  (cf.  Section  8),  cos  a  e  >  0.  Hence  the 
right  side  of  (17)  tends  to  0;  i.e.,  f  =  o(u)  as  /  -*■  —  x. 

Corollary  1.  Let  \{t)  be  any  solution ,  and  let  u(t)  and  vft)  be  linearly 
independent  oscillatory  solutions  of  (1 5)-(1 5).  Then  either  :(i)x(t)  ~  au(t)  +  bvft) 
as  t  — *•  —  oo  for  suitable  constants  a  and  b,  or  (ii)  xft)  is  either  positive  or  negative. 

Proof.  Since  f,  u,  and  v  form  a  basis  from  Theorem  6,  x  --  a\i  +  bv  -f  cf 
for  suitable  constants  a,  b,  c.  Then 


X  —  (au  +  bv)\ 

|  au  -1-  bv  ! 


I  ef\ 

an  4  bv 


as  t  -*  —co,  from  Lemma  2. 

This,  together  with  the  parenthetical  remark  in  the  proof  of  Theorem  5, 
immediately  yields 

Corollary  2.  Any  solution  of  ( 1 5)-(  1 5')  which  is  neither  positive  nor 
negative  is  oscillatory  as  /  — *■  —oo. 

Corollary  2  of  Theorem  6  and  Corollary  1  above  have  the  following  duals. 

Corollary  3.  Let  vft)  be  any  oscillatory  solution  o/(14)-(14')  with  n  =  3, 
and  let  g ft)  be  a  positive  solution.  Then  g(<)  =  ofvft))  as  t  -*■  4*x. 

Corollary  4.  Let  y ft)  be  any  solution  of  (14)-(  1 4')  with  n  —  3,  and  let 
u(t)  and  vft)  be  any  two  linearly  independent  oscillatory  solutions.  Then  either: 
(i)  y  ~  au  4-  bv  as  t  -*■  4-  °o  for  appropriate  constants  a  and  b,  or  (ii)  y ft)  is 
positive  or  negative  fjor  all  t). 


7.  Oscillatory  Solutions.  Any  oscillatory  solution  of  (15)  satisfies  (16) 
and,  if  nontrivial,  must  therefore  have  components  of  both  signs.  Since  — x(t) 
also  satisfies  (16),  we  can  assume  two  positive  components  and  one  negative 
component  for  an  arbitrary  t  -  t„  where  all  x{(tg)  ^  0.  By  cyclic  symmetry, 
we  can  assume  .v^I,,)  >  0,  .r,(f0)  >  0,  and  x3(tg)  <  0.  By  positivity,  this 
implies  dxjdt  >  0,  dxjdt  <  0  and  dxjdt  >  0  at  t0 ;  hence  cannot  change 
sign  until  x2  does.  By  (16),  however,  jf3  cannot  become  positive  until  *j  or  *a 
becomes  negative.  Hence  x2  must  change  sign  first.  Generalizing  by  cyclic 
symmetry  and  replacement  of  x(<)  by  --x(l),  we  find  that  as  t  increases,  each 
sign  change  must  affect  the  second  of  the  two  components  having  like  sign. 
This  yields  the  following  resuit. 


Theorem  7.  If  x(t)  is  any  nontrivial  oscillatory  solution  of  (15),  then  the 
signs  of  its  components  permute  cyclically  : 

(+.  +.  — ),  (+,  — ,  — ),  (+,  — ,  -f),  (— ,  — ,  4-),  (— ,  +,  +),  (— i  +i  — ), 
etc.  Hence  the  x-s  vanish  cyclically ,  in  increasing  order  mod  3  and,  as  t  increases, 
x(t)  rotates  clockwise  as  viewed  from  the  positive  octant. 

Figure  1  shows  a  typical  solution  x(t)  of  (15)  with  positive  component  f(t) 
and  oscillatory  component  u(l)  lying  in  g1^)- 

|*i 


The  following  observation  is  of  help  in  the  qualitative  study  of  the  order  of 
magnitude  of  oscillatory  solutions  of  (15).  Let  X(t)  be  any  matrix  solution  of 
(15).  Since 


det  X(t)  det  X(0)  exp  (  Tr  P(s)  rfi) 

and  Tr  P(i)  s  0,  the  mapping  which  takes  X(0)  into  X(t)  is  volume 
preserving. 

In  particular,  if  (15')  holds  and  the  columns  of  the  matrix 

/7i  “i  »i\ 

-V  -  (/*  U ,  v2\ 

Vs  “s  *V 

are  the  positive  solution  f  of  (15)  and  two  oscillatory  solutions  u  and  v,  then 
the  parallelepiped  spanned  by  f,  u,  v  has  constant  volume  for  all  t.  Since  f (f) 
grows  exponentially  and  is  bounded  away  from  g1  (see  Section  8),  the  area 
of  the  parallelogram  determined  by  the  two  oscillatory  solutions  approaches 
zero  exponentially.  It  does  not  follow,  however,  that  every  oscillatory  solution 
tends  to  zero,  as  the  following  example  shows. 


Example  2.  In  the  interval  0  <  t  <  tQ  a  tt/V3,  consider  the  system 

(0  cx  Os 

x'(/)  =  Cx,  C  =  jO  0  eJ 
V3  0  0/ 

where,  in  terms  of  the  arbitrary  constant  A  >  1 , 


Afe21!)  +  v'3e‘#/*)  '  2  A  ^ 

- 

3  e~**o  -f-  \Z3e~*o^* 


\/3e-‘»/2), 


The  coefficient  matrix  C  is  then  permuted  cyclically  in  (t0 , 2 10),  etc.  It  is 
easily  confirmed  that  the  solution  initially  at  (1,  —  Ae2'8, 0)r  goes  into 
A(0,  —1,  fuitt)T  at  time  t0  ;  i.e., 


Now  if  we  permute  cx  ,  c2 ,  c3  and  .Vj  ,  ,  x3  cyclically,  we  obtain  a  piecewise 
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continuous  differential  system  and  an  oscillatory  solution  whose  magnitude 
at  nt0  increases  exponentially;  i.e.,  j  x(«7r/\/3)|  =  kn  j  x(0)|. 

Although  an  oscillatory  solution  may  grow  like  kn  for  any  k  >  0,  it  must 
still  be  of  smaller  order  than  the  positive  solution,  as  the  Corollary  of 
Theorem  3  shows. 

The  bounds  on  the  periods,  in  contrast  to  the  magnitude,  of  an  oscillatory 
solution  permit  a  more  quantitative  analysis.  We  first  introduce  the  following 
definitions.  The  triplet  of  signs  s(/)  =  (sgn  xx ,  sgn  x2  ,  sgn  x3)  of  the 
components  of  a  solution  x(/)  will  be  called  the  signature  of  x.  If  s(t1)  =  s (t2) 
for  t2  >  tx  and  a  component  of  s(/,)  is  zero,  then  t2  —  tx  will  be  called  a 
signature  cycle  of  x.  A  phase  is  a  maximum  /-interval  of  constant  signature. 
By  Theorem  7,  the  signature  of  a  solution  changes  cyclically  in  six  phases. 

Theorem  8.  Let  g(t )  be  a  positive  solution  of  (14)  and  u (t)  an  oscillatory 
solution  of  (15)-(15  ).  Then  the  duration  of  any  phase  of  u  is  at  least 

Proof.  We  shall  determine  the  interval  between  a  zero  of  u,  and  the  next 
zero  of  ui+1  .  Without  loss  in  generality,  suppose  u(/j)  —  (0,  1 ,  —  k)T  and 
u (t2)  —  (a,  0,  —  b)T  for  suitable  positive  a,  b,  k.  Then  from  (15)-(15'), 

0  =  u2(t2)  =  1  +  1  2  p2(s)  u3(s)  ds 
J  h 

^  \  -  Mk(t2  —  /,) 

whence  t2  —  tx  \jMk.  But  u &  +  +  Uyg2  ==  0.  Thus  k  =--  g^lg^h), 

and  t2  -  tx  >  inf (gJMgj). 

8.  N-Stable  Positive  Cones.  To  prove  the  positivity  of  inf (/<//))  and 
inf (gilgj)  for  i,  j  =  1,  2,  3  and  —  oo  <  t  <  +oo,  we  shall  introduce  another 
concept,  expressed  in  terms  of  the  N  —  Mjm  of  (2  ). 

Definition.  An  N-stable  positive  cone  is  a  closed  cone  C  in  the  positive 
octant  with  the  following  stability  property:  if  x(/)  is  a  solution  of  (15)-(15') 
with  M  —  Nm,  and  x(a)  6  C,  then  x(t)  e  C  for  all  t  ^  a. 

Lemma  3.  If  C  is  any  N-stable  positive  cone,  then  f(t )  e  C  and  g (/)  e  C, 
where  i  and  g  are  positive  solutions  of  (2)  and  (14)  respectively. 

Proof.  For  any  7  0  and  /„ ,  and  any  solution  x(/)  of  (2)  with 

x(/0  —  T)eC,  we  may  consider  ©(/)  ^  0(x(l),  f(/)),  Hilbert’s  projective 
quasi-metric  ([2],  p.  381).  By  uniform  semiprimitivity,  ©(/„)<«  for 
sufficiently  large  T  '/'(«),  yet  x(/u)  e  C.  Since  C  is  closed  (in  the  projective 


quasi-metric),  this  implies  f(t0)  e  C.  But  t0  was  arbitrary;  hence  f(<)  e  C.  From 
the  dual  behavior  of  the  adjoint,  the  same  is  true  of  g(t). 

Clearly,  the  (closed)  positive  octant  A  is  iV-stable.  To  construct  an  iV-stable 
positive  cone  in  the  interior  of  A,  we  now  define  the  pseudo-Liapounov 
function 

U  =  xjxt  +  jc2/*3  +  xijx1  (18) 

in  Int  A.  This  function  has  the  property  that  U  —  3  when  a-j  =  x2  —  *3  and 
V  >  3  elsewhere.  Differentiating  both  sides  of  (18),  we  compute 

dU/dt  -X />-(')[  1  -  *,+!*,+*/***].  (19) 

If  a,2  ^  x,+lxUij3N  for  even  one  i,  then  dbjdt  ^  0  at  x,  since  in  that  event 
the  corresponding  negative  term  dominates  the  sum  of  all  three  terms.  We 
therefore  define  the  domain  EC  A  by 

E  —  {x  |  x  >  0  and  ,v,2  <  a-,+1.v,+2/3JV  for  some  i  --  1, 2,  3},  (20) 

|  with  the  assurance  that 

dUldt  ^  0  in  E. 

Now  consider  the  closure  A  --  E  of  the  set-theoretic  complement  of  E: 

A  —  E  —  {x  |x>0  and  .v,2  >  xi+1xi+2/3N  for  all  i  —  1,2,  3}.  (21) 

This  is  a  curvilinear  triangular  cone  strictly  interior  to  A ;  hence 

Max,c^(x)  =  A  <  -\  X'.  (22) 

Finally,  we  define  the  cone  CD  A  —  E  as  the  domain 

C  =  (x  |  x  ^  0  and  U(x)  <  A}.  (23) 

Clearly  C  is  closed  and  lies  in  the  interior  of  the  positive  octant.  Moreover, 
this  domain  is  iV-stable  because  its  boundary  lies  in  E,  whence  dUjdt  <  0 
on  it.  This  proves  the  following  result. 

Theorem  9.  If  A  is  defined  by  (21  )-(22),  then  the  interior  cone 
C  =  {x  |  x  >  0  and  U(x)  iC  A}  is  N-stable. 

This,  together  with  Lemma  3,  gives  us  the 

Corollary.  The  components  of  the  positive  solutions  f  and  g  of  ( 1 5)-(  1 5') 
and  its  adjoint  satisfy  IjA 2  <  xjx,  <  A 2,  A  =-  3N  -f  1  1/3 N. 
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Proof.  Let  x  be  any  solution  of  ( 1 5)— (15')  lying  in  C.  It  can  be  shown  that 
in  A  —  E,  U(x)  attains  its  maximum  value  A  at  any  vertex  of  A  —  E,  whence 

A  =  U(3N,  1,  I)  =  3N  +  1  +  1/3W. 

But  xjxt+1  <  V  ^  A,  so  x,+1lxi  >  1 1 A  for  each  i.  Furthermore, 

xjxi+1  =  1  l(Xi+llXi+i)(Xt+tlXi)  >  1 1  A*. 

Consequently,  *,•/**  >  1  /A2  for  each  t,  j.  Clearly  then  <  A *  for  all  i,  j. 
An  application  of  Lemma  3  completes  the  proof  for  f.  The  same  inequalities 
for  g  follow  from  the  dual  behavior  of  the  adjoint. 

Actually,  we  have  computed  the  minimal  stable  cone  by  other  methods  for 
the  family  of  positive  cyclic  systems  ( 1 5)-(l  5').  These  methods  will  be 
described  in  another  paper. 
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PERTURBATIONS  OF  FUNCTIONAL  DIFFERENTIAL  SYSTEMS 


G.  A.  Shanholt* 

U.  S.  Army  Engineer  Topographic  Laboratories 
Fort  Belvoir,  Virginia 


1.  INTRODUCTION.  In  a  recent  series  of  papers  [1-4],  A.  Strauss 
and  J.  A.  Yorke  have  investigated  "eventual"  stability  properties  for 
systems  of  ordinary  differential  equations.  In  this  paper,  we  extend 
two  of  their  results  to  functional  differential  systems. 

The  following  notation  will  be  used  in  this  paper:  En  is  the 

space  of  n-vectors,  and  for  x  in  En,  |x |  denotes  any  vector  norm.  For 
a  given  number  t  >0,  C  denotes  the  linear  space  of  continuous  functions 

mapping  the  interval  [-t,  0]  into  En,  and  for  4  in  C,  |  |  <f>  j  |  =  sup 

|  4'  (G)  |  ,  -t  <  6  <  0.  For  H  >0,  C  denotes  the  set  of  4  in  C  for 

which  ||4||  <  H.  For  any  continuous  function  x(u)  whose  domain  is 

-T_^_u^a,  a  ^  0,  and  whose  range  is  in  En,  and  any  fixed  t,  0  t  <_  a, 

the  symbol  xfc  will  denote  the  function  xfc  (6)  =  x  (t  +  0)  ,  -t  0  _<  0; 

that  is,  xfc  is  in  C,  and  is  that  segment  of  the  function  x(u)  defined 

by  letting  u  range  in  the  interval  t  -x  <_  u  <_  t. 

Let  F  (t,  4)  be  a  function  defined  on  D  *  [0,  °°)  x  C  into  En, 

H  H 

and  let  x(t)  denote  the  right  hand  derivative  of  x(u)  at  u  »  t. 

Consider  the  functional  differential  system 


x(t)  =  F  (t,  xt) .  (1.1) 

Let  (s,  4)  be  in  D„.  A  function  x  (s,  4)  (t)  is  said  to  be  a 
ri 

solution  of  (1.1)  with  initial  function  4  at  t  =  s  if  there  exists  a 
number  b  >  0  such  that 

i)  for  each  t ,  s  <  t  <  s  +  b ,  x  (s ,  4)  is  defined  and  in  C„; 

ii)  xg  (s,  4)  =  4; 

iii)  x  (s,  4)(t)  satisfies  (1.1)  for  s  <  t  <  s  +  b. 


*Dr.  G.  A.  Shanholt  is  now  at  the  Radar  Research  Department,  Bell 
Telephone  Laboratories,  Whippany,  New  Jersey  07981. 
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PRECEDING  MSI  BUNK 


x(s,  t)(t)  is  unique  if  every  other  solution  with  the  same  initial 
function  <j>  at  t  *  s  agrees  with  x(s,  <£)(t)  in  their  common  domain  of 
definition. 

If  F  is  continuous  on  D  ,  then  for  every  (s,  ij>)  in  D„  there  is 

H  H 

at  least  one  solution  of  (1.1)  with  initial  function  <J>  at  t  ■  s  [7]. 

If,  moreover,  F  is  Lipschitzian  in  $,  i.e.,  there  is  a  constant  L 

such  that  for  every  4>, ,  in  C 

1  Z  H 

|  F  (t,  *x)  -  F(t ,  4>2)  |  ||  ^  -  <(>2||  |  (1.2) 

for  t  _>  0,  then  there  is  only  one  such  solution.  Generally,  under 
such  assumptions,  one  can  only  expect  a  solution  to  exist  over  a 
finite  interval. 

2.  PRELIMINARIES ■  We  now  define  the  stability  concepts  to  be 

used  herein.  These  definitions  are  stated  for  equation  (1.1)  in  which 

it  is  assumed  that  for  some  H,  0  <"  H  *,  F  is  continuous  and 

Lipschitzian  on  D  . 

H 

Definition  2.1.  The  origin  is  eventually  uniformly  stable  (EvUS)  if 

for  every  c  >  0,  there  exists  6  =*  5(e)  >  0  and  a  *  a  (e)  0 

such  that  |  |xt  (s ,  4>)  |  |  <  c  for  all  |  |<t>|  |  *  5  and  t  >_  s  >_  a.  It  is 

uniformly  stable  (US)  if  one  can  choose  a  (e)  *  0. 

Definition  2.2.  The  origin  is  eventually  uniformly  attracting  (EvUA)  if 
there  exists  constants  n  >  0  and  6  >  0,  and  if  for  every  e  >  0  there 
exists  a  T  -  T  (e)  >  0  such  that  I  I  xt  (s ,  <p)  |  |  <  e  for  |  |<J>|  |  <  n> 

s  _>  8,  and  t  ^  s  +  T.  It  is  uniformly  attracting  (UA)  if  one  can 
choose  6=0. 


Definition  2.3.  The  origin  is  eventually  uniform-asymptotically  stable 
(EvUAS )  if  it  is  both  EvUS  and  EvUA.  It  is  uniform-asymptotically 
stable  (UAS)  if  it  is  both  US  and  UA. 

It  should  be  noted  that  in  the  above  definitions  we  do  not 
assume  that  the  zero  function  is  a  solution  of  (1.1).  When  the  origin 
is  US,  this  implies  that  the  zero  function  is  a  unique  solution  of 
(1.1)  for  any  s  0.  Thus,  we  see  that  EvUS  (EvUAS)  is  a  natural 
generalization  of  US  (UAS)  in  which  it  is  not  assumed  that  the  zero 
function  is  a  solution.  Finally,  it  -is  important  to  note  that  UA 
does  not  imply  that  the  zero  function  is  a  solution  [2,  example  2.9]. 

Definition  2.4.  Let  V(t,  4> )  be  a  functional  defined  for  (t,  <f>)  in  D^. 

The  derivative  of  V  along  solutions  of  (1.1)  will  be  denoted  by 
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V  (1.1)  (t,  xt  (s, 

V  (1.1)  (t,  s t  (s, 


If  F  is  continuous  and  Lipschitzian,  and  if  the  origin  is  either 
EvUS  or  EvUAS,  then  the  existence  of  a  Lyapunov  type  functional  can  be 
established.  By  following  D.  Wexler  [5]  and  A.  Halanay  [6],  one  easily 
proves  the  following  two  theorems. 


4>))  and  is  defined  to  be 


<j>) )  “  lim  sup  — 

04-  U 


V (t+h ,  xt+h(s,  $))  -  V  (t,xt(s,  <*>)) 


Theorem  2.1.  Let  F  be  continuous  and  Lipschitzian  on  D„ ,  and  let  the 
—  —  n 

origin  be  EvUS.  Then  there  exists  a  number  K,  0  <  K  <  H,  and  a 

functional  V  (t,  <f>)  with  the  following  properties: 

1.  There  exists  functions  a(r),  b(r)  continuous,  positive, 
and  monotone  increasing  for  r  >  0,  with  a(0)  *  b(0)  ■  0, 
such  that  for  m  in  (0,  K]  , 

a  (||4>||)  £V(t,  *)  lb  (|U||) 

for  m  <_  |  Ul  |  <  K,  t  >  d  (m)  ,  where  d(r)  is  a  continuous, 

nonnegative,  and  nonincreasing  function  for  r  >  0. 

2.  V  (t,  x^  (s,  f))  is  a  monotone-decreasing  function  of  t  for 

IUII  <_K,  t>_s>_d(k). 

Theorem  2.2.  Let  F  be  continuous  and  Lipschitzian  on  D^,  and  let  the 

origin  be  EvUAS.  Then  there  exists  a  number  K,  0  <  K  H,  and  a 
functional  V(t,  4>)  satisfying  the  conclusions  of  the  above  theorem, 
with  the  additional  properties. 

1.  There  exists  a  function  c(r)  continuous,  positive,  and 
monotone-increasing  for  r  >  0,  with  c(0)  ■  0,  such  that 

V  (l.l)(t,  xt  (s,  4>))  1  -  c  (||xt  (s,  cp)  ||) 

for  IUII  K,  t>_s^d  (k). 

2.  |  V  (t,  <|.1)  -  V  (t,  42)  |  <  M(r)  ||  ^  -  02  || 

for  0  <  r  |  |  |  |  <  K,  t  >  d(k)  ,  where  M(r)  is 

continuous  and  monotone-decreasing  on  (0,K]. 
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3.  PERTURBED  EQUATIONS.  We  now  prove  two  theorems  which  show 
that  the  eventual  stability  behavior  of  the  origin  of  the  nominal 
equation 


00  y(t)  *  F(t ,  yt) 

is  preserved  for  the  perturbed  equation 


(P) 


x(t)  =  F(t ,  xt)  +  G(t ,  xt) 


when  F  and  G  satisfy  certain  conditions. 

Consider  the  conditions 

(A):  For  every  m,  0  <  m  <  H,  there  exists  y  >0  and  a  function 

m  — 

gm(t)  continuous  on  [y  ,  °°)  such  that  for  m  <_  |  j  $  |  |  <  H, 

t  >  ym 

—  m 


G  (t,  4>)  _<  gm  (t)  and 


00 

/ 


gm  (t)  dt  <  °°. 


m 


(B)  :  For  every  m,  0  <  m  <  H,  there  exists  y  >0  and  a  function 


m 


g  (t)  continuous  on  [y  ,  «)  such  that  for  m  <  <6  <  H,  t  >  y 

m  m  —  *  —  'i 


m 


m 


G  (t,  <f>)  I  1  gm  (t)  and 


t+1 


I  (t) 

m 


/  «. 


(s)  ds  +  0  as  t  +  ®. 


REMARKS .  If  condition  (A)  is  satisfied,  then  so  is  condition  (B). 

Moreover,  if  g  (t)-H3  as  t  -**>,  then  also  condition  (B)  is  satisfied, 
m 

Condition  (B) ,  however,  does  not  imply  (A)  [1,  example  3.3]. 

In  [3],  Strauss  and  Yorke  proved: 

Theorem  3.1.  If  the  origin  is  US  for  the  continuous  linear  system 


x  (t)  =  A  (t)  x  (t) 
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and  if  G  (t,  x) ,  which  is  continuous  on  [0,  °°)  x  En,  satisfies  the 
condition  that  for  some  r  >  0  and  every  m  satisfying  0  <  m  <  r  there 
exists  a  function  g  (t)  continuous  for  t  >  0  such  that  for  m  <■  lx  I  <  r, 

m  *— *  —  '  i  — 

t  _>  0 

00 

I  G  (t,  x)  I  <_  gm  (t)  and  J  gm  (t)  dt  <■ 

0 


then  the  origin  is  EvUS  for 


x  (t)  “  A  (t)  x  (t)  +  G  (t,  x  (t)). 

We  now  extend  theorem  3.1  to  functional  differential  equations. 

Theorem  3.2.  Suppose  that  F  and  G  are  continuous  and  Lipschitzian  on 

D  ,  that  G  satisfies  condition  (A),  that  the  origin  is  EvUS  for  (N) , 

H 

and  that  a  functional  V't,  <J>)  whose  existence  is  guaranteed  by 
theorem  2.1  satisfies  condition  2  of  theorem  2.2.  Then  the  origin 
is  EvUS  for  (P) . 

PROOF .  Let  0  <■  £  K,  and  choose  J  j 4>  |  |  <  6  (e)  ■  b  1  (a  (e)  /2)  ,  a  (e) 
=  max  (d  (6),  0  (e)),  where  0  (e)  >_  y^  and  is  such  that 


I 


a  (e) 

g,  (t)  dt  <•  - 

2LM  (6) 


Then  for  t  _>  s  >_  a(e),  ||  xfc  (s,  )  ||  <  e.  Suppose  chis  is  not 
the  case,  i.e.  ,  for  some  t  >_  s  |  |  xfc  (s ,  $)  |  |  ■  e .  Let  q  be  the 
first  t-value  greater  than  s  for  which  ||  x^  (s,  $)  j|  ■  e ,  and  let 
p  be  the  last  t-value  less  than  q  for  which  ||  x  (s,  $)  ||  ■  6. 
Then 


6  1  I  I  *t  (s,  ♦)  I  I  1  e,  P  1  t  1  q.  (3.1) 

For  t  in  an  interval  on  which  x  (s,  $)  (t)  exists,  we  evaluate 
V(p)  (t,  xt  (s,  <j))) 

1  (t,  yfc  (t,  xt  (s,  ♦)))  + 
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+  lim  sup  ( V ( t+h ,  x  (t,  x  (s  ,  <i>) ) ) 
h  -  0+  h  '  t+h  1 

-V(t+h,  yt4h  (t,  xt  (s,  4>) ) ) J 

_  lim  sup  “  (  I  |x  (t,  X  (s,  4)) 

h  -►  0+  h  '  c  n  c 

-yt+h  (t’  xt  (s>  ♦))H) 

since  V  is  Lipschitzian  and  decreasing  along  solutions  of  equation  (N) . 
By  assuming  -  with  no  loss  of  generality  -  that  the  Lipschitz  constant 
L  is  greater  than  one,  the  result  on  pages  340-1  of  Halanay's  book  [6] 
when  used  in  the  above  inequality  yields 


V(p)  (t,  xt  (s,  4))  1LM  |  G  (t,  xt  (s,  40)  |  . 

By  integrating  both  sides  of  the  above  inequality  from  p  to  q,  and  by 
using  condition  (A)  and  equation  (3.1),  we  obtain 


C ' 

V  (q,  xq  (s,  4))  1  V  (p,  xp  (s,  4))  +  L  M 


gg  (t)  dt 


a  (e)  ^  b  (6)  +  L  M  I  gfi  (t)  dt 


a  (e)  a  (c) 

a  (e)  <■ - +  -  -  a(e). 

2  2 

Thus,  we  arrive  at  a  contradiction,  and  this  proves  the  theorem. 

The  second  result  of  Strauss  and  Yorke  [2]  which  we  shall  extend  is 

Theorem  3.3.  If  F  (t,  x)  and  G  (t,  x)  are  continuous  in  the  cylinder 
(0,  o°)  x  {x  :  |  x|  <  H) ,  if  F  is  Lipschitzian,  and  if  G  satisfies  the 
condition  that  for  some  r  >  0  and  every  ra  satisfying  0  <  m  <  r,  there 
exists  a  function  gm  (t)  continuous  on  (0,  °°)  such  that  for  t  >_  0, 

m  <  I  x  I  <  r 


t+1 

I  G  (t,  x)  |  gffl  (t),  j  (s)  d8  -*•  0  as  t  -►  oo, 

t 

then  the  EvUAS  of  the  origin  of 

x  (t)  -  F  (t,  x  (t)) 
implies  the  same  stability  property  for 

x  (t)  -  F  (t,  x  (t))  +  G  (t,  x  (t)). 

We  now  state  and  prove  our  extension. 

Theorem  3.4.  Suppose  that  F  and  G  are  continuous  and  Lipachitzlan 
on  ,  that  G  satisfies  condition  (B),  and  that  the  origin  is  EvUAS 

for  (N).  Then  the  origin  is  EvUAS  for  (P). 

PROOF.  Define  J  (t)  ■  sup  (I  (s)  :  t-1  <  s  <  °°)  for  t  >  1. 

-  m  m  —  — 

Condition  (B)  implies  that  (t)  -*■  0  monotonically  m  t  ♦ 

Let  0  <  e  ^  K,  and  choose  |  1 |  |  <  5  (t)  ■  b  1  (a  (e)  /2) ,  0  ■  6  (e) 
>  0  and  such  that 


2  L  M  (6)  J6(t)  «■  min  (a  (e)  ,  c  (6))  (3.2) 

for  t  ^  0.  Then  for  t  >.  s  >_  a  (c)  -  max  (1,  6  (e),  d  (6)), 

||  xt  (s,  <t>)  |  |  <  t  .  Suppose  not,  i.e.,  there  exists  t-values  p  and 

q,  as  defined  in  the  proof  of  theorem  3.2,  which  satisfy  inequality 
(3.1).  Proceeding  as  before,  we  find  that 

V(P)  (t,  xt  (s,  $))  ^  V(N)  (t,  yfc  (t,  *t  (s,  $)))  +  LM  |  G  (t,  xfc(s,  $)) 

1  -c  (| |  *t  (s,  $)  | |)  +  L  M  |  G  (t,  *t  (a,  $))  | . 

Using  equation  (3.1)  and  condition  (B),  we  have  upon  integrating  the 
above  from  p  to  q 
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Using  the  easily  shown  fact  that 


* 


I  (s)  ds ,  t  >  u  >  1, 
m  —  — 

u  u-1 

and  equations  (3.2)  and  (3.3),  we  see  that 

a  (e)  <_  b  (6)  -  (q-p)  c  (6)  +  L  M  (q-p  +  1)  (p) 

a  (e)  <■  b  (6)  +  a  (e)  /2  =  a  (e). 


t 

/ 


g„  (s)  ds 


m 


t 

'-I 


Hence,  we  arrive  at  a  contradiction  which  shows  that  the  origin  is 
EvUS. 


Let  n  *  6  (K)  ,  0  =  a  (K) ,  and 

T  (e)  *  a  (e)  +  2  (L  M  J{  (1)  +  b  (K))  /c  (6).  (3.4) 

Consider  s  >_  0  and  |  |  $  |  |  <  n.  Thus,  the  solution  x  (s,  <f>)  (t)  exists 
for  all  t  _>  s.  Moreover,  since  the  origin  is  EvUS,  to  prove  EvUA  it 
is  sufficient  to  show  the  existence  of  a  u,  s  +  a  <_  u  £  s  +  T,  such 
that  ||  (s,  <(>)  ||  <  6  (e).  Assume  the  contrary,  i.e., 

6  <_  ||  x  (s,  <J>)  |  |  K,  s  +  a^_t^s+T. 

Employing  the  same  procedure  as  above,  we  arrive  at  the  estimate 

a  (6)  <  b  (K)  -  (T-a)  c  («)  +  M  L  (T-o  +  1)  J.  (s  +  a) . 

O 

Using  the  monotonicity  of  and  equations  (3.2)  and  (3.4)  we  compute 

c  (6) 

a  (6)  <  b  (K)  - - (T-  a)  +  M  L  J.  (1)  -  0. 

2  6 

This  contradiction  then  completes  the  proof  of  this  theorem. 

REMARK.  The  author  wishes  to  acknowledge  that  the  proofs  given 
herein  were  modeled  on  those  of  A.  Strauss  and  J.  A.  Yorke. 
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STRESS  WAVE  PROPAGATION  IN  A  CLASS  OF 
NONHOMOGENEOUS  ELASTIC  MEDIA* 
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ABSTRACT.  A  scheme  for  changing  one  of  the  independent  variables 
is  used  to  transform  the  curvilinear  characteristics  associated  with 
continuously  nonhomogeneous  material  properties  into  straight  lines 
of  equal  slope.  By  using  this  scheme  some  of  the  practical  difficulties 
caused  by  curvilinear  characteristics  are  alleviated.  The  characteristic 
relations  and  appropriate  jump  conditions  in  the  transformed  space-time 
plane  are  derived  for  a  hyperbolic  system  of  quasi-linear  partial  dif¬ 
ferential  equations  of  first  order  for  two  functions  of  two  independent 
variables.  The  resulting  equations  are  solved  numerically.  Accurate 
results  are  obtained  for  several  cases  in  which  previous  investigators 
had  encountered  difficulties.  In  addition  to  checking  against  existing 
solutions,  the  method  is  also  applied  to  problems  for  which  solutions 
had  not  previously  been  obtained. 

INTRODUCTION.  Recently,  there  has  been  a  great  deal  of  research 
done  on  stress  wave  propagation  in  various  types  of  elastic  media. 
Analytical  techniques  usually  Incorporating  transform  methods  have  been 
successful  on  several  problems^,  however,  direct  numerical  analysis  on 
the  governing  equations  appears  to  be  amenable  to  a  wider  class  of 
problems.  Examples  of  this  latter  procedure  has  been  the  work  of 
P.  C.  Chou  and  Loenig2  using  the  characteristic  method,  and  S.  C.  Chou 
and  Greif^  using  a  technique  which  combines  features  of  both  the  finite 
difference  and  characteristic  methods.  In  these  methods,  the  charac¬ 
teristic  lines  along  which  the  stresses  and  velocities  are  related  by 
total  derivatives  are  straight  lines  of  constant  slope  because  of  the 
homogeneity  of  the  material.  This  property  of  straight  line  charac¬ 
teristics  is  a  great  simplification  in  the  resulting  numerical  analysis 
since  a  constant  time  and  space  increment  may  be  used  throughout  the 
entire  region  of  interest.  Consequently,  even  the  nonhomogeneous 
multilayer  stress  wave  problem  can  be  done  in  a  relatively  straight¬ 
forward  manner  as  long  as  the  properties  remain  constant  within  each 
layer. ^ 


*This  paper  has  been  accepted  by  AIAA  for  publication. 
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However,  in  recent  aerospace  applications  a  need  has  arisen  for 
the  analysis  of  stress  wave  propagation  in  bodies  in  which  the  material 
properties  continuously  vary  with  position.  Accordingly,  a  certain  class 
of  bars  in  which  the  elastic  modulus  varies  as  a  power  of  the  spatial 
coordinate  has  been  analyzed  theoretically  by  Payton^  and  by  Lindholm 
and  Doshi^.  in  addition,  the  plane  stress  problem  in  polar  coordinates 
in  which  rotary  motion  is  caused  by  an  axially  symmetric  shear  loading 
applied  at  the  inner  circular  hole  of  an  elastic  medium  has  been  inves¬ 
tigated.  This  cylindrical  shear  wave  problem,  in  which  the  shear  modulus 
varies  as  an  arbitrary  power  of  the  radial  coordinate,  has  been  studied 
by  Sternberg  and  Chakravorty^  using  a  Laplace  transform  technique  and 
by  Chou  and  Schaller?  using  numerical  integration  of  the  characteristic 
equations . 

All  the  foregoing  nonhomogeneous  problems  have  governing  equations 
of  hyperbolic  type  which  may  be  solved  by  numerical  integration  of  the 
characteristic  equations  along  the  characteristic  lines.  However,  for 
these  cases,  the  characteristics  are  curved  lines  in  the  space-time 
regime.  Consequently,  the  grid  size  will  vary  as  the  numerical  pro¬ 
cedure  continues  and,  indeed,  if  the  curvature  involved  is  too  great, 
inaccurate  results  may  be  obtained  as  has  been  noted  in  Ref.  7.  In  the 
present  paper,  a  method  in  a  general  form  is  introduced  that  will  alleviate 
the  difficulties  caused  by  curvilinear  characteristics.  The  essence  of 
the  method  is  to  introduce  a  new  independent  variable  to  replace  the 
space  variable  so  chat  the  characteristic  lines  in  the  new  space-time 
regime  are  straight  lines.  The  grid  sizes  now  involved  will  be  uniform, 
and  accurate  integration  of  the  new  characteristic  equations  along  these 
characteristic  lines  may  be  easily  accomplished. 

To  cover  the  widest  class  of  problems,  this  method  is  introduced  for 
a  hyperbolic  system  of  quasi-linear®  partial  differential  equations  of 
the  first  order  for  two  functions  of  two  independent  variables.  For 
this  general,  system,  characteristic  relations  are  derived  as  well  as 
the  appropriate  jump  conditions  across  the  characteristics.  These 
latter  conditions  are  necessary  when  the  elastic  media  under  study  is 
subjected  to  an  instantaneous  disturbance  in  time.  The  numerical  method 
of  solution  for  this  system  is  explained  in  detail  so  that  specialized 
problems  may  be  done  in  a  uniform  manner.  Among  the  specialized  cases 
for  which  numerical  results  are  found  are  the  previously  mentioned 
cylindrical  shear  wave  and  plane  wave  problems,  respectively.  Results 
are  checked  against  existing  solutions  with  several  discrepancies  being 
explained.  The  method  is  then  extended  to  problems  involving  geometries 
for  which  solutions  have  not  been  previously  solved.  For  example,  the 
important  case  of  cylindrical  shear  waves  in  a  structure  with  a  finite 
outer  boundary  is  solved  for  various  types  of  nonhomogeneity  and  boundary 
conditions.  In  addition,  several  finite  bar  solutions  are  found  for  cases 
not  previously  done. 
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THEORETICAL  ANALY SIS. 


Characteristic  Relations 


For  a  wide  class  of  stress  wave  problems  the  governing  equations 
may  be  represented  by  the  following  system  of  quasi-linear  partial 
differential  equations  of  the  first  order  for  two  functions  of  two 
independent  variables 


L1  " 


s  + 
r 


B  s  +  C.  v  +  D, 
It  1  r  1 


Vt  +  E1 


(1) 


sr  +  B2 


St  +  C2  Vr  +  D2  Vt  +  E2 


(2) 


In  these  equations  s  and  v  represent  stress  and  velocity,  respectively, 
and  the  subscripts  indicate  differentiation  with  respect  to  either  the 
space  variable  r  or  the  time  variable  t.  The  coefficients  A^,  A2»... 

. . . ,  D2  are  assumed  to  be  known  functions  of  r,  t  while  and  E2  are 

known  functions  of  r,  t  and  also  possibly  nonlinear  functions  of  s  and  v. 
According  to  Courant  and  Hilbert®  this  particular  type  of  quasi-linear 
system  is  called  semi-linear.  Of  course,  if  and  E2  were  linear 

functions  of  s  and  v  the  system  would  be  linear.  In  equations  (1)  and 
(2)  all  functions  are  assumed  to  be  continuous  and  to  have  as  many 
continuous  derivatives  as  required.  It  is  further  assumed  that  nowhere 
does  A^/A2  =  *  C1/,C2  *  D1^D2‘  FollowinB  the  work  Ref.  (8), 

(9)  ,  and  (10) ,  the  characteristic  lines  and  characteristic  forms  of 
equations  (1)  and  (2)  will  be  found.  Then  the  associated  problem  of 
propagation  of  discontinuities  will  be  investigated. 

In  (1)  and  (2)  s  and  v  are  differentiated  with  respect  to  both 
space  and  time  and  it  would  be  advantageous  to  derive  new  equations 
each  involving  only  total  derivatives  in  a  particular  direction  in  the 
r,  t  plane.  These  lines  are  called  the  characteristic  lines  or  "charac¬ 
teristics"  and  the  equivalent  equations  written  in  these  directions  are 
called  characteristic  equations.  A  linear  combination  of  L^  and  L2  is 
formed  as  follows: 


L  =  AL1  +  L2 


=  (XA:  +  A2)  s r  +  (XBl  +  B2)  sc 


(3) 


+  (XCX  +  C2)  vr  +  (XDX  +  D2)  vt  +  (XEj.  +  E2) 


21o 


where  X  is  to  be  found  so  that  the  partial  derivatives  in  (3)  combine 
to  form  total  derivatives  of  s  and  v  in  the  same  direction  as  the 
characteristic  line  r(y)  ,  t(y)  where  y  is  an  arbitrary  parameter.  For 
these  terms  involving  s  and  v  to  combine  in  the  form 

s  r  +  st  =  ds/dy 
r  y  t  y  ' 

(4) 


v  r  +  v  t  *  dvdy 
r  y  t  y  1 


it  follows  from  (3)  that 


The  characteristic  slope  may  now  be  written  from  (5a)  and  (5b)  in 
either  one  of  the  two  following  forms 
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I 

I 

i 


i 


j 

» 


dt 

dr 


V  X+  +  B2 


A1  •  X+  +  a2 


dt 

dr 


+  D. 


+  C, 


(8a) 


(8b) 


2 

For  the  hyperbolic  case  b  -  4ac  >  0.  Since  the  coefficients  A^,A2> 

.  ..,D^,D2  involved  in  (7)  are  all  known  functions  of  r  and  t  the 
equations  dt/dr  *  c+  are  two  separate  ordinary  differential  equations 
of  the  first  order  which  define  the  two  real  families  of  characteristics 
I+  and  I-  (Fig.  1). 


Conceptually,  the  solution  of  (1)  and  (2)  may  now  be  established 
by  integrating  the  appropriate  characteristic  equations  along  the 
characteristics  defined  in  (Ba)  and  (bb).  Since  in  general  the  charac¬ 
teristics  are  curved  lines,  the  resulting  variation  of  grid  size  along 
these  lines  may  become  quite  large  and  lead  to  inaccuracies Conse¬ 
quently,  it  is  desirable  at  this  point  to  introduce  new  variables  so 
that  the  characteristics  in  a  new  space-time  plane  are  straight  lines 
of  equal  slope.  The  constant  grid  size  now  involved  tends  to  make  the 
resulting  integration  simpler  and  more  accurate  than  previously.  From 
Figure  1  seeking  5  such  that 


: 

dt/dC 

=  +K 

(9a) 

i"  : 

dt/dC 

-  -K 

(9b) 

where  K  is  an 
(8a)  and  (8b) 

arbitrary 

yields 

constant , 

and  comparing  these  relations 

to 

I+  : 

Kd£  - 

C+dr 

(10a) 

i”  : 

KdC 

-C_dr 

(10b) 

as  the  required  equations  linking  ?  to  r  on  the  two  families  of 


characteristics.  The  success  of  solving  problems  in  (t,  0  depends 
to  a  great  extent  on  being  able  to  integrate  (10)  in  closed  form. 

Once  this  is  done,  the  equations  valid  along  the  characteristics  in 
(t,  O  can  be  obtained  by  multiplying  (3)  by  dt  and  employing  (8)  - 
(10)  to  give 

I+:(X+B1+B2)ds+(A+D1+D2)dv+(A+E1+E2)dt  -  0,(dt-Kd£)  (11a) 

l":(A_B1+B2)ds+(A_D1+D2)dv+(X_E1+E2)dt  -  0,(dt— KdO  (lib) 

where  A+  can  be  calculated  from  (6). 

If  the  elastic  media  under  study  is  subjected  to  an  instantaneous 

disturbance,  jumps  in  s  and  v  will  occur  across  I+  and  I  as  the  wave 
front  propagates.  In  order  to  solve  a  problem  of  this  type  completely 
it  is  necessary  to  determine  both  the  relationship  between  the  jumps 
and  the  variation  of  the  magnitude  of  these  jumps  as  they  propagate 
through  the  nonhomogeneous  media.  Consider  the  points  m  and  n  on 

either  side  of  an  I+  characteristic  as  shown  in  Figure  1.  If  s  is 

discontinuous  across  I+  then  s  -a  has  a  finite  value  6s  as  m  and 
+  m  n 

n  approach  I  from  either  side.  Using  the  characteristic  equation 
along  I  from  (lib)  it  follows  that  in  this  limit  as  dt  approaches  zero 

( A_B1  +  B  )  •  6s  +  (X_D1  +  D  )  •  6v  *  0  (12) 

At  all  points  along  I  ,  the  jumps  5s  and  6v  across  this  characteristic 
are  related  by  (12) . 

The  variation  in  magnitude  of  6s  and  6v  as  they  propagate  along 

I+  is  obtained  by  writing  (11a)  along  1+  and  it  (Figure  1)  and  sub- 

1  ^  + 

tracting  the  two  equations.  As  m  and  n  approach  I  from  either  side, 
it  is  found  that 

(A+B1+B2)d(6s)+(A+D1+D2)d(6v)+F(A+,r,t,s,v,6s,6v)dt  -  0  (13) 

where 


F  -  li.lt  [(1+E1  +E2)m  - 


<X+Ei  +  E2 


>•] 


(14) 
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In  general,  F  will  be  a  nonlinear  function.  Integration  of  (13) 
after  eliminating  6v  by  use  of  (12)  and  after  substituting  the 
functional  form  of  the  coefficients  B^,  B  ,  C  ,  D  will  give  the 

variation  of  the  Jump  6s  along  the  I*  characteristic.  The  corres¬ 
ponding  variation  of  £v  follows  immediately  from  (12). 

In  a  similar  manner  it  is  easy  to  show  that  jumps  across  I  are 
related  by 


( >+Bi  +  B  >  4s  +  (A+D  +  D2)  ■  6v  -  0  (15) 

while  the  variation  in  magnitude  of  these  jumps  along  I  are  dependent 
upon  integration  of  the  following  equation 

(  •_B1+B2ld(5s)  +  (A_Di+D2)d(6v)-K;0_,r,t,s,v,5s,iv)dt  -  0  (16) 

In  (16)  the  function  G  represents  the  limit  of  the  difference  of 
( '•  +  E^)  on  either  side  of  I  in  a  manner  similar  to  (14). 

Special  Cases 

In  the  following  two  sections  the  foregoing  characteristic  relations 
will  be  specialized  to  certain  problems  involving  cylindrical  shear  waves 
and  plane  waves,  respectively,  in  nonhomogeneous  elastic  media. 

Cylindrical  Shear  Waves 

Consider  the  plane  stress  problem  in  polar  coordinates  in  which 
rotary  motion  is  caused  by  a  shear  loading  or  tangential  velocity 
applied  uniformly  around  an  innter  circular  hole  of  radius  rQ.  The 

equations  governing  this  motion  are 


3t  2t  _  32u 

3r  r  3t 

_  _  8u  u  \ 

t  ”  G  — 2 - — 

\  3r  r  / 

where  t  is  the  shear  stress,  r  radius,  and  u  tangential  displacement. 

The  density  p  and  the  shear  modulus  G  may  be  assumed  to  be  (different) 
functions  of  radius.  For  the  present  analysis  the  most  convenient  form 

of  the  equations  is  two  equations  with  shear  stress  t  and  velocity  v 


(17) 

(18) 


219 


as  the  dependent  variables.  This  is  obtained  by  differentiating  (18) 
with  respect  to  time  and  letting  v  ■  3TT/  3T\  Dimensionless  variables 
are  now  Introduced  as  follows: 


T 


T 


T 

O 


(19) 


where  the  quantities  with  the  zero  subscripts  are  reference  values.  The 

quantity  c  represents  the  velocity  of  shear  waves  In  a  homogeneous  plate 

0  2 
In  plane  stress  with  shear  modulus  G  and  density  p  ;  i.e.,  c  ■  G  /p  . 

o  o  o  o  o 

Employing  these  relations,  (17)  and  (18)  become 


ciV  2  T 

P(r)  ■  +  —  -  0  (20) 

3v  G(r)v 

_  +  __.  o  (21) 

Comparison  of  (20)  and  (21)  with  (1)  and  (2)  leads  to  s  *  t,  •  1, 

-  -p,  -  2-r/r,  ■  0  and  B2  *  1,  C2  «*  -G,  E2  -  Gv/r, 

A2  ■  D2  -  0.  From  (6),  (7),  and  (8),  it  follows  that  A+  ■  +  G/p 

and  ?  ■  +  ~\J p/G.  Substitution  into  (11a)  and  (lib)  gives  the 

appropriate  characteristic  relations 


3t 

3r 

3t 


I+:  dx-  VpG 

/G"  t 

Gv 

dv+2*/ - dt+ 

- (it  -  0, 

(dt-KdO 

(22a) 

VP  r(0 

r(0 

I":  dr+  -\fpG 

F  ' 

dv-2  y - dt+ 

Gv 

-  dt  -  0, 

(dt— Kd;) 

(22b) 

p  r(0  r(U 

where  G  and  p  are  arbitrary  functions  of  radius  r  that  are  related  to  £ 
by  equation  (10) ,  namely 


Kd£ 


(23) 
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From  (12)  and  (15)  it  follows  that  the  jumps  across  the  characteristics 
are  related  by 


I+  :  6t  +  ( pG)^  <5v  -  0 


(24a) 


l"  :  6t  -  ( oG)^ 


6v  -  0 


(24b) 


The  differential  equation  governing  the  change  in  6x  as  one  proceeds 
along  J+  follows  from  (13),  (14)  and  (24a) 


d ( 5 t)  d(  Vc  G)  K  /G  dC 

6t  2  V"g  ^  p  r({ 


Solution  of  this  differential  equation  may  be  obtained  by  integrating 

between  two  points  on  I+  in  (t,  O .  However,  because  of  difficulties 
with  the  term  containing  d£  it  is  best  to  integrate  between  the  cor¬ 
responding  two  points  in  (t,  r)  making  use  of  the  relation  (23).  The 
resulting  solution  is 


(fix) 2  =  (6t ) 1 


G2  p2 


G1  P1 


It  then  follows  from  (24)  that  the  jumps  in  velocity  obey  the  equation 


(  6  v)  2  =  (Sv^ 


Gi  °i  \h  ri  t 


2  2 


Equations  (26)  and  (27)  show  how  the  jumps  across  I  vary  in  magnitude 
at  two  points  1  and  2  on  I+.  It  can  be  shown  by  a  similar  calculation 
that  jumps  across  I  obey  identical  relations  as  they  propagate  along  I 


mwrr  i— 


Plane  Waves 


Consider  a  bar  undergoing  axial  motion  due  to  a  loading  or 
velocity  applied  at  one  end.  Denoting  the  axial  coordinate  by  x, 
the  governing  equations  are 


9  a  _  _  9v 

-3-  =  p  (x)  - (28) 

9  x  9t 


9  a _  9v 

__  =  E(x)  - — -  (29) 

9  t  9x 


where  a  is  the  direct  stress,  E  is  Young's  modulus,  and  v  now  is 
interpreted  as  the  axial  velocity  of  the  bar.  Introducing  the  dimen¬ 
sionless  variables 


E  v 
o _ 

a  c 
o  0 


t 


(30) 


where  the  subscripted  quantities  are  reference  values  and  the  quantity  cq 

now  represents  the  velocity  of  axial  waves  in  a  homogeneous  bar  with 

2 

elastic  modulus  and  density  pQ,  i.e.,  cq  *  E^p^.  Employing  these 
relations  (28)  and  (29)  become 


9q 

9x 


P(x) 


9v 

9t 


(31) 


9a 

9t 


E(x) 


9v 

9x 


0 


(32) 


Comparing  these  relations  to  (1)  and  (2)  leads  to  s  =  a,  r 
-P,  B, 


and  A  *  1,  D.  *  -P,  B,  *  1,  C„  =  -E  with  the  rest  of  the  coefficients 

XX  ^  ^  .  ■■ 

It  then  follows  that  =  +  yE/p  and 


being  zero. 

equations  valid  along  the  characteristics  are 


c+  =  +  Vp/e. 


The 
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da  -  Vep  dv  =  0 

(33a) 

da  +  V  Ep  dv  =  0 

(33b) 

where  E  and  p  are  arbitrary  functions  of  x  that  are  related  to  Z,  by 
equation  (10),  namely, 


Kd£  =  (p/E)^  dx  (34) 

From  (12)  and  (15)  it  follows  that  the  jumps  across  the  characteristics 
are  related  by 


I+  :  <So 

+  (Ep j  5v  =  0 

(35a) 

I~  :  5a 

-  (Ep)^  6v  =  0 

(35b) 

Following  the  same  procedure  as  for  the  cylindrical 
the  variation  of  the  jumps  along  both  the  I+  and  1“ 
satisfy 

shear  wave  problem, 
characteristics 

(6a)2  = 

(5a)L  (E2  p2/E1  Pl)t 

(36a) 

(<5v)2  = 

(Sv^  (E.^  P1/E2  p2)^ 

(36b) 

NUMERICAL  ANALYSIS.  The  foregoing  equations  can  now  be  solved 
numerically.  The  (t,  O  space,  as  shown  in  Figure  1,  is  divided  into 
a  mesh  formed  by  the  intersecting  families  of  I+  and  I"  characteristic 
lines.  Assuming  that  the  stress  and  velocity  functions  vary  linearly 
in  the  small  intervals  between  the  grid  points  in  (t,  O  ,  the  ap¬ 
propriate  characteristic  equations  (22)  or  (33)  may  be  integrated  to 
yield  their  finite  difference  equivalent.  (It  should  be  noted  that 
the  assumed  linear  variation  in  stress  or  velocity  between  grid  points 
in  (t,  £)  will,  in  general,  lead  to  a  nonlinear  variation  between  grid 
points  in  (t,r)  ).  Studying  the  typical  points  A,  D,  C,  E  in  Figure  1, 
this  integration  along  I+  produces  an  equation  containing  quantities 
at  A  and  D  while  integration  along  I”  leads  to  quantities  evaluated  at 
C  and  D.  Assuming  that  all  the  unknowns  in  the  problem  have  been 
determined  up  to  the  time  represented  by  the  points  A  and  C,  then  the 
results  obtained  may  be  considered  as  two  equations  in  two  unknowns; 
namely,  the  unknown  stress  and  velocity  at  point  D.  These  equations 
are  solved  simultaneously  for  the  quantities  at  the  point  D  and  then 
programmed  for  the  computer. 
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For  discontinuities  in  stress  and  velocity  due  to  the  propagation 
of  abrupt  wave  fronts  the  above  procedure  is  modified  by  using  the 
exact  value  of  the  jump  at  points  in  (t,  £)  where  the  wave  front  is 
currently  located. 

The  boundary  points  are  treated  in  a  similar  manner  to  that  of 
the  interior  points.  However,  now  integration  is  needed  only  along 
one  characteristic  line  since  the  extra  condition  supplied  by  the 
boundary  data  is  sufficient  to  determine  the  unknown  quantity  at  the 
boundary. 

Specific  Examples 

In  the  following  work,  results  will  be  found  for  several  problems 
involving  shear  waves  and  plane  waves,  respectively.  For  all  of  these 
problems  it  is  assumed  that  the  density  p  is  a  constant  while  the 
elastic  modulus  varies  with  distance.  It  should  be  noted  that  a  study 
of  the  relevant  equations  involved  shows  that  variable  p  may  be  retained 
without  difficulty;  indeed  the  characteristic  equations  (22)  and  (33) 
are  derived  for  variable  p  as  well  as  variable  E.  However,  for  many 
problems,  particularly  those  for  which  the  inhomogeneity  is  due  to  a 
temperature  gradient,  the  density  changes  are  rather  small,  while  the 
elastic  modulus  is  often  highly  temperature  dependent  and,  consequently, 
the  foregoing  assumption  is  justified.  Structures  with  infinite  outer 
boundaries  are  studied  and  results  are  compared  with  those  of  other 
authors  with  several  discrepancies  being  explained.  The  finite  problem 
is  then  run  with  different  boundary  conditions  and  design  considerations 
are  studied.  For  maximum  convenience,  all  the  computer  runs  were  made 
for  the  characteristic  lines  in  (t,  O  being  an  orthogonal  network  with 
K  =  1  (Figure  1). 

Cylindrical  Shear  Waves 

Consider  a  plate  with  inner  radius  of  r  =1  (Figure  2)  for  which 
the  shear  modulus  varies  as  a  power  of  the  radial  coordinate 


where  a  is  a  real  number  not  restricted  to  being  an  integer.  The  density 
is  assumed  to  be  a  constant  so  that  p  *  1.  For  this  problem,  £  may  be 
found  as  a  function  of  r  by  integration  of  (23) 


1  -  - 
2 


r  -1 


a  i  2 


(38a) 


=  1  +  In  r 


a  =  2 


(38b) 


where  £  is  arbitrarily  fixed  to  be  £  =  1  when  r  =  1.  The  relationships 
of  (38)  are  plotted  in  Figure  2.  The  particular  1+  equations  for  this 
shear  case  in  (t,  £)  foi  a  #  2  follow  from  (22),  (24),  (26),  (27),  and 
(38a), 


a 


The  I  equations  may  be  derived  in  a  similar  manner.  Equations  (39)  are 
actually  used  in  the  computer  program  to  obtain  numerical  results. 

As  a  check  on  the  accuracy  of  the  present  method  a  comparison  was 
made  with  previous  results^  for  the  case  with  a  =  1  and  an  infinite 
outer  boundary.  The  shear  stress  at  the  inner  boundary  is  taken  as  a 
step  function  in  time.  As  may  be  seen  from  Figure  3,  the  comparison 
is  excellent.  The  shear  stress  is  zero  at  (dimensionless)  radius 
r  =  4  until  the  discontinuous  wave  front  arrives  at  (dimensionless) 
time  t  =  2.  Then,  there  is  an  instantaneous  jump  followed  by  oscilla¬ 
tions  and  finally  the  shear  stress  asymptotically  approaches  its  static 
value.  Actually,  the  case  with  a  =  1  does  not  bring  out  the  practical 
advantages  of  the  transformation  from  (t,  r)  to  (t,  £)  since  the  degree 
of  inhomogeneity  involved  is  "relatively  mild"  and  the  resulting  relation¬ 
ship  between  r  and  £  in  Figure  2  is  "relatively  smooth."  On  the  oth.'.r 
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hand,  the  case  with  a  =  10  represents  a  highly  inhomogeneous  material 
with  the  resulting  large  radial  variation  in  Figure  2  corresponding  to 
a  small  variation  in  £.  It  is  now  quite  advantageous  to  transform 
to  (t,  0  and  integrate  the  characteristic  equations  after  assuming 
that  the  shear  stress  and  velocity  vary  linearly  between  the  closely 
spaced  grid  points.  The  stress-time  history  at  two  different  radii 
is  shown  in  Figure  4  for  this  case  of  a  =  10.  The  stress  is  zero  until 
the  wave  front  arrives,  at  which  time  the  shear  stress  jumps  to  a  value 
which  it  maintains  essentially  as  a  constant  until  affected  by  the  stress 
wave  reflected  from  the  outer  boundary  r  =  2.66.  This  sane  problem  was 
done  by  Chou  and  Schaller?  for  an  infinite  outer  boundary  by  numerical 
integration  of  the  characteristic  relations  along  the  characteristics 
in  (t,  r).  Their  numerical  results  showed  that  the  shear  stress 
erroneously  increased  for  t  >  .25,  but  they  correctly  diagnosed  the 
trouble  as  due  to  inaccuracies  associated  with  large  distorted  grids 
in  (t,  r) .  The  present  technique  eliminates  tnis  trouble  giving  the 
correct  stresses  which  remain  essentially  constant  in  time.^  On  this 
diagram,  the  effect  of  the  stress  free  outer  boundary  is  clearly  shown. 

At  any  radius,  the  stress  abruptly  drops  approximately  to  zero  and  stays 
at  this  value  until  the  stress  wave  reflects  off  the  inner  boundary  and 
reaches  this  same  radius  again;  then,  the  cycle  starts  anew.  These 
results  were  obtained  for  a  mesh  size  AC  =  At  =  .005  and  checked  for 
accuracy  with  a  mesh  size  AC  =  At  =  .001. 

The  effect  of  variation  of  the  degree  of  nonhomogeneity  is  shown 
on  Figure  5  for  two  cases  of  a  =  4  and  6.  Both  runs  are  made  for  a 
body  which  is  stress  free  at  its  outer  boundary  r  =  2  and  subjected  to 
a  step  loading  in  time  at  its  inner  boundary.  The  shear  stress  is 
plotted  against  radius  for  the  fixed  time  of  t  =  .475.  The  wave  front 
for  the  stiffer  structure,  a  =  6,  at  this  time  has  already  reflected  off 
the  stress  free  outer  surface  and  is  now  located  at  r  =  1.4907.  The 
wave  front  for  the  softer  structure,  a  =  4,  has  a  slower  wave  speed 
associated  with  its  wave  front  and  consequently  at  this  time  the  front 
has  not  yet  reached  the  outer  boundary. 

In  Figure  6,  for  the  same  conditions  as  in  Figure  5  for  i  =  6,  the 
shear  stress  is  plotted  against  time  for  a  fixed  radius  of  r  =  1.35. 

The  sudden  boosts  in  the  stress  due  to  the  incoming  and  outgoing  wave 
fronts  are  clearly  shown  in  the  figure.  It  is  interesting  to  compare 
qualitatively  the  a  =  10  results  of  Figure  4  with  the  a  =  6  results 
of  Figure  6.  For  example,  it  is  of  interest  to  know  from  the  design 
viewpoint  whether  the  shear  stress  at  any  point  of  the  finite  inhomo¬ 
geneous  structure  may  be  determined  from  the  corresponding  quantity  of 
the  infinite  inhomogeneous  structure.  From  the  figures  it  may  be  seen 
that  for  G  «  the  vibratory  effects  are  negligible  and  consequently 
the  infinite  domain  results  are  also  applicable  to  the  finite  domain. 
However,  when  G  a  r^  (which  is  still  relatively  stiff)  the  vibratory 
effects  for  the  finite  problem  are  important,  causing  a  90%  ii  dease 
in  shear  stress  (at  the  radius  r  =  1.35)  over  that  which  would  occur 
for  the  infinite  domain. 


The  response  of  a  body  with  a  *  6  which  is  fixed  (zero  velocity 
condition)  at  its  outer  boundary  r  ■  2  and  subjected  to  a  step  loading 
in  time  at  its  innter  boundary  is  plotted  in  Figure  7  for  the  fixed 
time  of  t  =  .475.  For  comparison  purposes  the  response  curve  of  Figure  5 
for  the  same  body,  but  with  a  stress  free  outer  boundary,  is  also  shown 
in  Figure  7.  Since  the  wave  speeds  in  both  cases  are  identical,  both 
curves  show  the  wave  front  at  r  *  1.4907  for  this  time.  For  the  case 
with  the  fixed  outer  boundary,  the  discontinuous  wave  front  pushes  the 
shear  stress  abruptly  higher  while  for  the  free  end  case  the  front  acts 
as  a  relieving  wave  by  suddenly  decreasing  the  shear  stress. 

Plane  Waves 


Consider  a  bar  of  length  L  for  which  the  wave  speed  varies  as  a 
quadratic  in  x  for  0  <■  x  <1  and  is  a  constant  c  for  £  £  x  <  L,  according 
to  the  following  dimensionless  relations 


2 

c(x)  =  ax  +  mx  +  b 
c(x)  =  1 


0  <  x  <■  1 

(40) 

1  <•  x  <•  (L /£) 


where  the  reference  value  x  is  taken  to  be  the  length  of  the  non- 
homogeneous  portion  of  the  Ear;  namely,  Xq  =  £.  The  constant  coefficients 

a  and  m  may  be  determined  from  the  condition  that  both  c(x)  and  dc/dx  are 
continuous  at  x  =  1  while  b,  the  wave  speed  at  x  =  0,  is  taken  as  an 
arbitrarily  predetermined  constant.  There  is  a  discontinuity  in  the 

2  2 

second  derivative  d  c/dx  at  x  =  1  which  apparently  leads  to  a  wave 
reflection  from  x  =  1;  however,  the  magnitude  of  this  reflected  wave 
for  the  cases  examined  turns  out  to  be  too  small  to  be  seen  in  the 
graphical  results. 

For  this  problem  the  relationship  between  £  and  x  may  be  found 
from  integration  of  (34)  , 


1 


5 


£n 


Q  -  m  -  2ax 


\  Q  +  m  +  2a x  / 


£n 


Q  -  m 
\  Q  +  m  / 


0  <  x  <  1 


Q 


4  ab 


2 

>  m 


>  0 


(41) 


t  =  x 


1  <  x  <■  L/£ 
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The  equations  to  be  used  in  this  problem  then  follow  from  (33)  - 
(36)  .  Integration  of  the  characteristic  equations  then  yields  the 
appropriate  finite  difference  relations.  Quantities  at  the  inter¬ 
section  x  =  1  are  handled  by  simultaneous  solution  of  the  equations 
obtained  by  integrating  the  I+  relations  with  the  nonhomogeneous 
properties  and  the  I~  relations  with  the  homogeneous  properties. 

4 

Payton  investigated  the  semi-infinite  equivalent  of  this  bar 

problem  (L  “°)  using  a  Laplace  transform  method  and  asymptotic 

techniques  for  the  inversion.  He  used  b  *  1/1.21  so  that  the  wave 

speed  quadratically  increases  as  the  intersection  x  =  1  is  approached 

from  the  loaded  end  x  =  0.  The  loading  condition  at  this  end  is  a 

pressure  step  in  time,  o(x  =0)  =*  -P  H(t). 

o 

In  Figures  8  and  9,  results  are  shown  at  x  =  2£  for  these 
conditions  for  a  finite  bar  with  £  -  0.3L.  These  results  should 
check  with  those  of  Reference  4  up  until  the  time  that  the  point 
x  =  2£  is  affected  by  wave  reflection  from  the  finite  end  x  =  L. 

The  results  do  compare  very  well  for  arrival  time  and  for  the  jump 
value  at  5c  =  2£  .  However,  there  is  a  discrepancy  in  that  the  present 
results  imply  an  asymptotic  value  o/P^  %  ~  1  for  the  semi-infinite  bar 

while  those  of  Reference  4  seem  to  imply  a  slightly  larger  asymptotic 
value.  In  Figure  8,  for  the  finite  bar  with  the  free  end,  the  familiar 
patterns  of  stress  wave  relief  due  to  reflections  from  the  free  end  are 
shown  clearly.  It  also  follows  from  this  figure  that  the  stress  reflec¬ 
tions  and  vibratory  effects  make  it  necessary  to  consider  the  finite  bar 
for  design  purposes  rather  than  the  results  of  the  (mathematically  simpler) 
semi-infinite  bar.  In  Figure  9,  a  plot  is  shown  for  the  response  at 
x  =  2£  for  a  finite  bar  with  a  fixed  end. 

Another  inhomogeneous  bar  problem  has  been  analyzed  by  Lindholm 
and  Doshi^  for  the  case  where  the  elastic  modulus  varies  with  the 
distance  5c  from  the  loaded  end 

■  n 

0  £  x  £  £  (42) 


where  k  is  an  arbitrary  prescribed  constant,  Eq  is  the  modulus  at  x  *  0, 

the  exponent  n  is  any  real  number,  and  £  is  the  length  of  the  bar.  The 
relation  of  (42)  is  equivalent  to  specifying  the  wave  speed  since  the 
density  is  assumed  to  be  constant.  Taking  the  reference  length  xq  to 

be  equal  to  k£,  equation  (42)  may  be  written  in  the  following  dimension¬ 
less  form 

E  =  (x  +  l)n  0  <  x  «  1/k  (43) 


E  =  E 


x  +  k£ 


k£ 
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For  this  problem  integration  of  (34)  yields 


C  * 


[(x  +  1) 


n 

2 


n  i1  2 


(44) 


£  =  £n  (x  +  1)  n  ■  2 

The  equations  to  be  used  in  this  problem  then  follow  from  (33)  -  (36). 

Lindholm  and  Doshi  investigated  several  bars  through  use  of  an 
eigenfunction  expansion  in  conjunction  with  the  principle  of  virtual 
work.  The  loading  condition  is  a  half  sine  wave  at  the  x  =  0  end  of 
a  free-free  bar.  These  results  compare  very  well  with  the  results 
based  on  the  numerical  method  for  a  free-free  bar,  with  a  linearly 
varying  modulus,  subjected  to  a  pressure  step  in  time  at  the  x  *  0 
end.  The  stress  is  plotted  in  Figure  10  at  a  fixed  station  x  *  .2 
and  the  discontinuities  due  to  the  reflecting  wave  fronts  are  easily 
distinguished . 


CONCLUDING  REMARKS  ■  It  has  been  demonstrated  that  for  certain 
types  of  continuously  nonhomogeneous  media,  it  is  beneficial  to  trans¬ 
form  the  resulting  characteristic  problem  to  a  new  space-time  regime 
in  which  the  characteristics  are  straight  lines  of  equal  slope  that 
form  a  closely  spaced  uniform  grid.  Although  results  were  shown  only 
for  step  pressure  loadings  of  nonhomogeneous  elastic  media  with  variable 
elastic  modulus  but  constant  density  it  should  be  noted  that  these 
assumptions  are  not  necessarily  restrictive.  Boundary  conditions  on 
velocity  are  as  easy  to  handle  as  boundary  conditions  on  stress. 

Loadings  of  a  continuous  nature  are  easily  handled  since  there  is 
no  need  to  invoke  the  jump  conditions.  Finally,  variable  density  may 
be  included  in  the  analysis  with  only  minor  modifications  for  many 
problems. 
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Figure  7.  COMPARISON  OF  RESPONSE  FOR  STRUCTURE  WITH  FIXED  OUTER 
BOUNDARY  AND  FREE  OUTER  BOUNDARY  FOR  a  -  6  AND  t  -  0.475 


(X  =  0) 
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FREE  EXTENSIONS  VIBRATIONS  IN  PLATE  STRIPS 
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ABSTRACT .  The  Kane-Mindlin  equations  for  the  extensional  motion 
of  an  isotropic  elastic  plate  are  solved  and  the  frequency  spectrum 
of  an  infinite  plate  strip  is  investigated  for  three  types  of  boundary 
conditions:  (i)  both  edges  of  the  strip  are  free  of  traction;  (ii)  both 

edges  are  clamped;  and,  (iii)  one  edge  is  free  and  the  other  is  clamped. 
The  resulting  transcendental  frequency  equations  corresponding  to  these 
boundary  conditions  must  be  solved  numerically  with  a  digital  computer. 
The  frequency  spectra  obtained  from  the  Kane-Mindlin  theory  are  compared 
with  the  corresponding  curves  as  derived  from  the  theory  of  generalized 
plane  stress.  The  orthogonality  condition  which  the  plate-displace¬ 
ments,  subject  to  the  above  mentioned  three  sets  of  boundary  conditions, 
satisfy  is  also  derived. 

1.  INTRODUCTION.  It  is  well  known  that  straight-crested  waves 
traveling  in  an  infinite  plate  with  traction-free  surfaces  are  dispersed 
and  consist  of  two  uncoupled  modes  -  one  symmetric  and  one  antisymmetric 
with  respect  to  the  middle  plane  of  the  plate.  The  character  of  the 
dispersion  relations  in  this  problem  as  determined  from  the  equations 
of  elasticity  was  first  discussed  by  Rayleigh  [1]  and  by  Lamb  [2].  In 
particular,  it  has  been  pointed  out  by  Lamb  that  in  the  limit  of  very 
long  waves  relative  to  the  thickness  of  the  plate  the  phase  speed  of 
the  lowest  symmetric  mode  tends  to  a  value  independent  of  wave-length. 
This  is  in  exact  agreement  with  the  phase  speed  of  straight-crested 
waves  in  an  infinite  plate  as  computed  from  the  theory  of  generalised 
plane  stress  which  is  formulated  on  the  basis  that  the  transverse 
component  of  the  plate's  displacement  is  negligible  in  comparison  with 
the  longitudinal  displacements  in  the  middle  Diane  of  the  plate.  In 
other  words,  the  theory  of  generalized  plane  stress  attempts  to  ap¬ 
proximate  the  extensional  motion  of  a  plate. 

It  is  generally  true  that  the  theory  of  generalized  plane  stress 
will  provide  accurate  values  of  the  extensional  frequencies  of  vibra¬ 
tion  of  finite  plates  only  in  the  low  frequency  range  and  these  values 
are  usually  reliable  only  in  the  first  few  modes.  Two  exceptions  to 
this  will  be  discussed  in  Section  3.  The  reason  for  the  poor  agreement 
at  higher  frequencies  is  due  to  the  fact  that  the  transverse  displacement 
of  the  plate,  and  hence  the  coupling  with  the  lowest  thickness-stretch 
mode,  is  ignored  in  the  theory  of  generalized  plane  stress. 
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Kane  and  Mindlin  [3]  have  developed  a  set  of  differential  equations 
and  boundary  conditions  which  describe  the  extensional  motion  of  a  plate 
much  more  accurately  in  the  high  frequency  range  than  does  the  classical 
theory  of  generalized  plane  stress.  This  has  been  accomplished  by  taking 
into  account  the  coupling  between  the  extensional  motions  and  the  first 
mode  of  thickness  vibration  by  retaining  the  transverse  displacement  u 
and  the  "pinching"  stress  aZ7‘  When  Poisson's  ratio,  v,  is  greater 

than  1/3,  the  frequency  of  the  lowest  thickness-stretc.h  mode  in  an  infinite 
plate  is  higher  than  the  frequency,  independent  of  v,  of  the  lowest  sym¬ 
metric  thickness-shear  mode  in  an  infinite  plate.  In  the  range  of  Poisson's 
ratio  commonly  encountered,  both  thickness  modes  can  couple  with  face  modes 
and  with  each  other.  This  circumstance  has  a  marked  influence  on  phase 
and  group  velocities  of  waves  and  on  the  frequencies  and  shapes  of  high- 
frequency  vibrational  modes.  Moreover,  for  v  _>  1/3,  the  Kane-Mindlin 
theory  does  not  yield  accurate  values  of  the  natural  frequencies  of 
vibration  of  plates.  For  these  reasons,  Medick  and  Mindlin  [4]  have 
derived  a  system  of  approximate,  two-dimensional  equations  of  exten¬ 
sional  motion  of  isotropic,  elastic  plates  which  take  into  account  the 
coupling  between  extensional,  symmetric  thickness-stretch  and  symmetric 
thickness-shear  modes  and  which  also  includes  the  two  face-shear  modes. 

The  propagation  of  variable  crested  waves  in  an  infinite  plate 
strip,  sometimes  called  edge  waves  because  they  are  analogous  to 
Rayleigh  surface  waves  which  propagate  near  the  surface  of  a  semi¬ 
infinite  medium,  has  been  studied  by  Kumar  [5]  who  investigated  the 
problem  using  the  equations  of  motion  from  the  theory  of  generalized 
plane  stress.  Gazis  and  Mindlin  [6],  using  the  equations  of  the  Kane- 
Mindlin  theory,  have  investigated  the  influence  of  width  on  phase 
velocities  of  waves  in  plate  strips  in  the  transition  region  between 
the  states  of  generalized  plane  stress  and  plane  strain. 

This  paper  is  concerned  with  a  special  limiting  case  of  the  problems 
discussed  in  References  [5]  and  [6]  in  that  the  frequency  spectrum  of 
standing  waves  is  determined  for  an  infinite  plate  strip,  the  edges  of 
which  are  subject  to  three  types  of  boundary  conditions:  (i)  both 
edges  of  the  strip  are  free  of  traction;  (ii)  both  edges  are  clamped; 
and,  (iii)  one  edge  is  free  and  the  other  is  clamped.  We  shall  obtain 
the  frequency  equations  within  the  framework  of  the  Kane-Mindlin  theory; 
however,  these  equations  cannot  be  solved  analytically,  so  we  must  obtain 
numerical  solutions  with  the  aid  of  an  electronic  computer.  The  cor¬ 
responding  problems  formulated  in  terms  of  the  theory  of  generalized 
plane  stress  are  also  solved,  and  the  results  are  presented  in  the 
Appendix. 


2.  THE  EQUATIONS  OF  MOTION.  The  Kane-Mindlin  equations  [3]  of 
motion  for  the  free  extensional  vibrations  of  a  plate  of  thickness  h 
are 
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(1) 


hjV  v  +  h(A+y)  V  (V*v)  +  2AkV  =  phv, 


g-  yh2V2v  -  2<2(A+2y)  v  -  Ah<V‘V  =  g-  ph^v^, 


(2) 


where  y  and  A  are  the  Lam£  constants,  <  is  a  correction  factor  with  the 
2  2 

value  k  =  it  /12,  p  is  the  density  of  the  material,  v  =  v  (x,y,t)i  + 

2  ~x~ 

v  (x,y,t)j,  *  v^(x,y,t)  and  V  and  V  are  the  usual  two-dimensional 

Laplacian  operators 
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and  the  plate-stress  resultants  are 


N  =  2yhe  +hA(e  +e  +  <e  ), 
xx  xx  xx  yy  zz 


N  =  2yhe  +  hA(e  +  e  +  <a  )  , 
yy  yy  xx  yy  zz 


N  *  2yhe  ,  R  =  2yl  e  ,  R  =  2ul  e  , 
xy  xy  x  z  xz  y  z  yz 


N  =  2yh<  e  +  \h<(e  +  e  +  <e  )  , 

zz  zz  xx  yy  zz 


>  (4) 


where  I  =  h  / 1 2 .  The  boundary  conditions  on  the  edge  of  the  plate 
z 

consist  of  one  condition  from  each  of  the  following  three  9ets: 
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(a)  either  N  =  0  or  v  =  0, 

nn  n 

(b)  either  N  =  0  or  v  =  0 , 

ns  s 

(c)  either  R  =  0  or  v  =0, 

n  2 


where  the  subscripts  n  and  s  refer  to  the  normal  and  tangential  directions 
to  the  boundary  curve  of  the  plate,  respectively. 


We  shall  consider  an  infinite  strip  of  an  isotropic  elastic  material 
of  thickness  h  and  width  a,  with  the  coordinate  directions  as  shown  in 
Figure  1.  We  shall  confine  our  attention  to  a  motion  in  which  the  plate- 
displacements  are  of  the  form 


vx  =  0.  vy  =  vy(y,t),  vz  =  vz(y,t). 
Under  this  assumption  (1)  and  (2)  reduce  to 


h(X+2p)  - £  +  2X<  — =■  =  ph  - =*■  , 

ay2  3y  at2 


2  2 

a  v  ~  3v  ^  a  v 

- -  12k  (X+2u)v  -  6Xh<  -r1  =  ph  . 

2  z  3y  -.2 

ov  at 


Following  Kane  and  Mindlin  13],  we  reduce  the  system  (7)  to  a  pair  of 
ordinary  differr.etial  equations  by  assuming  harmonic  vibrations  and 
setting 


v  (y,t)  =  Ip' (y)  cos  tot ,  v  (y,t)  =  u(y)  cos  ut,  (8) 

y  * 

where  u>  denotes  the  natural  circular  frequency  of  vibration  of  the  strip 
and  the  prime  denotes  differentiation  with  respect  to  y.  Substitution 
of  (8)  into  (7)  leads  to 

phc24>"  +  2Xku  +  phto2i^  -  0, 

>  (9) 

pc^  u  -  it  p  c^u  -  6Xhic  ip  +  ph'jj  u  =  0, 

2  2 

where  c^  =  (X+2p)/p  and  =  m/p  ,  and  elimination  of  u  between  the 
equations  in  (9)  yields 
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IV  2  2  2  2 

1-  (y)  +  p [ ( qh-b) n  -  l]  *"(y)-p  oBfl d-n  )<l<(y)  =  o,  (10) 


where 


2  >  ^  ~  »  6  2  *  * 


2  4p(A+p)  w  tic^ 

»  ^-3  ~  1 »  u31  1  [1] 

c  p(A+2y)  S  h 


with  ~  denoting  the  lowest  circular  frequency  of  symmetric  thickness- 
stretch  vibration  of  an  infinite  plate  of  thickness  h.  Since  all  the 
coefficients  in  (10)  are  constants,  it  is  convenient  to  rewrite  it  as 


(D2  +  52)  (D2  +  62)  if,  -  0,  D  =  d/dy, 


whe  re 


y  p[  0»+rs),'2-l  +  1],  -o  =y-pl(i+H)  2-l  -  =  ], 


2  0  2  2  2 
i  =  [(i+r)  -1]  +  4x( •./<(!-/). 


Therefore,  in  view  of  the  form  of  (11),  we  may  solve  two  second  order 
ordinary  differential  equations 


(l)2  +  ;  2)  ,  =  0,  .i=i,2, 


such  th.it  ,  is  obtained  by  superposition: 


*  1  '  2  ‘ 


It  is  not  difficult  to  show  that  6^’  >0  for  all  real  values  of  12 

and  that  i‘2  -0  if  -1,  =  0  if  =  1,  and  £2  >0  if  2>1.  Hence, 

“  -  2  2  L 
the  t arm  of  the  solution  of  (D  +  ;n)  =  0  will  depend  upon  the 

frequency  range. 


A  convenient  expression  for  u(y)  can  be  obtained  from  the  first 
equation  in  (9),  in  conjunction  with  (i3)  and  (14): 

2\>u(y)  =  1  :h(cp  j-..,“)  ^  (y)  +  ph(  c.  j  t  .. (y) .  (if 


It  is  our  objective  to  determine  the  natural  circular  frequencies 
of  vibration  of  an  infinite  plate  strip  subject  to  the  following  sets 
of  boundary  conditions  on  the  edges  y  =  +  a/2  (see  Eo ,  5) : 


(i)  Free  Edges,  N  =  0,  -  0,  or,  equivalently, 


h(A+2u) 


3vy  3 


+  2  X<  v  =  0  , 


=  0,  on  y  =  +  a/2  (16) 


3y  3y 

However,  in  view  of  (8)  and  (15),  the  conditions  (16)  become 


4> 


1  +  -  0,  (c^  62-uj2)  +  (c262-co2)  =  0 ,  on  y  =  +  a/2;  (17) 


(ii)  Clamped  Edges,  v  =  v  =0,  i.e., 

y  2 


1  +  ♦,  =  0,  (cjfij-u2)*,  +  (c,  <S2-uj2)  \p0  =  0,  on  y  =  +  a/2;  (18) 


12 


(iii)  Mixed  Edge  Conditions,  y  =  a/2  is  a  clamped  edge  and  y  =  -a/2 
is  a  free  edge: 


^  =  0,  (c^-w2H'n  +  (c262-co2)  Hj0  =  0,  on  y  =  a/2, 


12 


(19) 


^1  +  ^2  =  (c^62-u)2)4)|  +  (c^62-o j2H2  =  0,  on  y  =  -a/2. 


(20) 


3.  SOLUTIONS  OF  EQUATIONS  OF  MOTION. 

3a.  Case  (i).  Free  Edges. 

2 

If  ft  >1,  then  62  >  0  and  the  solutions  of  (13)  are 

<1^  =  A  cos(51y)  +  B  sin^y)  ,  ip2  =  C  cos(52y)  +  E  sin(62y)  ,  (21) 

where  A,  B,  C,  and  E  are  constants.  Substitution  of  (21)  into  the  boundary 
conditions  (17)  yields,  after  some  rearrangement,  two  uncoupled  systems 
of  homogeneous  algebraic  equations  in  A ,  B,  C,  and  E: 
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(22) 


A  cos  (6^a/2)  +  C  cos  (S^a/2)  ■  0, 

<Sl(CliL_a)2)A  Sin  (6ia/2)  +  «2(cl62_a)2)  C  Sin  (62a/2)  =  0 


and 

B  sin  (6^a/2)  +  E  sin  (62a/2)  =  0, 

6i(c262-cu2)  B  cos  (B^a/2)  +62(c2 62-uj2)  E  cos  (62a/2)  =  0. 

From  the  first  equation  in  (24)  it  follows  that 

C  =  -A  cos  (6^a/2)  /  cos  (62a/2), 
and  hence,  by  virtue  of  (14), 


(23) 


ip(y)  =  A  sec  ( 6^a/2>  [cos  (62a/2)  cos  6^y  -  cos  (6^a/2)  cos  62y],  (24) 

which,  henceforth,  we  shall  call  the  symmetric  mode  of  vibration. 

Similarly,  starting  with  the  first  of  (23),  we  obtain  the  antisymmetric 
mode 


li’(y)  =  3  esc  (52a/2)  [sin  (62a/2)  sin  6^y  -  sin  (6^a/2)  sin  62y].  (25) 

In  order  that  the  systems  of  equations  (22)  and  (23)  have  nontrivial 
solutions,  we  must  require  that  the  determinants  of  their  coefficient 
matrices  vanish.  For  the  symmetric  mode,  we  obtain 

tan  1  -  n 

-  =  — , -  ,  (n  >1),  (26) 

tan  y  ?(S  '  -  n) 

where  y  =  6^a/2, 

62  (a+B)ft2-l-o  /  u  \  2 

r,  =  — f  =  - y -  ,  n  =  I -  =  (l-v)<T[(a+B)n  -1-hj]  \  (27) 

6^  (a+6)n  -14c  \  c161 

For  the  antisymmetric  mode  the  corresponding  result  is 
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tan  5Y  t,(C  -  n) 

-  - - ,  (fl  ■  1).  (28) 

tan  y  1  -  M 

Because  of  the  complexity  of  the  transcendental  equations  (26)  and  (28), 
it  is  necessary  to  solve  them  numerically  with  an  electronic  computer, 
in  order  to  display  the  variation  cf  the  frequency  ratio  Si  versus  the 
width-to-thickness  ratio  a/h  of  the  strip  for  a  given  value  of  Poisson's 
ratio  v,  we  select  values  of  A  >1  and  solve  (26)  and  (28)  for  y  since  <•; 
and  n  are  known  from  (27)  once  A  and  v  arc  specified.  Then  a/h  can  be 
computed  from 


The  discussion  of  the  numerical  results  associated  with  (26)  and  (28) 
will  be  postponed  until  the  cases  Q  <1  and  A  =  1  have  been  examined. 

2  2 

Next,  if  'A  <  1,  then  set  1  =  >0,  so  that  the  equation  for 

2  ->  l 

■t>2  in  (13)  becomes  ‘fi” Cy )  -  '^(y)  =  0,  which  has  the  solution 


^(y)  =  ^  cosh  "  ,y  +  E  sinh  '^y. 


Proceeding  as  before,  we  can  show  that 


l’(y)  =  A  sech  (5^a/2)  [cosh  (6^a/2)  cos'^y-cos  (i,a/2)  cosh  6^y]  ,  (31) 


tan  y 


ZS -  ,  (  -  1), 

:0.  +  r,  ) 


where  =  5^/d^,  for  the  symmetric  mode,  whereas 


v(y)  =  B  csch  (o^a/2)  ( s  inli  ( A  ^a/ 2)  sin  •.  ;y  -  sin  (  ^a/2)  sirih  (33) 


tarh  yy 


tan  f 


--.(’.  +  -i) 


,  (■  1), 


for  the  antisymmetric  mode. 


Finally,  we  turn  our  attention  to  the  case  in  which  Q  *  1,  i.e., 
the  natural  circular  frequency  of  the  strip  is  equal  to  the  lowest 
circular  frequency  of  symmetric  thickness-stretch  vibrations  of  an 
infinite  plate.  It  follows  from  (12)  that 

csj  =  p  ( oi+  6-1),  =  0,  (35) 

when  it  =  1  since  o  =  a  +  6  -  1.  With  6^  =  0,  the  differential  equation 
for  ty  In  (13)  becomes  t =  0,  whence 

<P2(y)  =  C  +  Ey.  (36) 

Substituting  the  first  of  (21)  and  (36)  into  the  boundary  conditions  (17), 
we  obtain  for  the  symmetric  mode 

A  cos  (6^a/2)  +  C  =  0,  ■5^(c~62-!I)2)  A  sin  (6^a./2)  -  0,  (37) 

and  for  the  antisymmetric  mode 

B  sin  (6^/2)  +  a  E/2  =  0,  ^(c^J-w2)  B  cos  E  =  0.  (38) 

2  2  2 

Since  it  can  be  shown  that  6^  y  0  and  c^-"  ^  0,  it  follows  from  (37) 

that  sin(S^a/2)  =  0.  Hence 

5^  =  2  nr/a,  n  =  1,2,3,...,  (39) 

and  from  (35)  and  (39),  we  obtain 


=  2nr.  (o+ 


1) 


-k 


2  =  ?r 


(1-v)  (l-2v) 


1-3 v  +  4  u 


,  n=l  ,2,3 .  (40) 


which  holds  for  ii  =  1  in  the  symmetric  mode.  For  the  antisymmetric 
mode ,  it  follows  from  (38)  that  y  is  to  be  determined  from 


tan  >  =  (>)-  l)/vn  , 


(41) 


where  in  this  case 


n  =  8  (a  +6 


and  a/h 


2yn  ^  /tt  . 
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« 


Let  us  now  investigate  some  limiting  cases  of  the  equations  (26), 
(28),  (32),  (34),  and  (41). 

Low  Frequencies,  Wide  Plates.  For  1  and  a/h>-l,  we  can  show 

that 


f  :  l/ia&i1)  and  n  1  1/  ,  (42) 

From  (42)  and  (29),  it  follows  that 

2  Y  h 

U  =  - - —  •  —  or  u  =  2yc,./a,  (43) 

TTCX^  ^  j 

where  y  must  be  determined  from  (32)  and  (34)  for  the  symmetric  and 
antisymmetric  modes,  respectively.  But,  in  view  of  (42)  and  (43),  we 
know  that 


~  IF  a 

'■>  -  _ _ _  _ 

Cl  62  h 

i.e.,  t,y»l  since  a/h>-l.  Thus,  we  are  justified  in  making  the 
approximation  tanh^Y'  so  that  (32)  and  (34)  are  reduced  to  cosy  =  0 
and  sin  y  =  0,  for  the  symmetric  and  antisymmetric  modes,  respectively. 
Consequently , 


1  =  (2n+l)a/2,  n  =  0,1,2,...  and  ,=n,  n  =  1,2,3..., 

so  that  in  the  present  approximation  of  low  frequencies  in  wide  plates 
we  find  from  (43) 


u)  =  ( 2n+l)  T'c.,/a  and  10  =  2n-c../a 

n  3  n  \ 

for  the  symmetric  and  antisymmetric  modes,  respectively.  These  frequencies 
are  identical  to  those  obtained  from  the  theory  ot  generalized  plane 
stress  in  (A. 13)  and  (A. 13)  of  the  Appendix. 

High  Frequencies,  Narrow  Plates.  For  L  and  a/h<<  1,  we  can 

show  that 

,2  .  2  .2,  2  , 2  2  2.2  .2  . 

) .  .  n  c.  /oh  .  V,  =  r  A  / h  ,  ,  -  r  /  1 , 


a  2  y 
h 


(4a) 
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where  y  is  the  solution  of  (26)  and  (28)  for  the  symmetric  and  anti¬ 
symmetric  modes,  respectively.  However,  in  view  of  the  fact  that 
2 

£  -  n  ~0,  (26)  and  (28)  reduce  to  cos£y  =  0  and  sin£y  -  0,  respectively. 

Hence 

4y  =  (2n+l)ir/2,  n  =  0,1,2...,  and  £y  =  nn,  n  =  1,2,3,..., 
so  that  (44)  leads  to 

ui  =  (2n+l)irc,/a  and  m  =  2nTic, /a  (45) 

n  i  n  1 

for  the  symmetric  and  antisymmetric  modes,  respectively.  The  frequencies 
given  in  (45)  are  identical  to  the  natural  circular  frequencies  of 
symmetric  and  antisymmetric  thickness-stretch  vibrations  of  an  infinite 
plate  of  thickness  a. 

Intermediate  Frequency,  ft  =  1.  In  (40)  we  gave  the  value  of  the 
width-to-thickness  ratio  for  the  special  case  of  symmetric  vibrations 
with  frequency  ratio  ft  =1.  The  antisymmetric  mode  is  not  quite  so 
simple,  but  a  convenient  approximate  express:'  'n  can  be  derived  from  (41). 
Since  in  this  case 

H  *  8/ (a  +  6  -  1)  and  a/h  *=  2yn2/ir,  (46) 

it  follows  that 


(n-  l)/n  =  -s, 

where  s  is  a  function  of  Poisson's  ratio  given  by 

s  =  2v2/(l  -  v)(l  -  2v) . 
Therefore,  (41)  may  be  written  as 


tany  =  -sy. 


(47) 


Now  the  larger  roots  of  (47)  are  near  (2n+l)Tr/2,  n  being  a  positive 
integer,  and  the  larger  value  of  n  the  better  the  approximation.  To 
obtain  an  improved  approximation,  we  put  y  =  (2n+l)ir/2  +  c,  where  it 
is  understood  that  J  e  j  ••' <" tt  /2.  We  can  easily  show  that  to  a  first 
approximation  e  has  the  value 

c  ;  2/s(2n+l)-! 


so  that 


251 


(2n+l)ir 

v  2  - 

2 


2(1  -  v)(l-2v) 
(rr\j)2  (2n+l)‘" 


(48) 


and  consequently,  inserting  (48)  into  (46),  we  obtain 

r  k 
a  (1  -  v)(l-2v) 

-  :  (2n+l) - — 

h  1  -  3v  +  4v 

for  tne  antisymmetric  mode  in  the  special  case  that  =  1. 

The  variation  of  the  frequency  ratio  Cl  with  the  width-to-thickness 
ratio  a/h  for  the  first  three  symmetric  and  antisymmetric  modes  for 
v  =  0.3  is  shown  in  Figures  2  and  3,  respectively.  For  the  sake  of 
comparison,  the  generalized  plane  stress  and  the  Kane-Mindlin  results 
are  plotted  on  the  same  set  of  axes.  Clearly,  the  frequencies  as 
computed  from  these  theories  are  in  agreement  only  in  the  low  frequency 
range  (i.e.,  very  wide  strips  relative  to  the  thickness),  and  the  range 
of  agreement  decreases  as  the  mode  number  n  increases.  While  the  theory 
of  generalized  plane  stress  predicts  that  the  frequency  of  the  lowest 
mode  becomes  unbounded  as  the  width-to-thickness  ratio  tends  to  zero, 
the  Kane-Mindlin  theory  indicates  that  Cl  approaches  a  finite  value  less 
than  unity  as  a/h  tends  to  zero. 

3b.  Case  (ii) .  Clamped  Edges. 

For  a  plate  strip  with  clamped  edges,  the  boundary  conditions  are 
now  (18).  Repeating  the  procedures  outlined  in  Section  3a  above,  we 
can  show  that  the  secular  equations  become 


2(1  -  v)(l  -  2 v) 
(ttv)^  (2n+l)  ' 


tanh  i, y  C  4  0 


tan  y  X(1  -n) 


tan  ;,Y 


tan  y 


s 

(ft  1)  ,  sin  y  =  0,  (ft  =  1)  , 


(1  ' 


&>, 


>  (49) 


for  the  symmetric  mode,  and 
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,  (P,  ^1),  tail  y  = 


ny 


,  (P  =  1) , 


tanh  Ki 


tan  y 


S(n  -  1) 


f  +  n 


tan  Cy  £(1  “  n) 

- ==  _ -  ,  (1  -  ft), 

tan  y  C  -  n 


(50) 


for  the  antisymmetric  mode.  As  in  the  case  of  the  strip  with  free  edges, 
once  the  transcendental  equations  (49)  and  (50)  are  solved  for  y*  the 
width-to-thickness  ratio  may  be  computed  from  (29)  .  We  turn  our  attention 
next  to  some  limiting  forms  of  the  secular  equations  given  above. 

Low  Frequencies,  Wide  Plates.  Assuming  that  A**  1  and  a/h>>l,  we 
again  adopt  the  approximate  expressions  (42).  Since  £>>1,  it  follows 
that  tanh  £y21,  so  the  first  equations  in  (49)  and  (50)  can  be  approxi¬ 
mated  by 


t 

tan  y  ,  A  •  (r/u)* 


and 


cot  y  ;  il  ■  (6/ci) 


% 


respectively.  Since  we  are  concerned  with  very  low  frequencies,  we 
replace  these  last  expressions  by  sin  y  =0,  which  implies  that  y*  rnr , 
n  =  1,2,3,...,  for  the  symmetric  mode  and  cos  y  -  0,  whence  y  =  (2n+l)-rr/2, 
n  =  0,1,2,...  for  the  antisymmetric  mode^.  Hence,  by  (29)  we  have  Q  ^na^h/a 
for  the  symmetric  mode  and  :  (2n  +  l)ci?  (h/a)  for  the  antisymmetric  mode, 

which  are  identical  to  the  corresponding  results  computed  within  the  frame¬ 
work  of  generalized  plane  stress,  which  are  given  in  (A. 17)  and  (A. 16), 
respectively,  of  the  Appendix. 

High  Frequencies,  Narrow  Plates.  Here  we  assume  that  fi > > 1  and 
a/h<<l.  As  discussed  above ,  -  t>  0  in  the  high  frequency  range,  so 

the  third  equations  in  (49)  and  (50)  reduce  to  tan  Cy=  0  which  leads  to 
t,  y  =  na ,  n  =  1,2,3...,  for  the  symmetric  mode,  and  tan  f)y  =<*-,  i.e., 
t,y  =  (2n+l)i/2,  n  =  0,1,2,...,  for  the  antisymmetric  mode,  because 
a/h  _  2£,y/np  in  the  high  frequency  range,  it  follows  that  P  =  2nh/a  for 
the  symmetric  mode  and  A  =  (2n+L)h/a  for  the  antisymmetric  mode.  These 
frequency  ratios  are  identical  to  those  which  can  be  computed  from  the 
exact  theory  of  elasticity  for  the  thickness-stretch  type  of  vibration 
of  an  infinite  plate  of  thickness  a  which  has  its  faces  rigidly  clamped. 

Intermediate  Frequency,  A  =  1.  We  have  already  observed  that  in 
the  symmetric  mode  ,  is  to  be  computed  from  sin  y  =  0  when  A  =  1,  which 
implies  that  y  =  n.,  with  n  =  1,2,3,....  In  this  situation  (29)  yields 


I 


—  ■  Jnn^  ■  2n 


(1-v)  (l-2v) 


l-3v  +  4v 


For  the  antisymmetric  mode,  y  is  to  be  found  from 


s  tan  y  -  -y  ,  (51) 

2 

where  s  ■  2v  /(1-v)- (l-2v).  It  is  a  straightforward  matter  to  show  that 
the  larger  roots  of  (51)  may  be  approximated  by 


(2n+l)  tt 


(2n+l)27r2 


and  hence  an  approximate  expression  for  the  width-to-thickness  ratio  is 


:(2n+l) 


(1-v) (l-2v) 


l-3v  +  4v 


(2n+l)27T2  (1-v)  (l-2v) 


In  Figures  4  and  5,  graphs  of  ft  versus  a/h  have  been  plotted  for 
v  =  0.3  for  the  symmetric  and  antisymmetric  modes  in  an  infinite  plate 
strip  with  clamped  edges.  We  note  that  the  Kane-Mindlin  and  generalized 
plane  stress  theories  are  in  agreement  only  for  plates  very  wide  relative 
to  the  thickness  in  the  symmetric  mode  in  Figure  4.  However,  in  Figure  5 
the  frequency  spectrum  for  the  lowest  antisymmetric  mode  in  an  infinite 
plate  strip  with  clamped  edges  as  computed  from  the  Kane-Mindlin  theory 
coincides  almost  exactly  with  that  computed  according  to  the  theory  of 
generalized  plane  stress  over  the  entire  transition  from  very  narrow 
plate  strips  to  very  wide  strips.  As  before,  though,  the  higher  modes 
agree  only  in  the  low  frequency  range. 

We  can  show  that  the  displacement  potential  ijj(y)  ■  ^(y)  +  ^(y) 
is  given  by 


AC 


c8chCy[sinhCycos6^y  -  siny  cosh  5^y] ,  ft<l. 


iKy)-  c  An  [ncosS^y  +  (1— n)  cosy],  ft  ■  1, 


AC  cscCy  [CsinCy  •  cosily  -  siny  ■  cos52y],  ft>l, 


i 


and  with  (15)  it  follows  that 


AQ5  *  cschCyt (1-n)  TsinhCy  coefi^y  +  (?2+n)  sinycosh  6^y  1  •  ft*!* 


2AKu(y)-«  AQ(l-n)  (cosfi^y  -  cosy),  ft  -  1 

-1  2 
AQC  cscCy[5(l-n)sinf;Ycos61y-(5  -n)sinycos62y ] ,  ft>l, 


for  the  symmetric  mode,  and 


B?  sech5yt5cosh5ysin<S^y  -  cosysinhd^y) ,  ft*l, 
iKy)»«  B(sin6^y-6^y  cos  y)  ,  ft  =  1, 

B5  sec5y[5cos5ysin6^y  -  cosy  sin62y],  ft>l. 


BQ5  ^sech5y[5(l-n) cosh5Ysin6^y+(5^+n)cosy  sinhfi^y],  ft*l, 

2AKu(y)=  1  BQ[(l-n)sin6jy  +  S^ny],  ft  *  1,  (1 

-1  2 
BQ5  sec5y[5(l-n) cos5ysin6^y  -  (5  -n)  cosy  sin62y],  ft>l, 

2 

for  the  antisymmetric  mode,  where  Q  *  ph(c^6j,)  . 


3c.  Case  (iii) .  Mixed  Edge  Conditions 

Finally,  we  wish  to  solve  the  pair  of  differential  equations  in 
(13)  subject  to  the  boundary  conditions  (19)  and  (20).  Upon  repetition 
of  the  steps  outlined  in  Section  3a,  we  can  show  that  in  the  case  of 
mixed  edge  conditions  the  symmetric  and  antisymmetric  modes  do  not 
uncouple.  In  the  usual  fashion  we  find  the  secular  equation  to  be 

S[(C2-n)2  +  (1-n) 2 ]  cos  2y  cos  2?y  -  25(l-n) U2-n)  + 

+  (l-n)a2-n)(l+e2)  8in  2y  Sin25y  -  0,  (56) 


for  ft>l. 


ytan  2y  -  sec  2y  *  (l-2n  +  2n  )/2n(l-n), 


for  ft  *  1,  and 


(58) 


C[(l2+n)2  +  (1-n)2)  cos  2y  cosh  2?y  +  2^(l-n) (S2+n) 


-  (l-n)(52-n) (l-C2)  sin  2y  sinh  2£y  . 


The  variation  of  £2  with  a/h,  as  determined  from  (56),  (57),  (58), 
and  (29),  for  plate  strips  with  mixed  edge  conditions  is  shown  in 
Figure  6  for  v  -  0.3.  As  in  the  case  of  the  antisymmetric  mode  of 
vibration  of  a  plate  strip  with  clamped  edges  (see  Figure  5) ,  it  is 
evident  that  the  theory  of  generalized  plane  stress  predicts  rather 
accurately  the  variation  of  Q  with  a/h  for  the  lowest  mode  for  all 
values  of  a/h.  Clearly,  the  higher  mooes  are  in  agreement  only  when 
the  width  of  the  strip  is  very  large  relative  to  its  thickness. 


4.  ORTHOGONALITY  RELATION.  In  terms  of  the  plate-stress  resultants 
the  Kane-Mlndlin  [3]  equations  of  extensional  motions  of  plates  are  of 
the  form 


N 


a6 ,6 


phV 


R  -  II 
a  ,a  zz 


2P(yh>v2 


for  free  vibrations,  where  the  comma  denotes  differentiation  with 
respect  to  x^,  with  x^  -  x  and  x^  ■  y  and  the  subscripts  a,0  »  1,2. 

By  virtue  of  (4)  and  (6) ,  these  reduce  to 


where 


N 


yy.y 


y.y 


-  N 


zz 


h(X+2p)y>y  +  2A<vz, 

N  =  2(2n+A)<2v  + 
zz  z 


-  2p(I  /h)v  , 
z  z 


R 

y 


2y (I  /h) v 
z  z 


Akhv 


y.y 


(59) 


(60) 


Denoting  the  natural  circular  frequencies  of  vibration  of  the  strip  by 

ui  (n-1,2 ,3. . . )  for  any  of  the  sets  of  boundary  conditions  discussed 
n 

in  Section  3,  let 


v  (y,t)  ■  w  (y)  cos  w  t, 
y  J  n  n 

N  (y,t)  ■  N  (y)  cos  w  t, 
yy  n  n 


v  (y,t)  -  u  (y)  cos  oo  t, 
z  n  n 

Ry(y.t)  -  Rn(y)  cos  0>n  t, 


N  (y,t)  -  M  (y)» cos  u  t, 
zz  '  n  J  n 
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SSK55! 

/ 


m 


and  substitute  these  into  (59)  and  (60): 

"n  =  -»h^“n>  *  ■  -Sp«,/h)^  „n>  (61) 

Nn  ■  h(>+2'J)"i;  +  21<“n.  Rn  -  2u(Iz/h)u|J  ,  ] 


M  *  2(2)j+A)k  u  +  Ahicw*  . 

44  n  m 


(62) 


n 


over 


the^^al  ";^:l0n  ln  (61)  by  %  and  lata«'“'  t*.  result 
a/2  . 

/  "i  »n  dy  -  ohuf  / 


-a/2 


-a/2 


w,  w  dy , 
k  n  J  * 


(63) 


Where  we  have  Integrated  by  parts,  using  the  fact  that  w.g  .  0  on 

Section^  ^7,.°:  thf  Sets  °l  boundary  conditions  considered  ln 
ction  3.  Upon  interchanging  k  and  n  in  (63),  we  obtain 


2 

Jj 

n 


a/2 

/ 

wn  Nk  dy  “  Ph\  J 

.a/2 

-a/2 

-a/2 

the  difference  of  (63)  and 

(64): 

ra/2  , 

ra/2 

j  "n  "k  ^  '  / 

-a/2  7 

-a/2 

wk  wn  dy. 


(64) 


(w’  N 
k  n 


-  w„  \>  dy.  (65) 


Next,  multiply  the  second  equation  in  (61)  by  and  repeat 

rrXtyt£:  s:  in  tha  >«• 


fal2  fa/2  ra/2 

J- a/2  R"  dy  +  J  -a/2  dV  '  *  (Yh>“V  / 


\  un  dy’ 
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where  we  have  used  the  fact  that  u^Rn  ■  0  on  y  ■  +  a/2  by  virtue  of 
the  boundary  conditions  considered  in  Section  3.  As  before,  we  find 


.a/2  a/2 

2p(yh)(»*  -  «jj)  ufc  un  dy  -  <u-  Rn 


a/2 

a/2 


(66) 


+  Uk  Mn  ’  Un  \  -  Un  Mk)  dy‘ 

Finally,  multiply  (66)  by  2/h  and  add  the  result  to  (65) 


l 

a/ 2 

a/2 

—  ph(u>2 

3  n 

|  ( 3w  w,  +u  u,  )  dy  = 

J  n  k  n  k 

J  (Fnk-Gkn> 

, 

-a/ 2 

-Sill 

where 


nk 


2  2  2  2 

w.'N  +  -  u.’  R  +  r  u.  M  ,  G,  =  w'N  +  r-  u'R.  +  -  u  M, 
kn  ^  k  n  hlcn  kn  nk  hnk  h  nk 


But,  substituting  (62)  into  (68),  we  can  show  that  F  ^  *  ^kn*  an<* 
hence  (67)  reduces  to 


a/2 


J  (3  w^w^  +  unuj^)  dy  *  0,  n^  k 

-a/2 


which  is  the  orthogonality  condition  which  the  plate-displacements  for 
the  plate-strip  problem  must  satisfy. 


(68) 


258 


REFERENCES 


1.  Lord  Rayleigh  1889  Proc.  London  Math.  Soc.  29_,  225.  On  the  free 
vibrations  of  an  infinite  plate  of  homogeneous  elastic  matter. 

2.  H.  Lamb  1917  Proc.  Royal  Soc.  London,  Series  A  114.  On  waves 
in  an  elastic  plate. 

3.  T.  R.  Kane  and  R.  D.  Mindlin  1956  J.  Appl.  Mech.  2_3,  277. 

High  frequency  extensional  vibrations  of  plates. 

4.  R.  D.  Mindlin  and  M.  A.  Medick  1959  J.  Appl.  Mech.  26,  561. 
Extensional  vibrations  of  elastic  plates. 

5.  S.  Kumar  1960  International  Symposium  on  Stress  Wave  Propagation 
in  Macerials  (Norman  Davids,  Editor)  119.  Edge  waves  in  plates. 

New  York:  Interscience  Publishers. 

6.  D.  C.  Gazis  and  R.  D.  Mindlin  1957  J.  Appl.  Mech.  24,  541. 

Influence  of  width  on  velocities  of  long  waves  in  plates. 

7.  I.  S.  Sokolnikoff  1960  Mathematical  Theory  of  Elasticity.  New  York: 
McGraw-Hill. 

8.  R.  D.  Mindlin  1955  An  Introduction  to  the  Mathematical  Tlirory  cf 


APPENDIX 


GENERALIZED  PLANE  STRESS  FORMULATION.  Neglecting  body  forces,  the 
differential  equation  of  motion  of  an  isotropic  elastic  solid  within 
the  framework  of  the  theory  of  generalized  plane  stress  is 


pV2v 


+  U 


3  A  +  2u 


\  A  +  2u 


V  (V  *  v)  =  pv 


(A.  1 ) 


where  v  *  v  i  +  v  j,  y  and  A  are  Lame's  elastic  constants,  p  is  the 

x ~  y~  22222 

density  of  the  material,  and  V  =3/3x  +&/5y.  According  to 
Sokolnikoff  [7],  the  stress-displacement  equations  are 


2u 


xx 


A  +  2y 


[ 2 ( A  +u)v  +  Av  ]  , 
x,x  y  ,y 


2w 

o  »  —  Uv  +  2(A  +u)v  )*  ^  (A.  2) 

yy  A  +  2y  x,x  y,y  ' 


o  =  y(v  +  v  ) . 
xy  x.y  y,x 


Let  us  assume  that  vx  =  0  and  =  v^(y,t),  so  that  (A.l)  reduces  to 


2 

c,  v  =  v  , 

3  y,yy  y 


4y(A  +y) 

P ( A  +  2y) 


E 

2  ’ 
p ( 1— v  ) 


(A.  3) 


where  E  is  Young's  modulus  and  v  is  Poisson's  ratio.  With  reference  to 
Figure  1,  we  shall  consider  the  following  three  sets  of  boundary  conditions: 

(i)  free  edges:  o  *  0  on  y  =  +a/2,  or 

v  (+a/2 i t)  =  0;  (A. 4) 

y  >y 

(ii)  clamped  edges 

vy(+a/2,t)  -  0;  (A. 5) 
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(ill)  mixed  edge  conditions:  the  edge  y  ■  a/2  is  clamped  and  the 
edge  y  -  -a/2  is  free 


Vy(a/2,t)  =  0, 


v  (-a/2 ,t)  -  0.  (A. 6) 


In  all  three  cases  we  shall  seek  a  solution  of  (A. 3)  of  the  form 


vy(y,t)  =  w(y)  coswt,  (A. 7) 

so  that  (A.  3)  is  reduced  to  the  ordinary  differential  equation 

w"(v)  +  b^w(y)  =  0,  (A. 8) 

where  b  =  w/c~,  subject  to  tile  following  boundary  conditions,  obtained 
from  (A. 4)  to  (A. 6)  : 

(i)  free  edges,  w' (+a/2)  =  0,  (A. 9) 

(ii)  clamped  edges,  w(+a/2)  *  0,  (A. 10) 

(iii)  mixed  edge  conditions,  w(a/2)  =  w*(-a/2)  =  0.  (A. 11) 

The  solution  of  (A. 8)  is 

w(y)  =  A  cos  by  +  B  sin  by,  (A. 12) 


where  the  boundary  conditions  (A. 9)  to  (A. 11)  serve  to  determine  the 
eigenvalue  and  the  ratio  A/B. 

Case  (i).  Free  Edges.  Substituting  (A. 12)  into  (A. 9),  we  obtain 
two  uncoupled  systems  of  equations,  which  lead  to 

I 

u)  =  2n7ic_/a,  (A.  13) 

n  J 

j 

or  in  terms  of  the  dimensionless  frequency  ratio  0  ,  (A, 13)  becomes 

n 

I 

Jk 

0^  =  u^/u  =  2na  (h/a),  (A.  14) 

; 

2  2 

for  the  antisymmetric  mode,  where  a  *  c../c_  an<*  <*>  *  irc../h,  with 
2  I  J  i 

c^  =  (X  +  2u)/p  ,  which  is  the  lowest  natural  circular  frequency  of 

symmetric  thickness-stretch  vibrations  of  an  infinite  plate  of  thick¬ 
ness  h  (see  Mindlin  [8]).  For  the  symmetric  mode  we  find 
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(A. 15) 


T 


a)  -  (2n  +  ]  )ttc-/ a 
n  j 


or  n 

n 


(2n  +  l)ct 


Js 


(h/a) , 


with  n  -  0,1,2,.... 

Case  (11).  Clamped  Edges.  We  record  only  the  results  here  since 
i -he  details  are  essentially  the  same  as  in  Case  (i).  For  the  anti¬ 
symmetric  mode  the  frequency  ratio  is 


ft 

n 


(2n  +  l)ot  ^  (h/a) , 


n  =  0,1,2,..., 


(A. 16) 


and  for  the  symmetric  mode  the  corresponding  result  is 

*  2na  ^  (h/a),  n  =  1,2,3,....  (A. 17) 

Case  (iii).  Mixed  Edge  Conditions.  Inserting  (A. 12)  into  (A. 11), 
we  obtain  the  system  of  equations 


A  cos(ba/2)  +  B  sin(ba/2)  *  0 
A  sin(ba/2)  +  B  cos(ba/2)  =  0. 


This  homogeneous  system  of  algebraic  equations  will  have  a  solution  other 
than  the  trivial  one  if  the  determinant  of  the  coefficient  matrix  vanishes. 
After  some  manipulation,  we  can  show  that  this  is  equivalent  to  cos(ba)  =  0, 

which  possesses  the  solutions  b  =»  (2n  +  1)  Tr/2a,  n  =  0,1,2 . which 

leads  us  to 


ft  - 
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—  (2n  +  l)a 
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(A. 18) 
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Dashed  curves:  theory  of  qeneralized  plane  stress 


Solid  curves:  Kane-Mindlio  theory 

Figure  2.  Free  edge  conditions,  symmetric  mode.  Variation  of  frequency 
ratio  sl  with  width  to  thickness  ratio  a/h  (  =  0.3). 
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Figure 


>.  Mixed  edge  conditions.  Variation  of  frequency  rati 
width  to  thickness  ratio  a/h  [i>  =  0.3). 
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FORCED  OSCILLATION  OF  A  MASS  WITH  A  BILINEAR  SPRING 


Royce  Beckett  and  K.  C.  Pan 
Systems  Analysis  Directorate,  Army  Weapons  Command 
Rock  Island,  Illinois 


ABSTRACT .  The  response  of  a  mechanical  assembly  in  a  vibration 
environment  is  strongly  dependent  upon  the  tolerance  between  parts.  An 
increase  in  the  looseness  in  an  assembly  may  increase  the  amplitude  of 
the  response  which  can  cause  premature  damage  or  failure.  Of  particular 
concern  is  the  packaging  of  electronic  components  and  fatigue  failure  of 
mechanical  parts.  This  paper  gives  a  numerical  solution  for  the  motion 
of  a  mass  that  is  forced  to  vibrate  between  two  springs  which  allow  some 
free  travel  at  the  center.  Coulomb  or  viscous  dissipation  is  admitted. 
Results  are  presented  in  the  form  of  amplification  curves  which  are 
plotted  against  a  dimensionless  excitation  frequency. 

INTRODUCTION.  Acceptance  tests  for  assemblies  and  subassemblies  of 
complex  systems  often  require  forced  vibration  at  some  level  over  a  wide 
spectrum  of  frequencies.  In  the  design  of  these  assemblies,  it  is  helpful 
to  predict  the  response -so  that  harmful  effects  can  be  minimized.  In  many 
instances  tolerances  may  occur  between  mating  parts  and  this  complicates 
the  analysis  by  causing  the  response  to  be  non-linear. 

It  is  also  known  that  the  service  life  of  an  assembly  that  is  subject 
to  a  dynamic  environment  is  adversely  effected  by  tolerance  buildup  between 
parts  [1].  Tests  have  shown  that  failures  of  assemblies  are  almost  always 
preceded  by  an  increase  in  the  looseness  between  parts  of  the  assembly. 

This  paper  investigates  the  effect  of  looseness  (tolerance)  on  the 
response  of  a  simple  spring  mass  system  that  is  subjected  to  a  vibration 
environment.  Also  included  is  an  evaluation  of  the  effect  on  the  behavior 
of  viscous  damping  which  is  sometimes  present  in  a  loose  assembly  -  parti¬ 
cularly  those  where  some  isolation  from  the  environment  may  be  sought.. 

Results  of  the  study  are  presented  in  graphical  form  where  the 
amplification  factor  is  plotted  against  a  dimensionless  excitation  frequency. 

EQUATIONS  OF  BEHAVIOR.  Figure  1  shows  the  problem  that  is  considered. 
The  mass  m  oscillates  between  the  two  springs  with  spring  constant  k.  The 
tolerance  in  the  system  is  represented  by  the  two  gaps  of  length  a.  The 
support  is  subjected  to  an  excitation  represented  by  x  and  the  mass  motion 
is  defined  by  u.  A  representative  spring  force  is  graphed  against  the 
relative  displacement  z(z  =  u-x)  in  the  Figure.  Viscous  and  Coulomb 
damping  may  be  included.  The  equation  of  motion  for  the  mass  is  written 

mu  =  -f-F  (1) 
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where  f  is  the  spring  force  and  F  is  the  dissipation  force. 


« 


f  =  0  |u-x  |  <_  a  (2) 

and  it  will  depend  upon  the  characteristics  and  deformation  of  the  spring 
when  |u-x|  >  a.  The  force  F  may  represent  any  kind  of  dissipation  force. 
Some  computations  have  been  carried  out  when  F  is  a  constant  friction 
force  that  acts  when  the  springs  are  in  contact  wi  th  the  mass  but  the  more 
interesting  results  are  obtained  when  F  is  made  to  approximate  the  damping 
behavior  of  a  visco-elastic  spring.  Then,  it  is  assumed  that  the  viscous 
drag  will  occur  while  the  spring  is  being  compressed,  but  will  be  zero 
when  the  spring  is  lengthened.  The  rationale  for  this  assumption  is  that 
the  spring  is  not  attached  to  the  mass. 

SOLUTION  OF  EQUATIONS.  The  behavior  is  evaluated  by  two  different 
methods.  The  first  method  requires  that  the  springs  be  linear  and  equal, 
no  damping,  the  excitation  be  harmonic  and  the  response  of  the  mass  is 
suitably  represented  by  a  sine  function.  In  the  second  method  used,  the 
equations  of  behavior  are  solved  numerically  and  the  springs  may  be  un¬ 
equal  and  non-linear,  damping  may  exist  and  there  is  no  requirement  on  the 
form  of  the  response.  The  second  method  will,  of  course,  handle  many  more 
cases;  but,  the  former  will  give  very  good  estimations  of  the  response 
even  for  systems  with  substantial  non-linearity  provided  the  conditions 
cited  above  hold.  Computation  time  for  the  first  method  is  considerably 
less  although  this  was  not  an  important  consideration  when  the  work  was 
done  on  a  high  speed  third  generation  computer  system. 

If  F  is  assumed  to  be  zero,  and  if  the  springs  are  linear  and 
symmetrical,  then  equation  (1)  can  be  written 

mu  =  -f(u-x)  (3) 


where 


f  =  0 

f  =  k(u-x-a) 
f  =  k(u-x+a) 


| u-x |  a 
u-x  >  a 
u-x  <  a 


(4) 


Equation  (3)  can  be  solved  explicitly  for  the  period  T  when  x  is  harmonic 
and  the  response  u  is  assumed  to  be  harmonic  [2]. 
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where  u^  is  the  amplitude  of  motion  of  the  mass.  The  integration  in 
equation  (5)  is  carried  out  for  f  as  defined  in  equation  (4)  and  for 


x  =  +  -  u  (6) 


The  plus  and  minus  signs  give,  respectively,  the  in-phase  and  out-of¬ 
phase  response  of  the  system.  For  the  former: 


For  the  latter 


If  T  is  replaced  by  its  equivalent  in  terms  of  frequency,  then 
equation  (7)  (or  equation  8)  is  a  relationship  between  frequency,  level 
of  input  represented  by  Xq  and  the  amplitude  of  the  output  u^. 

The  second  method  of  solution  used  for  equation  (1)  is  based  on 
numerically  integrating  the  equation.  The  general  objective  in  the 
numerical  integration  will  be  to  generate  a  periodic  solution  under 
given  conditions  of  excitation.  This  will  be  the  steady  state  response 
to  the  excitation.  In  order  to  numerically  integrate  equation  (1), 
two  starting  conditions  on  u  must  be  known.  If  these  starting  conditions 
are  correct,  then  a  complete  cycle  of  motion  is  generated  in  one  period. 

In  general,  the  two  starting  conditions  are  not  known  because  the  amplitude 
of  the  response  is  unknown  and  there  is  an  unknown  phase  lag  between  the 
excitation  and  the  response.  The  correct  solution  is  generated  by  an 
iteration  scheme  that  successively  improves  the  starting  values  for  the 
trial  solution. 

Figure  2  shows  a  trace  of  the  excitation  x  and  the  response  u  versus 
time.  The  starting  point  is  chosen  where  x  =  0.  The  starting  values  for 
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u,  i.e.  ,  Uq  and  Uq  will  depend  upon  the  amplification  factor  and  the 

phase  lag.  When  values  are  assigned  to  Uq  and  u^,  then  the  integration 

can  proceed  to  time  T.  At  time  T  the  values  for  u  and  u  should  be  the 
same  as  the  starting  values.  In  general,  they  will  not  be  the  same  so 
that  new  starting  values  must  be  chosen.  A  Newton  Raphson  scheme  is 
used  to  improve  u^  and  in  the  iteration. 

In  equation  (1)  let  z  =  u-x,  then 


1  1 

z  = - f - F-x  (9) 

m  m 

The  conditions  assumed  on  f  and  F  in  the  numerical  solutions  are  as 
follows  : 


f  =  0 
-  k(z-a) 
=  k(z+a) 


z  >  a 
z  <  a 


F(z)  =  0 

For  z  >  a 


F(z)  *  cz 
»  0 


z  <  a 


z  >  0 
z  <  0 


For  z  <  a 


F(z)  =  cz 
=  0 


z  <  0 
z  >  0 


(10) 


(ID 


Rewriting  equation  (9)  as  two  first  order  equations  and  using  equations 
(10)  and  (11)  gives 

u  =  constant  |z|  <  a 
z  =  y 
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ir,  riHgtf •of*—*1**-'-' 


z 


<  a 


(12) 


Since  x  is  known,  starting  values 
values  for  z  and  y. 


for  u0  and  uQ  give  directly  starting 


aquation  (12)  is  solved  by 
that  y 


iujnge-K.utta  method. 


it  is  required 


-  * 


u(T) 


(13) 


»„  and  uQ.  vaLe^ta  tt^ 

following  way. 

It  is  assumed  that  u(T)  and  d(T),  denoted  u  and  d  ha™ 

continuity  with  resnect  t„  a  •  T  V  have  aPPropriat 

V  respect  to  u  and  u  so  that  the  Taylor  expansions 

equations  (14)  and  (15)  „m  hold.  Panslons  in 


UT(u0+S“0’Vt'i0)  *  uT(uo'“o)  + 


9u_ 


9u 


Au„ 


9u„ 


9u 


s +  •  •  • 


(14) 


Vu0+AvVAV  =  WV  + 


9u_ 


9u 


Au, 


9u 


4uQ  +  .  .  . 


(15) 


ish“oeJeee^aCtedPt:t0(„^y:riVati«  the  derivative 

From  equations  (14)  and  (15)  values  for  d  and  d.  are  eou8ht  that 
make  uT  and  uT  equal  to  the  starting  values. 
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uT(u0+Au0’VAV  ■  (uo+Auo)  "  0 


(16) 


’Muo+Auo,“o+A’V  "  ^o+A,io^  =  0  (17) 

Substituting  for  u^  and  u^  gives  two  simultaneous  equations  in  the 
correction  terms  Au^  and  Au^. 


3u„ 


(1  - 


3u 


3u_ 


)  Au0  " 


3u 


S  =  V’V’V  -  uo  (18) 


3u„ 


3u 


3u„ 


Auq  +  (1  - 


3u 


)Auq  =  VvV  -  uQ  (19) 


The  right  hand  side  of  equations  (18)  and  (19)  is  the  difference  between 
u(or  u)  at  time  T  as  found  from  the  solution  of  equations  (12)  and  the 
starting  values.  The  derivative  terms  in  the  coefficients  are  evaluated 
numerically  by  making  individual  variations  in  u^  and  u^.  Thus, 


UT(uo+5u0’V  '  UT(VV 


3u 


0 


(20) 


UT^u0+Au0’*\)^  ^ouru*  by  making  a  small  change  in  Uq,  i.e.,  Su^,  and 
then  computing  u^,  from  equation  (12),  etc. 

RESULTS .  Results  of  computer  studies  are  presented  in  graphical 
form.  Figure  3  shows  a  plot  of  the  magnification  curves  for  the  system 
in  Figure  1  when  the  dissipation  is  zero  and  the  springs  are  equal  and 
linear.  Figure  A  shows  the  response  with  damping  for  the  case  of  a  small 
gap  (non-linearity)  and  these  do  not  differ  significantly  from  the  linear 
response.  In  Figure  5,  the  response  curves  are  given  for  the  same  cases 
except  that  the  tolerance  gap  has  been  increased.  Points  on  the  unstable 
portions  of  the  curves  in  Figure  5  could  not  be  obtained  because  the 
iteration  would  not  converge  to  an  unstable  point.  Figure  6  gives  a  plot 
of  the  phase  angle  for  two  values  of  the  looseness .  Here  again  the  curve 
for  a  *  0.10  is  not  extended  much  beyond  90°,  since  the  system  is  unstable 
in  this  region.  The  curves  in  Figure  6  and  the  curves  for  the  magnifica¬ 
tion  factor  can  be  used  for  the  evaluation  of  the  forces  acting  in  the 
system. 
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The  results  show  that  forced  oscillation  of  a  loose  system  gives 
higher  amplitude  response  for  in-phase  motion,  but  that  the  out-of-phase 
response  is  almost  non-existent  (Figures  3  and  4).  Very  large  increases 
in  amplitude  will  occur  when  the  looseness  increases.  For  example. 

Figure  3  shows  that  for  a  "frequency  ratio"  of  0.6  that  the  magnification 
factor  is  increased  by  a  factor  of  2  when  the  looseness  increases  from 
zero  to  a  value  of  0.10  inches.  Figure  4  shows  that  even  for  substantial 
damping  there  is  a  high  magnification  factor.  This  means  that  wear  which 
increases  the  looseness  of  an  assembly  will  have  the  effect  of  increasing 
the  amplitude  of  the  response  to  excitation  and  this  will  give  a  corresponding 
increase  in  the  dynamic  forces.  Such  i<  response  confirms  experiments  re¬ 
ported  in  Ref.  1  on  the  effects  of  looseness  on  the  life  of  mechanical 
assemblies . 

It  is  also  known  that  looseness  is  an  important  consideration  in  the 
packaging  of  all  kinds  of  delicate  equipment;  particularly,  in  assemblies 
where  a  high  reliability  of  performance  is  required.  On  the  basis  of  the 
results  presented  here,  it  would  appear  that  the  control  of  looseness  may 
be  more  effective  than  the  introduction  of  damping  in  limiting  the  response 
in  a  vibration  environment. 
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ON  EIGENVALUES  AND  STRUCTURE  OF  THE  HURWITZ  MATRIX 
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SUMMARY .  The  set  of  special  matrices  investigated  in  the 
literature  contains  the  Hurwitz  matrix  of  a  given  polynomial.  This 
matrix  is  of  particular  interest  in  the  theory  of  stability  of  linear 
motions.  In  the  special  case  that  the  given  polynomial  is  real  and 
Hurwitzian,  its  Hurwitz  matrix  has  only  positive  eigenvalues  and 
either  these  eigenvalues  have  all  multiplicity  one  or  there  is  one 
of  multiplicity  two.  If,  for  a  given  real  Hurwitzian  polynomial, 
the  Hurwitz  matrix  has  an  eigenvalue  of  multiplicity  two,  then  it 
is  nonderogatory,  its  set  of  eigenvectors  is  not  complete;  i.e.,  its 
Jordan  normal  form  is  not  diagonal.  The  Hurwitz  operator  associated 
with  the  Hurwitz  matrix  has  fixed  points  which  are  discussed  briefly. 

1.  INTRODUCTION .  In  the  theory  of  matrices  with  elements  in 
the  field  C  of  the  complex  numbers  it  is  customary  to  investigate  the 
eigenvalues  (their  reality  or  complexity,  their  location  in  the  complex 
plane,  their  multiplicities)  and  the  structure  (number  of  linearly 
independent  eigenvectors,  canonical  forms)  of  special  matrices.  As 
examples,  we  mention  Hermitian  and  skew-Hermitian  matrices,  unitary 
matrices,  (totally)  nonnegative  and  oscillatory  matrices. 

This  article  deals  with  the  eigenvalues  and  the  structure  of  the 
Hurwitz  matrix  of  a  given  polynomial  with  coefficients  in  C.  The 
Hurwitz  matrix  is  a  fundamental  tool  in  the  theory  of  stability  of 
linear  motions  [1;  Chap.  4]. 

As  it  turns  out,  it  seems  to  be  rather  hopeless  to  obtain  usable 
results  in  the  general  case,  Therefore,  severe  restrictions  on  the 
given  polynomial  will  be  introduced. 

2.  THE  HURWITZ  MATRIX.  Let 


n 

f(z)  =  y  a  zn  v  (a  =  1)  (1) 

L _  v  o 

v=0 

be  a  polynomial  of  degree  n  =  1  with  a  e  C  (v=  0,  1,  ...  ,  n) .  The 

n  x  n  matrix  H  =  (H  )  with  elements 

yv 

H  =  a„  (y,v  =  l,...,n;  a  =  0  if  a  <  0  or  a  >  n) 

yv  2v-y  ’a 
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is  called  the  Hurvitz  matrix  of  f.  The  odd-numbered  rows  and  the 
even-numbered  rows  of  H  are  cyclic;  H  is  doubly  cyclic.  If  the 
coefficients  a  of  i  are  real  (in  R)  for  v  =  0,1,..., n,  the  main 

principal  minors  H  =  det(H  ) 13  ,(p*l,...,n)  of  H,  the  so-called 

p  pv  u  ,  v=T 

Hurwitz  determinants  of  H ,  can  be  used  to  determine  the  number  of 
zeros  of  f  with  positive,  negative,  and  vanishing  real  part  [l;Th.  4.1, 
p.  101;  Th.6.3,  p.  118;  Th.6.9,  p.  150].  Other  determinant  criteria 
can  be  used  for  the  same  purpose  (Hermite  and  Bilharz  theorems  [1; 
Th.2.1,  p.  80;  Th.6.2,  p.  118;  Th.6.8,  p.  147;  Th.3.2,  p.  89]). 

3.  A  FIRST  LOOK  AT  THE  EIGENVALUE  PROBLEM  OF  THE  HURWITZ  MATRIX. 

To  realize  the  complexity  of  the  problem  of  the  location  of  the  eigen¬ 
values  of  the  Hurwitz  matrix  H  ot  a  given  polynomial  f,  let  us  consider 
first  two  examples  under  the  assumption  that  f  is  Hurwitzian;  i.e., 
has  only  zeros  with  negative  real  part. 

(i)  f(z)  =  +  8z2  +  2z  +  7  (Hurwitzian)  ;  h(z)  =  det  (zl  -  H)  = 

(z  -  7)  (z  -  1)  (z  -  9)  has  only  zeros  with  positive  real  parts. 

(Throughout  this  article,  I  denotes  the  identity  (unit)  matrix  of 
appropriate  dimension.) 

(ii)  f(z)  *  z^  +  (1  +  7i)  z2  +  (1  +  4i)z  +  (10  +  30i)  (Hurwitzian); 

h(z)  =  det  (zl  -  H)  -  (z  -  (10  +  30i))  (z2  -(2+  Hi)  z  -  (37  +  19i)) 

has  two  zeros  with  positive  real  part  and  one  with  negative  real 
part. 

3  2 

Next,  let  us  look  at  the  polynomial  f(z)  =  z  +  (2  +  2i)z  + 

(2  -  2i)  z  +  5;  it  is  nonreal  and  non-Hurwitzian.  The  polynomial 

h(z)  *  det  (zl  -  H)  =  (z  -  1)  (z  -  3)  (z  -  5)  is  real  and  has  only 

zeros  with  positive  real  part. 

At  present,  it  does  not  seem  possible  to  establish  relations 
between  the  zeros  of  f  and  those  of  h  =  det(zl  -  H)  without  imposition 
of  restrictions  on  f.  To  determine  the  number  of  zeros  with  positive, 
negative  and  vanishing  real  part  of  the  characteristic  polynomial 
h  =  det(zl  -  H)  of  the  Hurwitz  matrix  H  of  f  we  have  to  use  any  of 
the  theorems  mentioned  in  Sec.  2. 

The  particular  form  of  the  matrix  H  implies  that 


h(z)  =  det(zl  -  H)  =  (z  -  a  )  det(zl  -  R)  (2) 

n 

where  R  is  the  (n  -  1)  x  (n  -  1)  matrix  obtained  from  H  by  omitting 
the  last  row  and  the  last  column.  Therefore,  only  the  eigenvalues 
of  the  matrix  R;  i.e.,  the  zeros  of  the  polynomial  h  (z)  =  det  (zl  -  R) 

of  degree  n  -  1,  have  to  be  investigated.  The  matrix  R  shall  be 


called  the  reduced  Hurwitz  matrix  of  f(z).  For  the  coefficients 
of  the  polynomial 

JZ1  n-l-v 

h8(z)  • 

\«=0 

we  have  the  expressions  Cq  =  1  and 

c^  =  (-1)V  ^  (sum  of  the  principal  minors  of  dimension 

\>  of  R)  (v  =  1,...,  n-1)  (3) 

This  is  clear  for  n  =  2  and  easily  established  by  induction  for 
n  >  2 . 

4 .  THE  EIGENVALUES  OF  THE  HURWITZ  MATRIX  OF  A  REAL  HURWITZIAN 
POLYNOMIAL.  Although  the  general  problem  we  are  interested  in  seems 
to  be  hopelessly  complicated,  one  interesting  and  important  solution 
of  the  special  case  in  which  the  given  polynomial  f(z)  has  real  coef¬ 
ficients  and  is  Hurwitzian  has  been  obtained  recently  [2].  It  has 
been  shown  that,  if  f  is  real  and  Hurwitzian,  the  Hurwitz  matrix  H 
of  f  is  totally  nonnegative;  i.e.,  all  minors  of  H  are  nonnegative. 

Of  course,  the  reduced  Hurwitz  matrix  R  of  f  is  then  also  nonnegative. 

It  has  also  been  shown  in  [2]  that  there  exists  a  positive  integer  q 

such  that  all  minors  of  Rq  are  positive;  i.e.,  Rq  is  totally  positive. 

The  matrix  R  is,  therefore,  oscillatory  if  f  is  real  and  Hurwitzian 
which  implies  that  all  eigenvalues  of  R  are  positive  and  distinct 
(of  multiplicity  one)  [3;  Vol.2,  p.  105]. 

From  the  characteristic  polynomial  (2)  of  H  we  see  now  that,  if 
f  is  real  and  Hurwitzian,  all  eigenvalues  of  H  are  positive  and  that 
either  all  eigenvalues  of  H  are  distinct  or  that  a  is  an  eigenvalue 
of  H  of  multiplicity  2. 

The  following  examples  show  that  for  n  =  3  all  possible  locations 
of  the  eigenvalue  a^  relative  to  the  other  two  can  happen. 

(i)  f(z)  =  z^  +  8z^  +  8z  +  4  (Hurwitzian);  h(z)  =  (z-4) (z-6) (z-10) , 

(ii)  f(z)  =  z^  +  4z^  +  4z  +  4  (Hurwitzian);  h(z)  =  ( z-2) (z-4) (z-6) , 

(iii)  f(z)  =  +  4z^  +  8z  +  12  (Hurwitzian);  h(z)  =  (z-2) (z-10) (z-12) , 

3  2  2 

(iv)  f(z)  =  z  +  2z  +  2z  +  1  (Hurwitzian);  h(z)  =  (z-1)  (z-3), 

(v)  f(z)  =  z^  +  U7}  +  6z  +  8  (Hurwitzian);  h(z)  =  (z-2)(z-8)^. 

i 
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5.  THE  STRUCTURE  OF  THE  HURWITZ  MATRIX  OF  A  REAL  HURWITZIAN 
POLYNOMIAL. 

THEOREM.  THE  HURWITZ  MATRIX  OF  A  GIVEN  REAL  AND  HURWITZIAN 
POLYNOMIAL  IS  NONDEROGATORY. 

A  matrix  is  called  ncmderogatcry  if  its  characteristic  polynomial 
and  its  minimal  polynomial  are  identical.  In  this  case,  to  each  of 
the  distinct  eigenvalues  there  corresponds  only  one  linearly  independent 
eigenvector. 

If  all  eigenvalues  of  H  are  simple,  the  statement  of  our  theorem 
is  trivial.  In  this  case,  H  is  similar  to  a  diagonal  matrix;  its 
Jordan  normal  form  is  diagonal. 

If  a  is  an  eigenvalue  of  multiplicity  2,  then  H  is  not  diagonal 
similar,  ¥ts  Jordan  normal  form  is  not  diagonal. 

To  prove  our  theorem  for  the  nontrivial  case,  we  show  that  the 

matrix  H  -  a  I  has  rank  n  -  1.  This  is  clear  if  n  =  2.  To  see  this 
>  n 

for  n  =  3,  we  show  that  the  (n  -  1)  *■  (n  -  1)  submatrix  A  of  H  -  a  I 

n 

obtained  by  omitting  the  first  row  and  the  last  column  is  nonsingular. 

The  particular  form  of  H  shows  us  that  det  A  =  det  B  where  B  is 
the  (n-2)  x  (n-2)  matrix  obtained  from  H  -  a^I  by  omitting  the  first 

two  rows  and  the  first  and  the  last  columns. 

Let  C  *  (H  )n  ^  be  that  (n-2)  *  (n-2)  matrix  obtained  from  H 
yv  y,v=l 

by  omitting  the  last  two  rows  and  the  last  two  columns  (det  C  =  H  j)  . 
Then,  inspecting  the  particular  form  of  B,  we  see  that 

B  =  C  -  a  D  (4) 

r 

where  D  is  the  (n-2)  x  (n-2)  matrix  with  the  rows 
(i)  for  p=l, . . . ,n-3  : 


(ii)  for  y  =  n  —  2 
i.e. ,  D  has  n-3  non-zero  columns.  Thus,  det  B  may  be  expressed  as  a 

n  3 

sum  of  2  determinants.  One  of  these  determinants  is  the  Hurwitz 

determinant  det  C  =  H  „.  Let  us  look  at  the  remaining  2n  ^  -  1 

n-2 
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Sp  Ai-,*':.!'  'j 


i 

I 


determinants.  Each  one  of  them  can  be  expressed  as  a  product  of  an 
integral  power  of  a  and  a  minor  of  H.  Under  the  assumption  that  f 
is  Hurwitzian,  all  minors  of  H  are  nonnegative  as  we  mentioned  earlier. 
As  (4)  shows,  a  in  connection  with  D  appears  with  the  negative  sign. 

Furthermore,  as  (5)  shows,  in  each  of  these  2  -  1  determinants, 

-a  stands  at  a  place  such  that  its  cofactor  has  the  sign  factor  -1. 

^  n  3 

Consequently,  det  B  =  H  „  +  (2  -1)  nonnegative  terms.  Since  H  „ 

n-2  n-2 

is  positive  if  f  is  Hurwit2ian,  it  follows  that  det  A  =  det  B  is 

positive. 

6.  FIXED  POINTS  OF  THE  HURWITZ  OPERATOR.  It  is  interesting  to 
consider  the  transition  from  a  given  polynomial  f(z)  with  coefficients 
in  C  to  the  polynomial  h(z)  =  det  (zl  -  H) ,  with  H  being  the  Hurwitz 
matrix  of  f,  as  being  carried  out  by  an  operator.  If  f(z)  is  the 
polynomial  given  by  (1)  and  if 


n-v 


with  bQ  *  1,  we  may  consider  the  operator  from  the  complex  vector 
space  Cn  into  itself  defined  by 


h(z)  =  ^ 

v=0 


i 


b  =  H  a 
-n 

T  T 

where  a  =  (a^,...,a^)  and  b  =  (b^,...,b  )  (T  =  transpose).  We  may 

then  ask  for  fixed  points  of  H^ ,  i.e.,  for  points  a  e  Cn  for  which 

H  a  =  a.  Since  h(z)  =  (z  -  a  )h„(z)  with 
~n  n  K 

n-1 

hRU)  ■  Y_ 
v=0 

and  cq  =  1  and  c^(v  =  1,...,  n-1)  given  by  (3),  we  see  that  the 
coefficients  b^,...,  b^  of  h(z)  are  given  by 


n-l-v 

c  z 

v 


i 

1 


f- 

* 


b^  =  (-l)v  x  (sum  of  the  principal  minors  of 
dimension  v  of  H)  (v  =  l,...,n) 


(6) 
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Thus,  in  checking  for  fixed  points  of  H^,  we  have  to  study  the 
equations 


a 

\> 


b  ( y  =  l,...,n)  with  b  as  function  of 

v  v 

,a  given  by  (6) 
n 


(7) 


For  n  =  3,  e.g.,  these  equations  are 


*1  =  -<ai  +  *'’2  +  a3} 


a2  =  aLa2  -  a3  + 


(8) 


=  ~a3  <3^2  "  a3} 


If  we  assume  here  a^  ^  0 ,  the  first  and  the  last  of  these  equations 
give  us  upon  eliminating  a_ 


a^a2  +  2a^  +  a2  +  1  *  0  (hyperbola) 


(9) 


and,  eliminating  a^  from  the  first  and  the  second  equation,  we  obtain 


2  2 

2a^  +  2a^a2  +  a2  -  2a^  =  0  (ellipse) 


(10) 


From  (9)  and  (10)  we  obtain  the  equation 


4  3  2 

2a:  -  2ax  -  4a3  +  1  =  0 


which  has  two  real  positive  and  two  nonreal  roots.  Consequently, 
under  the  assumption  that  a~  /  0,  we  obtain  four  fixed  points  of  H~, 

a''  ,  a^  ,  a^  ,  and  a^  ,  two  of  which  are  in  R  the  other  two 
3 

being  in  C  .  It  is  also  clear  that  (8)  has  the  trivial  solution 

a^"^  =  (0,0,0)^  and  that  a^  =  ( l f  -2,  0)^  is  a  solution  of  (8). 

Hence,  the  operator  H  has  four  real  and  two  nonreal  fixed  points. 

J  (1)  T 

The  operator  H  has  only  two  fixed  points;  namely,  a  =  (0,0) 

,  (2)  ,vT 

and  a  =  (1,  -2)  . 
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✓ 


observe ,  however J  B°t  ^  be  Said‘  * 

’  ’  that»  lf  a  ^  a  fixed  point  of  the  operator  H  , 

then  the  augmented  vector  t'a^O  rnT  lc  3  ■  .  ~P 

(.a ,u  ,  . . .  ,u;  is  a  fixed  point  of  the 


of  the  operator  H 

~p  +  q- 


REFERENCES 

Intrnr|Lef*ni8i^ *  Stability  Theorems  for  Linear  Motions  with  an 

Northwestern  University,  Evanston,  Illinois.  '  ’ 


j . 


F.  R.  Gantmacher, 

N.  W. ,  1959. 


The  Theory  of  Matrices, 


Chelsea , 


New  York, 


289 


MATRIX  SQUARE  ROOT  FORMULATION  OF  THE 
KALMAN  FILTER  COVARIANCE  EQUATIONS 


William  S.  Agee 
Special  Projects  Branch 
White  Sands  Missile  Range,  New  Mexico 


1.  INTRODUCTION .  In  an  effort  to  improve  the  quality  of  the 
reduction  of  flight  test  data  at  White  Sands  Missile  Range,  the 
Analysis  and  Computation  Directorate  has  done  a  great  deal  of  develop¬ 
mental  work  in  the  application  of  optimal,  recursive  smoothing  and 
filtering  theory.  Many  of  the  problems  encountered  in  our  applica¬ 
tions  of  optimal  estimation  theory  have  been  of  the  numerical  type. 

It  is  one  of  these  numerical  problems  and  its  solution  which  is 
presented  here. 

The  set  of  equations  displayed  below  define  the  application  of 
the  optimal  linear  filter,  most  often  called  the  Kalman  filter,  to 
the  sequential  estimation  of  the  state  of  a  linear  dynamic  system  for 
which  we  have  observations  taken  at  discrete  instants  of  time. 

Dynamic  State  Equation 

The  model  of  the  process  which  we  are  observing  is  represented 
by  the  vector  differential  equation, 


x  =  A(t)x(t)  +  w (t)  (1) 

(nxn)(nxl)  (nxl) 

where  x(t)  is  the  state  vector  of  the  process  and  w(t)  is  a  random 
vector  representing  our  uncertainties  in  how  well  the  model  defined 
by  the  homogeneous  portion  of  the  differential  equation  actually 
represents  the  system.  We  assume  that  E[w(t)]  =  0  and  E[w(t)wT(s)]  = 
Q(t)  ■  6(t-s);  i.e.  ,  mean  zero  and  covariance  matrix  Q(t). 

Observation  Equation 

At  discrete  instants  of  time  t  ,  we  have  vector  valued  observations 
Z±  available.  The  Z  are  related  to  the  state  of  the  dynamic  system  by 


Z 


i 


x  (t±)  +  V 


i 


(mxn)(nxl)  (mxl) 


(2) 
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where  V  is  a  random  vector  of  measurement  errors.  We  assume  the  V 

T  ^ 

are  mean  zero  and  have  covariance  R.,  i.e..  E[V.]=0,  E[V.V,]»R, 

1  l  ij  iij 

Predicted  State  Estimate 

We  denote  by  x^  the  optimal  estimate  of  x(t^)  based  on  the  set 
observations  Z^,  Z^,  Z^  ,  and  by  x^^  ^  the  optimal  estimate  of 

based  on  the  set  of  observations  Z^ ,  Z^ ,  . . .  ,  ^  .  We  call  x^  ^ 

the  predicted  state  estimate.  It  is  defined  by 


\/k-l  :(tk’  Sc-P  \-l 


where  $  satisfies 


$(t,  t  )  =  A(t)  $(t,  t  ),  t>(t  t  )  =  I 
o  o  o  o 

Corrected  State  Estimate 

The  optimal  estimate  x^  is  defined  recursively  by 

\  =  \/k-l  +  PkHk  \  (Zk  "  Vk/k-l) 

The(nxn)  matrix  is  the  covariance  of  x^. 


Posterior  Covariance  Matrix 


pk  ■  Elv\>  (vV  1 


Pk  Pk/k-l  ~f'k/k-lHk<\+HkPk/k-lHR)  “kPk/k-l 


or  equivalently, 


pk  ■  <pwk-i  +  <  \  V1 


i 


Prior  Covariance  Matrix 

The  matrix  P^k  ^  appearing  in  equations  (5)  and  (6)  is  the 

covariance  of  the  predicted  state  estimate,  x,  ,,  , 

k/k-1 


Pk/k-l  *  E|(VW  (V\/k-l) 


l’k/k-i  ■  r<tk> 


where 


P  =  A ( t ) P  +  PA  (t)  +  Q(t),  p(tk_L)  =  Pk-1  (7) 

Equation  (7)  is  a  form  of  the  matrix  Ricatti  equation. 

2.  THE  PROBLEM.  The  difficulty  in  using  the  equations  defined 
above  for  sequential  computation  of  the  optimal  estimate  lies  in  the 
calculation  of  the  covariance  matrices  Pk  and  Pk/k  Due  to  loss 

in  accuracy  in  the  numerical  computations  accompanied  many  times  by 

a  nearly  singular  covariance  matrix  P  ,  the  computed  matrices  P  and 

K  K. 

^k/k-l  w^-*  °ften  lose  their  required  positive  definite  property  during 

the  course  of  the  sequential  estimation  process,  and  the  estimation 
process  may  eventually  diverge.  The  situation  sometimes  becomes  so 
bad  that  the  diagonal  elements  of  Pk  which  are  the  variances  of  the 

components  of  xk  become  negative.  This  has  happened  often  in  the 

author's  experience  with  filtering  radar  data  from  a  re-entry  vehicle. 

Thus,  the  problem  is  to  reformulate  the  equations  for  the  predicted 
and  posterior  covariance  matrices  such  that  these  matrices  will  retain 
their  positive  definite  character  during  sequential  computation.  The 
method  presented  below  for  combating  the  numerical  problem  just  des¬ 
cribed  has  been  100%  successful.  Since  the  incorporation  of  this 
technique  into  Kalman  filtering  programs  at  WSMR,  we  have  been  en¬ 
tirely  free  of  computational  instability  arising  from  the  covariance 
matrices  not  being  positive  definite.  The  basis  for  our  solution  to 
this  problem  is  the  following  ’  _il  known  theorem  on  positive  definite 
matrices . 


Theorem:  A  square  matrix  M  is  positive  definite  if  and  only  if, 

T 

there  exists  a  nonsingular  matrix  L  such  that  M  =  LL  .  Using  this 
theorem,  we  can  restate  the  problem  in  two  parts  as  follows: 

T 

1.  Determine  a  nonsingular  L  such  that  P  =  L  L  . 

K.  K.  K  K. 
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■>j»Wrvr.. 


2.  Determine  a  nonsingular  .  such  that  ^  i^k/K-1' 

Thus,  L^,  and  ^  are  the  matrix  square  roots  of  l’^,  and 

respectively . 


3.  FACTORIZATION  OF  P  .  The  method  proposed  here  for  computing 

K 

T 

L  such  that  P  =  L  L  is  an  extension  of  the  method  proposed  by 
K.  K.  K  K. 

Sorenson  in  Reference  1.  Sorenson's  development  is  restricted  to  the 

case  where  the  componei  s  of  the  measurement  error  V  are  uncorrelated; 

K 

i.e.,  R  is  diagonal,  and  there  are  no  uncertainties  in  the  process 
K. 

dynamics;  i.e.,  Q(t)  =  0.  These  restrictions  are  removed  in  the 
development  that  follows. 


Recall  the  second  definition  of  P  given  in  equation  (6)  , 

K 


,-l 


-1 


T  -1 


In  order  to  accomplish  our  purposes,  we  will  first  decompose  the  term 
T  -1 

^  HK  *nt0  a  sum  syn^etric  dyads.  Since  R^.  is  positive  definite, 
we  can  express  R^  as 


V1  ‘  SKSK  <8) 

The  square  root  matrix  is  most  easily  determined  numerically  by  the 
Choleski  decomposition  (see  Reference  2).  Then,  we  can  write 


T  -1  T  T  T 

"k  “k  “k  ■  <hk  V  <\  V 


If  we  partition  H^,  into  its  columns. 


(9) 


"k  SK  ■  lVu2 . “m1 


then 

T 

u .  u . 

l  l 


,T  -1 


*K 


HK  = 


m 


i=l 


(10) 


(ID 


Thus,  we  have  a  sum  of  symmetric  dyads  as  desired.  There  are  other  ways 
T  -1 

of  decomposing  R^,  into  a  sum  of  symmetric  dyads  which  do  not 
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coefficients 

Now,  we  can  write  the  defining 


equation  for  p  as 
K 


m 


p“l  _  n~l  „ 

K  "  PK/K-1  +  l 


i=l 


Define  the  finite 


sequence 


(12) 


,-l(i)  -l-Ci-l)  t 

=  p  +  u.u.  i  =  l  ? 

rK  ii  1  1.2,..., 


m 


Obviously,  P-1*")  «  p-1  an(j  p-l(„)  _  i  (13) 

K  K/K-l 

sequeneeegrLeCrbrE^atro\tha3riSTMsf7  in7*rtln*  term  in  the 
'  '  ^  Of  »Odiflcatio".  ' 


as 


,(i)  =  p(i“l) 


PK  '  *  PK 


p(i-l) 

K 


u  u1  p(i-l) 
i  i  K 


1  +  uT  p^-D 

i  K  uj 


(14) 


Suppose  pd~l)  •  .  . 

is  positive  definir'Z11^^6’  ^  Sh°Wn  P<i> 


>  we  can  write 


PK  Lk  }  l^1)T  and  p(1-1)  =  L(i~l)  L(i"1)T 


Using  these  relations  in  (14),  „e  have 


L(1)La)T  =  t  (i~l) 


K  K 


I  - 


L  (i-1  )T  T  (i-J.) 

K  Vi  LK 


A. 

l 


where 


'i  ■1  +  “1TpKi'1\. 


) 


i  (i-DT  , 

LK  (15) 
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(i-IlT  T  ('1-1')  T 

If  we  can  factor  the  term  (I  -  L,  u.u,  L,,  'Ik.)  as  AA  ,  we 

K  11k  1 

will  immediately  have  a  square  root  for  p[^,  ^  A.  The 

K.  K  K 

reproducing  property  of  dyads  allows  us  to  easily  obtain  the  required 
square  root  matrix  in  the  following  way.  Write 


(i-l)T  T  .  i-1 

lk  Vi  kc 


■  I-n.L*1-1'1  u.u1  L<W»  I-.J'-Uk.A'1’1  (16) 

lk  iik  lK  ilk 


where  0.  is  a  scalar  to  be  determined.  A  little  manipulation  of 

l 

equation  (16)  shows  that  0^  must  satisfy  a  quadratic  equation.  The 
solution  is  given  by 


0.  =  [  1  +  i/xi  ]  /  (X.  -  1) 


It  is  permissible  to  use  either  sign  in  equation  (17).  Thus,  we  have 
obtained  the  matrix  square  root  of  each  P ^  as 


T(i)  _  .(i-l)  ,  (i-l)T  T  (i-1) 

(I  —  Uiui  k  1  ""  1  »2 , . . .  ,m  (lo) 


This  completes  the  solution  of  part  1  of  the  problem  as  stated 

previously.  However,  note  that  the  sequence  of  matrices  given  in 

equation  (18)  requires  e  matrix  l(°)  as  a  starting  point.  Since 

K. 

P^°^  =  =  Lk/K-1  SO  t^iat  we  must  so*ve  Part  2  of  our 

problem  as  a  starting  point  for  part  1.  Several  alternatives  for 
computing  ^  are  available. 

4.  FACTORIZATION  OF  P^.^  ^ *  Recall  that  the  prior  covariance 

matrix  P^^  ^  was  the  terminal  solution  to  the  matrix  Ricatti  equation 
given  in  equation  (7). 
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(7) 


P  =  A(t ) P  +  PAT(t)  +  Q(t)  ,  P(tK_x)  =  PK_2 


PK/K-1  =  P(tK> 


METHOD  1 


Let  P(t)  =  C(t)  C  (t).  A  differential  equation  for  C(t)  can  be 
obtained  by  assuming  the  form  C  =  A(t)C  +  M(t)  and  substituting  this 
T 

form  and  P  =  CC  into  equation  (7).  The  resulting  differential 
equation  for  C  is 


C  =  A(t)C  +  Q(t)C_I/2,  C(tR_1)  =  Lr_1 


(19) 


Then  C(tK)C  ’ 

The  numerical  solution  of  this  equation  for  C  is  quite  time  consuming 
because  of  the  matrix  inverse  term  on  the  right  hand  side.  The  results 
from  solving  equation  (18)  numerically  have  otherwise  been  satisfactory. 


METHOD  II 


This  method  is  similar  to  Method  I  except  that  we  factor  the  matrix 

Ricatti  equation  defining  P  .  It  is  easily  verified  that  P  ^  satisfies 
the  following  matrix  Ricatti  equation. 

P_1  =  -P"1  A(t )  -  AT(t)P_1  -  P_1Q(t)P-1  (20) 

-1  T 

Let  P  =  S  (t)S(t)  and  assume  the  form  S  =  -SA  +  M(t).  If  these 
relations  are  substituted  into  equation  (20)  ,  the  resulting  differential 
equation  for  S  is 


S  =  -SA(t)  -  SQ(t)STS/2  (21) 

Then  PR/K_1  =  s  (tR)S  (tR) ,  LR  =  S  (tR)  ,  S(t-K_1)  =  LR_;. 

This  method  requires  two  matrix  inversions,  while  Method  I  may  require 
more  inversions  depending  on  the  numerical  procedure  used  to  integrate 
the  differential  equation. 
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METHOD  III 


The  solution  to  the  matrix  Ricatti  equation,  equation  (7)  can  be 

written  as 


P(CK')  =  PK/K-l=t(tK’tK-l)PK-l'i'  (tK’LK-l)+  ‘  :^!(  O  :  ( ,  r )  d  t  (22) 


tK-i 


The  following  steps  can  he  used  to  factor  P,.  ,  as  P„,  ,  =  L„  ...  ,L„ 

K/k-l  k/N-J  K/K-i  k/K-i 


].  Using  some  numerical  technique,  approximate  the  integral  on 
the  right  side  of  equatior  (22).  For  example,  applying  the 
trapezoidal  rule  to  the  integral  in  equation  (22)  ,  we  can 
use  the  following  computing  formula  for  equation  (22) : 


K/K-l 


=  $(tK’tK-l)  fPK-l+*  5(tv-tI/_1)Q(t 


K  K-l 


’K-l 


T 

)];  (t 


,tl,_1)  +  .3(tK-tK_1)Q(tv) 


K’  K-l 


2.  After  computing  e.g. ,  by  equation  (23),  apply  a 

Choleski  decomposition  to  compute  ^ =  Lk/k-1LK/K  1* 

The  numerical  results  using  Method  III  have  been  at  least  as 
good  as  those  using  Method  I.  Method  III  was  also  less  time 
consuming  than  Method  I. 
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SOLUTION  OF  THE  FOURIER  EQUATION  AND  ASSOCIATED 
BOUNDARY  EQUATIONS  USING  ANALOG  AND  DIGITAL  ALGORITHMS 


Darrel  M.  Thom-' on 

Research  and  Engineering  Directorate 
U.  S.  Army  Weapons  Command 
Rock  Island,  Illinois 


ABSTRACT .  The  Fourier  equation  in  cylindrical  coordinates  and  the 
boundary  equations  utilized  in  gun  tube  transient  heat-transfer  analysis 
are  discussed.  Specifically,  the  problem  involving  thermal  contact 
resistance  between  the  interlaces  of  multilayer  gun  tubes  is  presented. 
Heat  input  is  described  as  a  {unction  of  time  for  both  the  analog  and 
the  digital  calculation  techniques.  Ami,  integration  of  the  Fourier 
equation  utilizing  a  finite-difference  approximation  on  the  digital 
computer,  as  well  as  a  similar  approximation  on  the  analog  computer, 

Is  given. 

Results  from  both  the  analog  and  the  digital  solutions  for  the 
case  involving  thermal  contact  resistance  are  given.  Accuracy  of  these 
two  methods  of  calculation,  along  with  stability  criteria  for  the  digital 
solution,  is  discussed.  Finally,  results  of  radial  barrel  temperatures, 
after  100  rounds  fired,  and  transient  barrel  temperatures  are  presented. 

INTRODUCTION .  Firepower  for  cuirent  and  past  automatic  weapons  has 
been  curtailed  by  excessive  barrel  temperatures.  Therefore,  in  recent 
years,  much  effort  has  teen  directed  toward  gun  barrel  heat-transfer 
analysis.  Gun  barrel  hec t-transfer  analysis  is  described  in  this  paper 
in  which  the  phenomenon  of  thermal  contact  resistance  between  multilayer 
gun  barrels  is  considered . 

An  example  of  this  application  is  that  of  a  two-layer  gun  barrel 
with  a  bore  liner  and  an  outside  sleeve,  and  variable  thermal  contact 
resistance  between  these  layers.  It  follows  that  the  greater  the  thermal 
contact  resistance,  the  greater  the  temperature  drop  for  a  given  heat 
dissipation.  Hence,  the  contact  resistance  can  be  adjusted  to  maintain 
the  outer  sleeve  at  a  significantly  lower  temperature  than  that  of  the 
bore  liner.  In  fact,  an  optimum  contact  resistance  can  be  obtained  so 
that  the  outer  sleeve  is  maintained  at  a  sufficiently  low  temperature  to 
guarantee  that  the  allowable  stress  limits  of  the  sleeve  material  will 
not  be  exceeded  during  sustained  burst-firing.  It  follows  that  the  bore 
liner  will  be  fabricated  of  an  exotic  material  with  good  high-temperature 
erosion  and  corrosion  properties. 

This  analysis  involves  calculation  of  optimum  contact  resistances 
for  various  gun  barrel  configurations  and  firing  schedules.  Required 
input  data  are  limited  to  heat-in,  desired  h-.urel  configuration,  and 
surrounding  ambient  conditions. 


HEAT -TRANSFER  ANALYSIS.  Equations  that  govern  the  over-all  heat- 
transfer  process  (only  the  radial  direction  is  considered)  are  shown 
in  Figure  1.  Nomenclature  utilized  in  this  paper  is  presented  in 

Figure  2.  Heat  convected  into  the  bore  is  q ,  ,  while  q  is  the  heat 

in  out 

dissipated  by  the  surrounding  environment  by  free  convection  and  radia¬ 
tion.  The  temperature  distribution  within  the  barrel  is  prescribed  by 
the  Fourier  equation  and  by  the  thermal  contact  resistance  equation. 
Thermal  contact  resistance  is  analogous  to  electrical  contact  resistance. 
The  higher  the  thermal  contact  resistance,  the  greater  the  temperature 
drop  for  a  given  heat  flow;  whereas  the  greater  the  electrical  resistance, 
the  higher  the  voltage  drop  for  a  given  current  flow. 

The  general  differential  equations  are  given  in  Figure  }  in  which 
subscripts  pertain  to  radial  locations  and  superscripts  pertain  to  time. 
Semantically,  these  equations  can  be  described  as  follows: 

1.  Heat  convection  into  the  bote  equals  that  which  is  stored 
in  the  first  radial  increment  plus  that  which  is  conducted 
from  the  first  increment  to  the  second  increment. 

2.  Temperature  distribution  within  the  barrel  wail  is  given  by 
the  Fourier  equations. 

3.  Heat  transferred  through  the  thermal  contact  resistance 
section  is  given  as  the  difference  between  the  heat  trans¬ 
ferred  into  the  leading  increment  and  the  heat  stored  in 
that  increment. 

4.  Likewise,  heat-out  of  the  thermal  contact  resistance  section 
is  given  as  the  sum  of  the  heat  leaving  the  increment  outside 
the  contact  resistance  and  heat  stored  in  this  increment. 

5.  Heat  dissipated  by  free  convection  and  radiation  equals  that 
conducted  into  the  outer  wall  increment  minus  heat  stored  in 
that  increment. 


These  equations  written  in  the  form  of  a  digital  finite-difference 
approximation  are  given  in  Figure  4.  Also  in  this  figure  is  an  example 
of  the  stability  criteria  used  in  the  solution  of  these  equations.  For 
the  Fourier  equations,  it  can  be  seen  that  a  negative  coefficient  for 


9*“1 

T^  ,  the  temperature  of  increment  i  at  time  0-1,  is  prohibited.  To 

have  a  negative  coefficient  for  T?  \  a  high  temperature  for  T.  ^  would 

result  in  a  lower  temperature  for  T^  in  violation  of  the  first  law  of 

thermodynamics.  This  implies  that  A3  and  Ar  must  be  adjusted  to  give 
a  stable  solution;  however,  it  must  be  kept  in  mind  that  the  smaller 
A0,  the  longer  the  digital  computer  run-time.  Hence,  the  positive 
coefficient  criterion  is  given  for  solution  convergence. 


i 
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For  both,  the  analog  and  the  digital  solutions,  experimentally 
measured  gas  temperatures  and  bore  convection  coefficients  are  input 
as  a  function  of  time.  For  the  digital  solution,  diffusivity  and 
heat  dissipated  to  the  surrounding  environment  are  calculated  as  a 
function  of  barrel  temperature;  whereas,  for  the  analog  solution,  dif¬ 
fusivity  and  the  exterior  heat-transfer  coefficients  are  input  as 
constant  values  and  corrected  by  use  of  an  iterative  technique.  There¬ 
fore,  it  can  be  seen  that  this  procedure  would  introduce  a  slight  error 
in  the  analog  solution.  Also,  a  larger  number  of  radial  increments  can 
be  introduced  in  the  digital  solution  without  exceeding  the  capability 
of  the  facility  by  multiple  circuitry  requirements  that  would  be  inherent 
for  the  analog  solution. 

The  same  differential  equations  written  in  analog  form  are  shown 
in  Figure  5.  From  these  equations,  it  can  be  seen  that  T  (i.e.  dT/d0)  , 
the  differential  of  the  temperature  with  respect  to  time,  is  continuously 
integrated  to  give  temperature  as  a  function  of  time.  Note  also,  that 
the  differential  of  temperature  as  a  function  of  radius  is  again  ap¬ 
proximated  by  use  of  a  finite-difference  approximation. 

The  analog  block  diagram  for  the  solution  of  these  equations  is 
shown  in  Figure  6.  It  can  be  seen  that  heat-in  is  provided,  as  a 
function  of  time  and  bore  temperature,  by  means  of  a  function  generator. 
For  each  padial  increment,  the  derivative  of  temperature  with  respect 
to  time,  T,  is  continuously  integrated  to  give  radial  temperatures. 

Error  functions  for  both  the  analog  and  the  digital  solutions  are 
presented  in  Figure  7.  For  both  solutions,  error  is  defined  as  the 
difference  between  heat  into  the  bore  and  heat  stored  in  the  radial 
increment,  minus  heat  dissipated  by  the  surroundings.  Percentage  of 
error  is  defined  as  error  divided  by  heat  into  the  bore.  For  the 
analog  solution,  these  quantities  are  continuously  integrated;  whereas, 
for  the  digital  solution,  these  quantities  are  summed  for  all  A0  time 
intervals . 

RESULTS  AND  CONCLUSIONS.  Results  in  the  form  of  radial  temperature 
distributions  for  various  thermal  contact  resistances,  after  100  rounds 
fired,  are  shown  in  Figures  8  and  9.  Maximum  percentage  of  error  for 
the  four  solutions  presented  are  5  and  10  percent,  respectively,  for 
the  digital  and  the  analog  techniques.  It  can  be  seen  from  these 
figures  that  the  correlation  for  the  analog  and  the  digital  solutions 
is  well  within  ordinarily  acceptable  limits  of  engineering  accuracy. 
Typical  interface  conditions  that  would  correspond  to  contact  resistances 
used  in  these  calculations  are  shown  in  Figure  10. 

Transient  temperatures  (bore  and  outside  wall) ,  for  the  minimum 
and  the  maximum  thermal  contact  resistances  under  consideration,  are 
presented  in  Figures  11  and  12. 
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Again,  the  good  correlation  between  the  analog  and  the  digital 
solutions  can  be  seen.  Here,  as  for  the  previous  results,  the  dif¬ 
ferences  between  the  digital  and  the  analog  solutions  can  be  attributed 
to  the  following  differences  in  solution  techniques: 

1.  Number  of  radial  increments.  A  significantly  larger  number 
of  radial  increments  (approximately  30  for  the  digital  and 
12  for  the  analog)  are  calculated  for  the  digital  solution. 

2.  Thermal  conductivity  and  effective  exterior  heat-transfer 
coefficients  are  not  direct  functions  of  temperature  for 
the  analog  solution.  It  is  believed  that,  in  the  future, 
these  parameters  can  be  input  with  the  use  of  a  function 
gene 'ator  similct  to  the  heat-input  function  generator. 

A  salient  result  of  this  analysis  is  the  excellent  correlation 
between  the  analog  and  the  digital  solutions.  It  is  apparent  that  the 
analog  solution  affords  a  fast  and  inexpensive  solution  which  is  a  good 
tool  for  parametric  studies  in  which  iterative  calculations  are  involved. 
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HEAT- TRANSFER  EQUATIONS 


q  =  -  (Radial  conduction  equation) 

Ln  (  rn/r  j  )  /2rrki 


Figure  l 


NOMENCLATURE 


h=h 


air 


e 

a 

r 


h=k' 


Ac 


*b 

V 

n 

R 

n 


propellant  gas  convection  coefficient 

density 

specific  heat. 

thermal  conductivity 

gas  temperature  at  time  0 

bore  temperature  at  time  0 

temperature  of  radial  increment  on  the  bore  side  of 
the  contact  resistance 

thermal  contact  resistance 

time 

convection  coefficient  of  the  air 

temperature  of  outside  radial  increment  at  time  0 

Stefan  -  Boltzmann  constant 

emissivity 

thermal  diffusivity 

radius 

effective  exterior  heat-transfer  coefficient 

transformation  constant 

surface  area  of  bore  increment 

volume  of  outside  radial  increment 

Rankin  temperature  of  outside  radial  increment 


Figure  2 
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GENERAL  DIFFERENTIAL  EQUATIONS 


Equation  for  bore  heating: 


h  d*  (T*  -  T*)  =  f-Cf  ^  dT  ,  k 

g  «  b  2  d.  +  ~  <Tb  '  Vl> 

I  ^  -  represents  bore  temperature 


Fourier  equation  considering  only  radial  direction: 


i  -g_i  +  .  1 

r  dr  Jr  ^  a 


s  -  diffusivity 


Equation  for  inner  increment  adjacent  to  contact  resistance: 

liTcr-l  -  .  .  es  "  .  <T*r  -  T*r+1) 

rcr  L"  <rcr/rcr-l)  2  ST  - T - 

R  -  contact  resistance  constant 


Equation  for  leaving  contact  resistance  section  to  outside  layer: 

lia_-T9T  T‘r til  =  PCP  rcr  ^  dT  .  KT'cr.l  - 

“c  2  L"  ('cr+z/'cr+P 


Equation  for  external  cooling  (free  convection): 

ha ir  (Tn  “  T.ir)  (  (T*  +  460)4  dA  -  Hi*  "  Iszll  ** 

dr 

Tn  “  represents  external  radial  temperature 


pc  dr  dA  dT 

'  n 


Figure  3 


FINITE-DIFFERENCE  EQUATIONS  FOa  HEAT- TRANSFER  diottai  u,,.... 

CONSIDERING  THERMAL  CONTACT  RESISTANCE^**  ^ 


At  bore: 

T*  .  T*'1  *  SST1  tz.  (T*-1  .  >1.  2  1.  .  •-)  .-1 
b  b  pc,  Ar„  (T*  Tb  >+7 rr  <Vi  -  Tb  > 


‘b  -  *b  *  -T~ - 7 -  (T  - 

Pcf  8  b  Tr^ 

For  inner  radial  increments; 

11  +  (Ti-^  -  2Ti  +  Ci) 

For  segment  inside  the  contact  resistance: 


T  -  T 
cr  -  *cr 


-l  JZJ&i  ~  1*11  .  2<T^  -  t^iM. 


pc  A] 


Rc  Pcp  Ar 


r 

For  segment  outside  the  contact  resistance: 

T®  _  -r«xl  ,  —  (T*r ^  ~  T?ril>  *e  2kT(Tj^!T-  A. 

cr+1  -  cr+1  +  An  “ - — - r - - 

P  Cp  Ar  Rc  p  cp  Ar2 

For  outer  radial  increment: 


Pcp 


T®  -  t®’1  -  **  h>ir  /_e-l  2Ae  <r  ( 

D  "  ^  PcP^n  (Tn  ’  W  -  — -j— 


[(Tn_1  +  460>4  “  (T#ir  +  460)4]  _  2  Ae  k 

A  ..  A  „ 


Pcp  A 


p°rn‘ 


T®"1) 
In-1 ' 


y  ¥  u 

Stability  criteria  for  radial  increment  equations- 


i  .e. 


2  Ac  a 


r  ai 


Figure  4 
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EQUATIONS  USED  FOR  ANALOG  STUDY  OF  CONTACT  RESISTANCE 


At  bore: 


e  C  Ar  Tb 


-  h  (Tg  "  Tb)  “  -JT 


<Tb  “  Tb+1> 


For  inner  radial  increments: 
1  i  Ti+i  -  2Ti  +  Ti-i 

r  tx  - - 2 - 


For  segment  insice  the  contact  resistance: 


p  c  A  r  T  k  (T  ,-T)  1 

r  p  cr  _  cr-1  cr 

2  A  r  Rr 


<Tcr  -  Tcr+1) 


For  segment  outside  the  contact  resistance: 


p  c  A  r  T 

*  r» 


cr  +  l 


^Tcr  “  Tcr+1^ 


k(T  ,  -  T  _) 
cr+l  cr+2 


For  outer  radial  increment: 


pc  A  r  T 

_I.  _£ _ B. 

2 


■k'(Tn  -  T,lrj  + 


<Tn-l  -  Tn> 


Nomenclature : 

T  -  dT 

•  r  time 

p  k  density 

Cp  ■  specific  heat 

h  s  convection  coefficient 

Tg»  gas  temperature 

Tb  s  bore  temperature 

k  =  thermal  conductivity 
a  -  thermal  dlffusivity 
r  ■  radius 

Rc  s  contact  resistance  coefficient 
k'  ■  effective  heat- transfer  coefficient 


Figure  5 


G  BLOCK  DIAGRAM  FOR 


ERROR  FUNCTION  BASED  ON  ENERGY  BALANCE  FOR  ANALOG  SOLUTION 
Error  »  J  hg  Ab  (Tg  -  Tb)  da  -  1/2^ p  Cp  Vx  tx  da 


e  CP 


Ti  da 


i=cr+2 


1.  -  1/2  fp  cp  Vcr+1  Tcr+1 

d*  *  1/2  f?  %  V„  d. 


da 


-/ 


h  A  (T  -  T  ) 

n  V1n  1air '  a* 


EBHOB  FUNCTION  BASED  ON  ENEBGY  BALANCE  FOB  DIGITAL  SOLUTION: 


Error*  Ab  (T 


=cr-l 


e+1 


-  Tb®)  Aft  -  1/2  p 


r  ,—0+1  a 

■p  ' i  ) 


e  cP  vi(Ti*+1  -  t/) 


1. 


1/2  V'c,  -  V2  cppvcr+1  .  T-r+i> 


L»a-1 


i=cr+2 


-o+l 


PVl(Tl  -  T”)  -  1/2  cppvn  (T^1  .  T*) 


h«lr  An(Tn+-  T.lr)A*  -«'<*„  <»/  -  B*lr),i. 


Figure  7 


Temperature  in  °F 
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Radial  Increments  from  Bore 
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TYPICAL  INTERFACE  CONDITIONS 
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TEMPERATURE  VS  ROUNDS  FIRED 


i 


I 


Jio  •  IHftlVWi'&l 

51  3 


TEMPERATURE  VS  ROUNDS  FIRED 
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A  GENERAL  SOLUTION  TO  THE  AXISYMMETRIC  THERMOELASTICITY 


PROBLEM  IN  CYLINDRICAL  COORDINATES* ** 


John  G.  Avery 

U.  S.  Army  Missile  C ununand 
Redstone  Arsenal,  Alabama 

ABSTRACT .  A  general  solution  is  developed  for  the  stress  and 
deformation  of  an  isotropic  elastic  solid  subjected  to  an  axisymmetric 
temperature  field.  It  is  presumed  that  the  bounding  surfaces  of  the 
solid  may  be  conveniently  described  in  cylindrical  coordinates  r,  8,  z. 

The  temperature  may  be  an  arbitrary  function  of  the  radial  and  logitudinal 
coordinates.  The  solution  is  obtained  by  classical  techniques  within  the 
uncoupled,  quasi-static  theory  of  thermoelasticity.  Goodier's  thermo- 
elestic  potential  function  is  used  in  conjunction  with  the  Boussinesq- 
Papkovitch  functions  of  three-dimensional  elasticity.  General  forms 
of  the  potential  function  are  given.  The  results  are  applicable  to  the 
determination  of  thermal  stresses  due  to  the  axisymmetric  heating  or 
cooling  of  medium  lenyth  solid  or  hollow  cylinders,  including  multi¬ 
layered  coaxial  cylinders,  made  of  isotropic  elastic  material. 
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from  the  author's  manuscript. 


315 


SYMBOLS 


a,b 

A  ,  B 
n 


n 


D 

n 


B 

pn 


B,,  B2 


C  j ,  c2. . . 

e 

E 

g  <r) .  f  <r) 
n  n 

H[X(r) ] 

k 

I,  J,  K,  Y 
L 

P  (r) ,  P  */r) 
n  n 

r,  0,  z 

s 

S 

S 

z 

t 

T 


u,  v,  w 
u,  w 


u, 


w 


W(P,,  P2) 
a 


Characteristic  radial  dimensions 
Expansion  coefficients 

Expansion  coefficients 

Components  of  the  Boussinesq-Papkovitch  harmonic 
solution  vector 

Constants 

Volume  dilatation 

Modulus  of  elasticity 

Functions  of  r 

Finite  Hankel  transform  of \(r) 

Thermal  conductivity 
Bessel  functions 
Characteristic  axial  dimension 
Functions  of  r 

Cylindrical  coordinates 
Variable  of  integration 
Bounding  surface 
Resultant  axial  force 

Time 

Temperature,  relative  to  a  stress  free  reference 
temperature 

Displacements  in  r,  f),  z  directions 

Displacements  obtained  from  the-moelastic  potential 
function 

Displacements  obtained  from  homogeneous  equilibrium 
equation 

Wronskian 

Linear  coefficient  of  thermal  expansion 


316 


SYMBOLS  (Concluded) 


e  ,  f  ,  f 
rr  00  zz 


Vr;  ’> 


;n  (%) 


V 

n 


n  ( r;  t) 
n 


1  (v  \ 

n\  m/ 


U  ,  H 
m  p 


<7  ,  (T  ,  <J 

rr  00  zz 


rz 


Characteristic  value  in  Fourier  series  expansion 
Normal  strains 
Coefficient  of  sine  series 
Finite  Hankel  transform  of  t 

n 

Radial  location  of  interface  between  concentric  cylinders 
Cylindrical  coordinate 
Coefficient  of  cosine  series 

Finite  Hankel  transform  of  0 

n 

Thermal  diffusivity 

Positive  roots  of  J 0(/'b)  =  0 
/ 

Poisson’s  ratio 
Normal  stresses 

Shear  stress 


<> 

V2 


Thermoelastic  potential  function 
Points  on  the  boundary  surface 


V2  = 


a2 


(V 


i  a 

+  —  + 

a  *  r  \  a  5 


r 


z 


317 


Section  I.  INTRODUCTION 


The  continuing  development  of  ceramics  and  high  temperature  metals  has 
increased  the  engineering  applications  in  uhich  thermally  induced  stresses  play 
a  primary  role.  Case  bonded  cylinders  used  in  solid  propellant  rocket  motors, 
missile  structures  exposed  to  aerodynamic  heating,  laser  rods,  nuclear  fuel 
elements,  cryogenic  storage  vessels,  and  transport  lines  are  but  several  of 
numerous  design  problems  requiring  careful  analysis  of  thermal  stresses. 

The  calculation  of  thermal  stresses  resulting  from  plane  temperature 
distributions  in  polar  coordinates  has  become  routine,  and  there  has  been  much 
published  work  in  this  area.  However,  there  are  few  classical  solutions  avail¬ 
able  for  cases  of  simultaneous  radial  and  longitudinal  temperature  variation 
even  though  these  circumstances  are  common  in  practice.  The  reason  for  this 
nonavailability  of  results  is,  of  course,  the  additional  complexity  of  solving 
a  problem  in  three-dimensional  thermoelasticity  as  opposed  to  a  problem  of 
plane  stress  or  plane  strain. 

This  report  presents  an  analytic  solution  for  the  thermal  stresses  and 
deformations  in  a  finite  elastic  body  whose  bounding  surfaces  are  expressed  in 
cylindrical  coordinates  r,  0,  z.  1'he  temperature  is  allowed  to  vary  in  both  the 
radial  and  longitudinal  directions,  but  remains  symmetric  about  the  longitudinal 
axis.  Thus,  th_  resulting  state  of  stress  and  deformation  is  axisymmetric  and 
i  s  t  hr ce-di  m  en  s  i  ona  1 . 

The  temperature  distribution  is  assumed  to  be  representable  in  the 
general  form: 


v 

T(r,z)  =  ,  (l  (r)  cos  z  +  £,  (r)  sin  /'  z  . 

-J  n  n  — '  "n  n 

n  n 

This  form  is  sufficiently  general  to  include  a  considerable  number  of  applications 
involving  axisymmetric  heating  of  finite  cylinders. 

The  deformations  resulting  from  this  temperature  distribution  are  found 
by  solving  the  displacement  equilibrium  equations  using  the  two  part 

technique  developed  by  J.  N.  Goodier  |1  |.  This  technique  employs  a  thermo¬ 
elastic  potential  function  as  a  particular  solution  of  the  non  homogeneous  equilib¬ 
rium  equations.  When  the  thermoelastic  potential  function  has  been  found,  the 
thermoelasticity  problem  is  reduced  to  the  classic  three-dimensional,  axisym¬ 
metric  problem  of  isothermal  elasticity.  This  is  solved  by  determining  the  two 
harmonic  functions  of  Boussinesq-Papkovitch. 
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The  form  of  the  solution  facilitates  the  exact  satisfaction  of  arbitrary 
stress  or  displacement  boundary  conditions  on  the  curved  surfaces.  The  condi¬ 
tions  at  the  flat  end  surfaces  are  satisfied  only  by  annulling  the  resultant  forces, 
i.e. ,  by  applying  the  principle  of  St.  Venant.  Consequently,  the  results  pre¬ 
sented  here  will,  in  general,  not  accurately  represent  the  actual  stresses  very 
near  the  ends  of  the  cylinder.  For  problems  requiring  an  exact  solution  near 
the  end  surfaces,  several  solutions  have  been  presented  f 2 , 3 ] . 

An  effort  has  been  made  to  keep  the  analysis  as  general  as  possible  so 
that  the  results  may  be  applied  to  a  wide  variety  of  problems.  The  most  direct 
applications  concern  the  axisymmetric  heating  or  cooling  of  medium  length  solid 
or  hollow  cylinders,  including  multilayer  coaxial  cylinders,  made  of  isotropic 
elastic  material. 
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Section  II.  THE  AXISYMMETRIC  THERMOELASTICITY 
PROBLEM  IN  CYLINDRICAL  COORDINATES 


This  analysis  assumes  a  homogeneous  continuum  which  is  isotropic  with 
respect  to  both  its  thermal  and  mechanical  properties.  Variation  of  material 
properties  with  temperature  is  neglected.  It  is  further  assumed  that  the  deforma¬ 
tions  obey  the  restrictions  imposed  by  the  linear  theory  of  elasticity.  The  con¬ 
tinuum  is  initially  in  a  stress  free  state  at  some  uniform  temperature  which  may 
be  taken  to  be  zero,  without  any  loss  of  generality.  The  temperature,  T,  repre¬ 
sents  the  increment  of  temperature  from  this  initial  stress  free  condition. 

Points  within  the  continuum  will  be  located  by  the  cylindrical  coordinates 
(r,  0,  z) .  Consideration  will  be  restricted  to  the  case  of  temperature  and  stress 
fields  which  are  symmetric  about  the  z-axis.  Thus,  there  is  no  variation  with 
respect  to  the  azimuth  angle  0 .  As  a  consequence  of  this  symmetry,  v,  the  dis¬ 
placement  in  the  0  direction  must  vanish,  and  the  strain-displacement  relations 
are: 
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rr 
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<  =  w, 

zz  z 
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e 

rz 


(4) 


where  a  comma  denotes  partial  differentiation  with  respect  to  the  subscripted 
variable. 

The  constitutive  relations  for  the  case  considered  are: 
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(9) 


(X  =  (T  =  0  , 

0  z  Or 


where  the  volume  dilatation  is  given  by 


e  =  f  +  f  „  +  (  ~  u,  +  — +  w, 

rr  00  zz  r  r  z 


(10) 


Finally,  the  equations  of  equilibrium  are,  for  zero  body  forces: 


v  u - u  + 

o 

r 


1  2(1  +  y) 

1  -  2r  C’r  1  -  2v  °  ’r 


(11) 


_2  1 
V  w  + 


.  =  2(1  +  v) 

1  -  2v  ’z  1  -  2r  ’z 


(12) 


To  complete  the  problem  statement,  it  is  necessary  to  specify  the  displacements 
and  state  of  stress  on  the  bounding  surfaces  S.  These  boundary  conditions  may 
be  specified  by  relations  of  the  form, 

a  =  V]  ( i/ )  on  S 
rr 

o  =  ct2(</) 
zz  4 


a  =  a,(c) 
rz  J 


(13) 


or 

u  =  u,(^)  on  S. 

w=  w,(ifr)  (14) 

The  final  solution  of  the  axisvmmetric  thermoelastic  problem  must  satisfy  the 
equations  of  equilibrium  (11)  and  (12)  and  the  boundary  conditions  (13)  and  (14). 

The  reader  will  recognize  that  the  preceding  assumptions  and  equations 
are  those  of  the  uncoupled,  quasi-static  theory  of  thermoelasticity. 

Neglecting  the  interaction  between  thermal  and  mechanical  energy  allows  the 
temperature  and  deformation  to  be  "uncoupled.  "  Consequently,  the  temperature 
may  be  obtained  separately,  using  heat  transfer  considerations  alone,  and  may 
then  be  used  as  input  for  the  solution  of  the  deformation  boundary-value  problem. 
The  neglect  of  mechanical  inertia  removes  the  time  derivatives  from  the  thermo- 
elastic  field  equations.  Under  the  additional  assumption  that  the  mechanical 
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V 


boundary  conditions  do  not  contain  time  derivatives,  it  follows  that  time  may  Ik* 
regarded  as  a  parameter  and  a  transient  temperature  distribution  may  be 
treated  as  a  family  ol  steady-slati-  du-ti  ibulions  depending  upon  the  parameter  t. 
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Section  III.  METHOD  OF  SOLUTION 


1.  General 

Solutions  of  equations  (11)  and  (1?)  will  be  found  by  use  of  the 
method  developed  by  J.  N.  Goodier  [1 1.  The  solution  will  be  of  the  form: 

u  =  u  +  u 

W  =  W  4  w  ,  (15) 

where  u,  w  are  particular  solutions  of  equations  (11)  and  (12),  and  u,  w  are 
the  complementary  solutions.  The  particular  solutions  are  obtained  by  introduc¬ 
ing  a  thermoelastic  potential  function,  such  that 

u  -  o, 

r 


w  6,  .  (16) 

If  equation  (16)  is  substituted  into  the  equilibrium  equations,  subsequent  inte¬ 
gration  yields: 


0  1+|' 

-  - - -  a  T  .  (17) 

This  latter  relation  is  Poisson's  equation,  for  which  there  are  several  methods 
of  solution. 


2.  The  Isothermcl  Elasticity  Problem 

It  remains  to  solve  the  homogeneous  portion  of  equations  (11)  and 
(12)  for  the  displacements  u  and  w.  It  is  clear,  however,  that  this  constitutes 
a  problem  in  the  classical  theory  of  isothermal  elasticity  and  may  be  solved  by 
the  several  techniques  associated  with  that  discipline.  Following  I  urd  |4),  for 
example,  it  may  be  shown  that  the  displacements  can  be  written  in  terms  of  two 
Boussinesq-Papkovitch  functions,  Bj(r,z)  andIMr.z),  according  to  the 
relations: 


u(r, z) 


(rB2  +  B,) 
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(19) 
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whore  B(  and  Bj  are  solutions  of: 


B,  +  —  B,  +  B,  =  0 
1 ,  rr  r  1 ,  r  1 ,  zz 


B„  +  -  B„  -  —  B,  +  B  »  0 
2,rr  r  2,r  2  "  2 ,  zz 

r 


(20) 

(21) 


Particular  solutions  of  the  following  form  will  be  sought: 


B|  =  u  ftn(r)  cos  p^z 
n 


(22) 


B2  =  \  f  (r)  cos  p  z  . 
n  n 


(23) 


n 

Substituting  these  into  equations  (20)  and  (21) ,  the  defining  relations  for  f  and  g 
are  found  to  be: 


gn(r) 

gM(r)  + - P2g  ( r )  =  0 

n  r  n  n 


(24) 


f'  (r) 

f"(r)  +  — — 
n  r 


V  +  — ]  f  (r)  =  0  , 

V  n  r2/  n 


(25) 


where  the  primes  denote  differentiation  with  respect  to  r.  It  is  elementary  to 
show  that  these  solutions  are: 


fn(rl"C'l'('V)  +  C’K'('V) 


(26) 


0*0 


gnfr)  *  C3I0(/?nr)  +  C,K0^nrj  ,  (27) 

where  I  a°d  K  (^nr)  are  t*ie  nflot*iBed  Besse^  functions  of  the  first  and 

second  kind,  respectively.  The  C's  are  arbitrary  constants  to  be  determined 
by  the  specified  boundary  conditions.  The  special  case  p  =  0  represents  a 

solution  which  is  independent  of  the  axial  coordinate  z,  i.e. ,  the  elementary 
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case  of  plane  stress  or  strain.  This  is  discussed  In  Section  VI.  Thus,  there 
have  been  no  restrictions  placed  on  ft  at  this  point.  After  determination  of 
B]  and  Bj,  the  displacements  are: 
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L  <■'>  -  i r) 

n  L 


rf*  (r) 
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COS  ft  z 
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(28) 
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rf  ( r) 
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g  <1 

hn 


,] 


ft  sin  ft  z  . 
n  n 


(29) 


The  relations  (2G)  through  (29)  complete  the  solution  of  the  associated  iso¬ 
thermal  elasticity  problem,  i.e.  ,  ihe  solution  of  the  homogeneous  portion  of 
equations  (11)  and  (12). 


3.  The  Thermoelastic  Potential 

The  continuum  is  to  be  heated  in  such  a  manner  that  the  temperature 
distribution  may  be  represented  in  the  form: 


I  (r,z;  t)  =  .  0  (r;t)  cos  ft  z  *  .1  (r;t)  sin  ft  z  .  (30) 

‘-J  n  n  n  n 

n  n 

I 

The  time  t  is  considered  to  be  a  parameter  included  within  the  function  n  and  £ 
and  will  not  be  written  explicitly  in  the  following  expressions.  The  thermo¬ 
elastic  potential  d>  is  found  by  solving  equation  (17)  with  use  of  the  temperature 
field,  equation  (30).  Considering  first  the  cosine  series  portion  of  the  tempera¬ 
ture  expression,  the  Poisson's  equation  (17)  becomes: 
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The  solution  will  be  taken  in  the  form: 


(31) 
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P  (ri  cos  ft  z  . 
n  n 


(32) 
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Substitution  of  equation  (32)  into  equation  (31)  indicates  that  the  unknown  func¬ 
tions,  l’n(r) .  niust  be  particular  solutions  of  a  nonhoniogenenus  equation  of  the 

Bessel  type: 


P"(r)  -4  -  I"  ( r)  -  ft7  V  !*•)  =  ( r)  .  (33) 

n  r  n  n  n  1  -  r  n 

Solutions  of  this  equation  for  several  important  cases  are  presented  in  Section  V. 
Once  P^fr)  is  determined,  the  corresponding  displacements  are  obtained  directly 

from  equation  (16),  i.e., 


u  -  -  \  ft  I*  ( r)  sin  <  /  (31 

-J  n  n  n 

n 


u  -  ^  P '  ( r )  cos  ft  /.  .  (33) 

n  n 


As  mentioned,  these  are  the  displacements  due  to  the  cosine  series  portion  of 

equation  (30) .  For  the  special  case  when  p  =  0,  there  are  no  additional  dis- 

n 

placements  resulting  from  the  sine  series  portion.  For  the  general  case 

ft  *  0,  however,  expressions  analogous  to  equations  (31)  and  (33)  may  be 

n 

written  for  displacements  arising  from  the  sine  series  contribution.  It  is  con¬ 
venient  to  think  of  the  functions  and  P  :  such  that 

n 


c  *  -  .  P  (r)  sin  ft  z  , 

n  n 

n 


(36) 


where  P^'-fr)  is  the  solution  of  equation  (33)  when  (Mr)  is  replaced  by  (^(r). 


326 


4 


* 


Section  IV.  THE  GENERAL  SOLUTION 


The  general  solution  of  the  axisymmetric  thermoelastieity  problem  cor¬ 
responding  to  the  cosine  series  portion  of  the  temperature  distribution  is 
obtained,  according  to  equation  (15),  as  the  sum  of  equations  (28),  (.’15),  and 
(29)  and  (.')4).  The  results  are: 
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The  displacements  and  stresses  resulting  from  the  sine  series  of  the  tempera¬ 
ture  distribution  are  also  given  by  expressions  (37)  through  (42),  provided  the 
following  transformation  is  made: 

(Mr)  -  C  (r)  (43) 

n  n 
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sin  ft  z  —  -cos  ft  z 
n  n 


cos  ft  z  —  sin  ft  z 

n  n 


P  (r) 
n 


P  *(r) 
n 


The  relations  (37)  through  ( 12)  and  their  counterparts  resulting  from  the  trans- 
forma  ions  (43)  through  (46)  constitute  the  general  solution  of  the  axisymmetric 
thermoelasticity  problem  in  cylindrical  coordinates,  for  the  temperature  field 
given  by  equation  (30) . 

This  general  solution  contains  four  arbitrary  constants  which  may  be 
used  to  satisfy  prescribed  boundary  conditions.  The  solution  is  given  in  a  form 
which  is  effective  in  satisfying  arbitrary  displacement  or  stress  conditions  on 
the  curved  surfaces  r  -  constant.  It  is  generally  unable,  however,  to  simul¬ 
taneously  satisfy  arbitrary  conditions  on  the  plane  surfaces  z  =  constant.  Con¬ 
sequently,  the  constants  are  to  be  used  to  satisfy  exactly  the  curved  surface 
boundary  conditions;  the  flat  surface  conditions  may  then  be  satisfied  in  terms 
of  their  resultants,  i.e. ,  by  appeal  to  St.  Venant's  principle. 


No  restrictions  have  been  placed  on  the  parameter  p^.  It  is  noted,  how¬ 
ever,  that  it  is  specified  by  the  temperature  distribution.  For  a  large  number 

of  practical  applications,  ft  will  have  the  value  nr/L,  where  n  is  an  integer. 

n 

The  following  observations  relate  to  ft  of  this  value;  analogous  observations  may 

be  made  for  ft  of  different  form, 
n 

The  cosine  portion  of  the  temperature  distribution  corresponds  to  a  solu¬ 
tion  having  a  distribution  of  normal  stress,  <r  ,  over  the  flat-  ends  of  the  cylin¬ 
der.  This  normal  stress  prevents  any  longitudinal  displacement.  At  the  ends  of 
the  cylinder,  the  resultant  of  this  longitudinal  stress  is: 


S  ~  2n  I  a.  ( r,  L)  rdr  , 

7.  J  7.7. 


where  a,  b  are  the  inner  and  outer  radii,  respectively.  Performing  this  inte¬ 
gration  on  (41)  results  in: 


329 


u 


b  j  +  ;  b  i 

-  (3  2  I  rP  ( r)  dr  -  a  —  /  rO  ( r)  dr  cos  L 

n  J  n  1  -  v  J  n  i  n 

a  a  \ 


(48) 


If  the  ends  of  the  cylinder  are  free,  the  above  resultant  must  be  annulled. 
This  may  be  done  by  applying  to  the  ends  a  uniform  stress  of  magnitude: 


ff(b2  -  a2) 


(49) 


The  state  of  stress  and  displacement  resulting  from  this  uniform  end 
stress  is: 


<7  ‘  —  0°  =  17°  =  0 

rr  <p<p  rz 


(50) 


CT  ~ 


ZZ  ,2  2 v 

7r(b  -  a  ) 


(51) 


w  = 


E?r(b2  -  a2) 


(52) 


u°  =  4  - - -  r  •  <53> 

L  7r(b2  -  a2) 

Thus,  for  the  case  of  free-ends,  the  stresses  and  displacements  given 
by  equations  (50)  through  (53)  must  be  added  to  equations  (37)  through  (42). 

In  particular,  it  must  be  noted  that  these  displacements  must  be  included  in  the 
consideration  of  free-ended  cylinders  with  displacement  boundary  conditions. 
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A  similar  consideration  Indicates  that  the  sine  portion  of  the  temperature 
distribution  corresponds  to  a  solution  having  a  distribution  of  radially  directed 
shear  stress  on  the  end  faces.  This  system  is  self-equilibrating,  i.e. ,  the 
resultant  is  zero.  According  to  the  principle  of  St.  Venant,  the  influence  of 
these  stresses  will  vanish  at  a  short  distance  from  the  ends,  and  they  need  be 
given  no  further  consideration. 


Section  V.  SOLUTIONS  FOR  THE  THERMOELASTIC  POTENTIAL 


The  ultimate  solution  of  the  problem  hinges  upon  the  determination  of  the 
thermoelastic  potential  function  for  the  temperature  distribution  considered.  It 
is  recalled  from  Section  III  that  a  potential  function  of  the  following  form  has 
been  assumed: 


W  (r,  z)  =  X  P  (r)  cos  p  z  .  (54) 

n  n 

n 

The  resulting  requirement  on  P  (r)  is  that  it  be  a  particular  solution  of: 

n 

Pn(r>  +  7  Pn(r>  “  ^n2pJr>  =  “  ««  W  *  <55) 

n  rn  nn  l-rn 

It  must  be  noted  that  equation  (55) ,  and  the  following  evaluations,  are 
valid  only  when  the  temperature  distribution  can  be  expressed  in  the  form  of 
equation  (30).  In  the  sense  that  equation  (30)  may  represent  a  double  Fourier 
series  in  r  and  z,  virtually  any  temperature  distribution  T(r,z)  may  be  written 
in  this  form.  Further,  there  is  no  requirement  that  the  temperature  distribu¬ 
tion  be  a  solution  of  the  Fourier  heat  conduction  equation. 

This  section  will  consider  the  problem  of  determining  P^  for  several 

cases  of  practical  interest.  In  the  following,  P  (r)  refers  to  the  solution 

obtained  from  the  cosine  series  portion  of  the  temperature  distribution.  The 

solution  obtained  from  the  sine  series  portion,  P  *(r) ,  is  defined  by  the  same 

relations  if  0  (r)  is  replaced  by  £  (r) . 

n  n 


1.  A  Particular  Solution  Finite  at  the  Origin 

A  particular  solution  of  equation  (55)  must  remain  finite  as  r  —  0 
if  it  is  to  be  used  in  solutions  for  the  solid  cylinder.  Although  this  property  is 
not  required  for  applications  involving  hollow  cylinders,  a  single  solution  valid 
for  both  cases  seems  desirable.  A  particular  solution  which  is  finite  at  the 
origin,  and  valid  in  the  region  o  <  r  <  b,  -L  <  z  <  L,  may  be  found  by  the 
application  of  finite  Hankel  transforms.  This  transform  is  defined  [5]  by: 

b 

H[f(r)  ]  =  /  rf<r)Jo(^mr)  dr  -  (58) 
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Equations  (62)  and  (63)  constitute  the  desired  particular  solution.  The  solu¬ 
tion  corresponding  to  the  sine  series  portion  of  the  temperature  distribution  is 

found  by  replacing  0,0,  with  4  .  in  the  above  equations, 
n  n  n  n 
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2.  Evaluation  lor  Arbitrary  Temperature  Distribution  in  Series  Form 

Any  reasonable  temperature  distribution  may  be  'orally  written 
in  the  form  of  elation  CIO)  by  the  use  of  a  double  Four.er  eer.es,  valid  .«  the 
interval  o  <  r  <  b,  -L  <  z  <  L.  Thus, 

Tlr.z,  .  I  A  J.(V)  Z  V«(V)  *“  V  ' 

n  n  *  P>" 


where  n  are  the  positive  roots  of 
P 


■MV) ' 0  ■ 


=  L 


Also, 

n  b  L  n7rz 

A  ,  _ 1 -  /rJo(pr)  /  T(r,z)sin  dzdr 

pn  b2LJ)2  o  ~L 

0  b  y  mrz  . 

B  .  - - -  f  rJ,(M)  f  Tlr.z)  OOS  —  dzdr  . 

0"  b!lJ,:(|ib)o  -L 

The  functions  (Mr),  tn«r)  are  seen  to  be  : 


V1  *  t  BpnJ»(V) 

P 

Vr)  '  ^  V°(V) 


Evaluating  equation  (63)  for  this  case, 


(-„)  -  l  Bp„  J  (V) J”  (V)  ^  =  T  £  Bmn  J'  W) 


•rat  -lif '»LiK  kJ&P.f&k 


Inserting  equation  (71)  into  equation  (62),  P  (r)  is  found  to  be: 

n 


pn(r)  -  - 


1  +  v 
1  -  V 


a 


B  J0  (n  r\ 
£  mn  0  V  m  / 

m  n  2  +  (3  2 

m  n 


(72) 


This  expression,  along  with  the  analogous  relation  for  P  *,  constitutes  a  solu¬ 
tion  which  is  formally  valid  for  any  temperature  distribution  T(r,  z) .  Its  use, 
in  practice,  will  depend  upon  the  complexity  of  the  given  function  T(r,z). 


3.  Evaluation  for  Steady-State  Temperature  Distribution 

It  will  now  be  shown  that  the  particular  solution,  equations  (62) 
and  (63),  may  be  easily  evaluated  for  any  case  of  steady-state  temperature  dis¬ 
tribution  which  satisfies  the  Fourier  heat  conduction  equation: 

V2T ( r , z)  =  0  .  (73) 

The  solutions  of  equation  (73)  which  are  of  the  form  of  equation  (30)  are: 

T.r.z)  *  ^  [A»MV)  +  WV)]  si"  V 

n  L  J 

*  £  [CnMV)  +  DnK*(V)]  cos(,n2  '  <74> 

n 

Therefore, 

Vr)*  CnMV)  +  D„SV)  ‘  <75> 

Evaluating  0^  (^m): 

b  b 

“n  (%)  ’  Cn  f  rI«  (V)  J°  (V)  dr  +  D„  /  rK»  (V)  J°  M  dr  ' 

0  0 

(76) 


These  integrals  are  found  in  several  of  the  standard  references  on  Bessel 
functions  [6].  The  results  are: 


The  term  t,  fax  N  is  found  by  replacing  C  ,  D  with  A  ,  B  in  the  expression 
n  \  m/  n  n  n  n 

above.  Those  relations,  in  conjunction  with  equation  (62) ,  provide  the  solution 

for  the  thermoelastic  potential  corresponding  to  solutions  of  the  steady-state 

heat  conduction  equation. 


4.  Evaluation  for  Temperature  Distribution 
Independent  of  Radial  Coordinate 

For  the  special  case  of  0  independent  of  the  radial  coordinate  r, 
simple  algebra  applied  to  equation  (33)  gives  the  result: 


-i  u 

.  .  1  +  v  n 

P  (r  =  -  - a  — 

n  1  -  *  o  2 

n 


(».  *  °) 


5.  Evaluation  for  Temperature  Distribution 
Independent  of  Longitudinal  Coordinate 

The  special  case  of  temperature  distribution  dependent  upon  the 

radial  coordinate  only  corresponds  to  the  special  case  /3  =  0  in  equation  (33) , 

.  n 

i.e. , 

P"( r)  +-  P' (r)  =  7  —  at 0  (r)  .  (79) 

n  r  n  1  -  v  n 

This  is  no  longer  an  equation  of  the  Bessel  form;  however,  the  solution  given  by 
equations  (62)  and  (63)  is  still  valid,  taking  =  0.  An  alternate  solution  is 

easily  obtained  from  equation  (79)  by  the  method  of  variation  of  parameters. 

In  noting  the  two  linearly  independent  solutions  of  the  homogeneous  equation, 

P,(r)  =  lnr  ;  (80) 


P2(r)  =  1  . 
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Forming  the  Wronskian, 


W(P„P2)  = 


-  0 

r 


The  solution  is: 


Pn,r)  --fH"  /•«„(•»  *»fd.  ,  m 

where  s  is  a  dummy  variable  of  integration. 

6.  Applications 

section,  several  examples  tm^given6  °Thf  ffqU®tlo,ls  develoPed  in  this 
distributions  which  are  solutions  of  thP  v  ^  flfSt  tW°  lnvoIve  temperature 
distributions  were  taken  directly  from  Carsia^  heat  conduction  equation.  These 
are  typical  of  solutions  of  the  heat  con<£u«!  ^  l?1,  ChaPter  8.  and 

1  he  third  example  is  very  elementary  but  rP  q  100  ln  cylindrical  coordinates, 
lowed  when  the  temperature  distribution  is  ^  procedure  to  be  fol- 

ment  or  is  completely  arbitrary.  from  exPe™ntal  measure- 

a.  Example  1 

.  .  Finite  solid  cylinder  o  <  r  «r  h  r 

at  unit  temperature.  At  time  t  =  o  all  >  ~L  <  z  <  L,  is  used,  initially 

temperature.  ’  urfaces  are  suddenly  brought  to  zero 


The  temperature  distribution 


T(r'2*  =4  £  L  -tit 

7rb  (on  4. 


is  given  by: 


n  m  (2n+  »  V(*,nb) 


cos  0  z  , 
n 


where 


a  _  <2n  +  l)ff 
n  2L 
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This  distribution  is  already  in  the  form  of  equation  (64) .  By  inspection  it  is 
clear  that 


B 

nin 


J3_ 

7Tb 


(36) 


It  follows  from  equation  (72)  that 


-  - 


8cy 

7rb 


1  +  i-  (-1)° 

1  -  v  (2n  +  I) 


(87) 


Boley  and  Weiner  [8],  Chapter  3,  give  an  alternate  method  of  obtaining 
< p  for  transient  temperature  distributions  of  this  sort. 


b.  Example  2 

Finite  hollow  cylinder  a<r<b,  0<z<Lis  used.  Flux  of 
heat  into  the  solid  at  r  =  a  is  a  prescribed  function  h(z) .  The  remaining  sur¬ 
faces  are  kept  at  constant  temperature  taken  to  be  zero. 


T(r, 


The  steady-state  temperature  distribution  is: 

2_  MV)SV)-MV)Mg,,b) 


U 

sin  z  fh(z')  sin /3  z'dz', 

n  J  n 


(88) 


where  p  =  n7r/  L  . 
n 


From  equation  (74) ,  it  is  apparent  that 


A 

n 


_2_ 

k7r  n 


X-t 

K°  (^nb)  /  h(z>)  sin  £nz'dz' 

>  - 


(89) 


(90) 
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After  determination  of  An  and  ^  is  found  from  equation  ,77, .  The 
solution  for  P^' (r)  is  then  completed  by  employing  equation  (62). 


c.  Example  3 


Finite  hollow  cylinder,  a  < 
temperature  uniform  through  the  wall  and 
is  approximately  parabolic;  i.e.  , 


r  <  b,  -L  <  z  <  L  is  used  with 
with  axial  temperature  variation  which 


T(r,  z) 


(91) 


The  given  temperature 
easily  converted  to  the 
cosine  series: 


distribution  is  not  in  the  form  of  equation  (30) .  It  is 
assumed  form,  however,  by  expansion  in  a  Fourier 


T(r,z)  =|-  T0  +  Ha.  111) 


n+i 


7r  n=l 


n 


nn 

cos  -j~  z 


02) 


It  is  clear  that  two  (Ms  may  be  identified 


V> 


2 

3 


To 


^  =  0  ,  (n  =  0) 


(93) 


9  (r)  =  111  111! 


n+1 


(3  *  0 

n 


(n  *  0)  . 


(94) 


The  first  is  an  example  of  the  special  case  p  = 

directly  from  equation  (83) .  The  second  may  be 
equation  (78). 


0,  and  P0(r)  may  be  computed 
computed  directly  from 


I 


1 


i 
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Section  VI.  DISCUSSION 


The  relations  (37)  through  (42)  are  a  general  solution  of  the  axisymmetric 
thermoelasticity  problem  in  cylindrical  coordinates.  The  evaluation  of  these 
relations  depends  upon  the  determination  of  the  function  P  (r) .  Some  general 
methods  for  finding  P^(r)  were  given  in  Section  V. 

The  form  of  the  solution  is  suitable  for  satisfying  exactly  the  stress  or 
displacement  boundary  conditions  on  the  curved  surfaces;  conditions  at  the  end 
surfaces,  z  =  constant,  may  be  satisfied  only  in  terms  of  the  resultant.  Con¬ 
sequently,  the  solution  is  not  suitable  for  computations  very  near  the  end 
surface. 

A  particular  form  of  solution  has  been  selected  for  both  the  isothermal 
portion  of  the  problem  [equations  (22)  and  (23)],  the  temperature  distribution 
[equation  (30)],  and  the  thermoelastic  potential  function  [equation  (32)  ].  This 
form  is  sufficiently  general  to  be  of  use  for  a  fairly  broad  range  of  applications. 
However,  it  must  be  recognized  that  an  alternate  formulation  may  be  of  greater 
value  for  a  particular  problem. 


1.  Plane  Stress  and  Plane  Strain 

When  /?n  =  0,  the  temperature  distribution  becomes  a  function  of  r 

only,  and  the  thermoelasticity  problem  is  reduced  to  one  of  plane  strain  or  plane 
stress.  Such  problems  may  be  solved  with  g(r)  taken  as  zero.  For  this  case, 
equations  (37)  through  (42)  become; 


u(r)  =  Cjr  +  —  +  v  —frO  (r)di 
r  1  -  v  r  J  n 


dr 


w(r)  =  0 


1  +  v 


rr  E  1  -  2v 


'2  1  +  v  a 

.2 


1  -  v  2 


— / r0  (r)dr 

a  u  n 


1  +  v  C.  C2  ,  1  +  v  a  r  „  ,  .  j  u  + 

— £ —  =  t - 7-  +  — +  - r 0  (r)  dr  -  of  -z — 

E  1  -  2v  2  1  ~  v  2  J  n  1  - 

r  r 


(1  +  v) 

V 


(95) 

(96) 

(97) 


Vr) 


(98) 


(99) 


<r  l±JL-  2i>C< 


zz  E  i  -  2v  '  a  J~~  fln(r) 


o  =  0 

rz 


The  above  results  are  for  the 


case  of  plane  strain.  For  plane  stress: 


u(r)  =C1r+£l+(1  +  l>ar 

r  +  (i  +  v)  -~J  rOn(r)dr 


v  1  +  r  1  +  y  C 

rP  E  ‘  T~^C-  --f-  11  +  -)  -fro  ,r)dr 

r  r2  J  n  1 

a  2  +  v  _  1  +  v  c 

00  e  r 


(100) 


(101) 

(102) 

(103) 


ft(3  +  »>)0  (r) 
n 


a,7  =  c  „  -  0  . 

ZZ  rz 


2.  The  Solid  Cylinder 


(104) 


a  singularity  unless* th^L^anTs"!:"  ^  COntinuuni  and  constitutes 

m  equations  (96)  thr«,.^  °2’  C<  ln  ^nations  (37)  through  (42)  and  C 


(95>  throu&h  (104)  are  taken  to 


be  zero. 


3-  The  Multilayered  Cylinder 

-•or  eMmple^reor,  rrxr  appr w*  10  cylinders 

fants,  i„  general.  Four  ™  ‘he  evaluation  of  eight  con!' 

face,  and  the  remaining  equations  fou„dy  i^the "!suat  fr°n'  COnditlo,,s  the  inter- 
oer.  If  the  interface  is  located  at  „  Ch  manner  for  a  sinele  cvlin 

•he  foil  owing  type:  °Ca'ed  at  r  '  "■  ■"'*rface  boundary  conditionsm ty  £  of 
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i 


Bonded  Cylinders 

u1  (  t?)  =  u 2  ( 77) 
w'(r))  =  w2(r/) 


o-'(n)  =  a[  i  i|) 
rr  rr 


Nonbonded  Cylinders 

u'(T))  =  U2  (  T?) 


O'  ()))  =  (7“  (  T?) 

rr  rr 


o'  (T))  =  0 

rz 


‘V’»  =  0 


The  superscripts  1  and  2  designate  the  inner  and  outer  cylinders, 
respectively. 
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APPROXIMATE  ANALYSIS  OF  A  FLAT,  CIRCULAR  PARACHUTE 
IN  STEADY  DESCENT* ** 


Edward  W.  Ross,  Jr. 

U.  S.  Army  Natick  Laboratories 
Natick,  Massachusetts 

ABSTRACT.  A  theory  Is  presented  for  the  stress  analysis  of  a 
flat,  circular  parachute  in  steady,  vertical  descent.  Unlike  previous 
treatments  of  the  problem,  this  theory  does  not  assume  that  the  shape 
is  known.  Instead,  the  theory  presents  relations  between  the  pressure 
distribution  in  the  opened  condition  and  the  shape,  drag  and  stresses 
in  lines  and  fabric.  The  theory  results  in  a  non-linear  third  order 
system  of  ordinary  differential  equations  with  boundary  conditions  at 
both  vent  and  skirt.  This  system  was  solved  by  a  computer  program  based 
on  the  Runge-Kutta  method  of  numerical  integration.  The  results  are  in 
fairly  good  agreement  with  measurements  on  parachutes.  The  computer 
program  can  be  used  for  studies  of  effects  of  design  changes  on  shape, 
drag  and  stress,  and  the  results  of  a  small  study  of  this  sort  are 
included. 


*This  article  has  appeared  as  Technical  Report  No.  69-51-OSD,  Office 
of  the  Scientific  Director,  U.  S.  Army  Natick  Laboratories,  Natick, 
Massachusetts . 

**The  remainder  of  this  article  has  been  reproduced  photographically 
from  the  author's  manuscript. 


1.  INTRODUCTION 

In  recant  years  repeated  attempts  have  been  made  to 
analyse  the  behavior  of  parachutes  and  devise  formulas 
suitable  for  their  design.  Much  progress  has  been  made, 
but  the  state  of  knowledge  Is  still  not  wholly  satisfactory. 
The  best  analyses  currently  available,  Heinrich  and  Jamison^ 

9 

and  Topping,  Marketos  and  Costakos  rely  on  knowing  the 
deformed  shape  as  well  as  the  pressure  distribution  before 
the  stresses  are  analyzed  even  In  steady  descent.  Present 
knowledge  about  large  deflections  of  structures  suggests 
that  It  should  be  possible  to  calculate  the  stresses  and 
deformed  shape  concurrently,  although  some  assumptions  must 
still  be  made  about  the  pressure  distribution  in  the 
deformed  state.  He  shall  undertake  to  do  this  In  the 
present  peper. 

To  be  specific,  we  analyze  a  flat  circular  parachute  In 
steady,  vertical  descent  by  an  approximate  theory  for  large 
elastic  deflections.  This  theory  is  like  (but  goes  beyond) 
that  of  Heinrich  and  Jamison^.  The  parachute  is  regarded  as 
a  completely  flexible  structure,  1.  e.,  none  of  Its  elements 
(cloth,  cords,  reinforcing  tape,  etcj  have  any  bending 
stiffness.  The  resulting  analysis  resembles  the  large- 
deflection  (non-linear)  membrane  version  of  thin  shell  theory 
but  differs  from  it  because  of  the  Important  part  played  by 
the  cords.  A  number  of  assumptions  are  made,  of  which  the 
most  Important  are  listed  below: 
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(1)  Tha  stralni  In  tha  fabric  and  cords  arc  small  avan 
though  tha  daflactions  ara  larga. 

(11)  Tha  fabric  Is  supposad  to  possess  no  raslstanca 
to  strassas  In  tha  meridional  (radial)  direction,  all  forces 
In  this  direction  being  resisted  solely  by  tha  cords. 

(Ill)  Corresponding  points  on  each  gore  experience 
identical  strassas  end  deformations,  and  tha  same  la  true 
for  each  cord,  1.  a.,  the  deformation  is,  loosely  speaking, 
axl al ly-axi aymme  t  ri c . 

(lv)  Tha  circumferential  radius  of  curvature  of  the  gores 
Is  everywhere  much  smaller  than  the  meridional  radius  of 
curvature. 

(v)  For  each  gore  points  on  a  circular  arc  about  the  axis 
of  tha  undaformad  parachute  11a  In  a  plane  perpendicular  to 
tha  cords  after  deformation. 

Tha  analysis,  which  is  described  In  the  next  Section, 
leads  to  a  non-linear  third-order  system  of  ordinary  differential 
equations,  which  cannot  be  integrated  in  closed  form.  Therefore 
a  computer  program  was  written  for  the  solution  of  the  system, 
based  on  the  Kunge-Kutta  method  of  numerical  integration.  The 
program  la  automatic  enough  so  that  It  is  convenient  to  study 
the  effect  on  the  deformations,  stresses,  drag  and  parachute 
weight  of  any  two,  arbitrarily  chosen,  design  parameters,  such 
as  the  vertical  velocity,  number  of  gores  or  elastic 
moduli  of  various  structural  elemente.  A  description 
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,  and  axaiplts  of  tha 


p1 


of  tha  program  la  glvan  In  Section  3 
raaulca  obtained  ara  displayed  In  8aetlon  4.  Saetion  3 
contains  a  discussion  of  tha  analysis  and  results. 
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2.  ANALYSIS 

In  analyzing  tha  parachuta  va  flrat  traat  a  ganarlc  ona 
of  tha  goraa ,  which  la  assumed  to  ba  a  flat  acctor  of  a  etrelo 
In  the  undafornad  atata.  If  G  la  tha  number  of  goraa,  than  tha 
aactorlal  angle  In  both  tha  undafornad  and  daforaad  atataa  la 

a  -  2t/G  (1) 

We  examine  flrat  the  klnematlca  ,  then  the  atatlca  and  finally 

the  material  behavior  of  the  fabric. 

Klnematlca:  Let  A  and  B  denote  the  material  polnta 

where  a  generic  circular  arc  in  tha  undafornad  atata  suets 

the  corda  that  border  the  gore.  In  tha  undafornad  atata  thla 

arc,  AB,  haa  length,  R  a;  see  Figure  1.  We  aaaune  that  after 

deformation  the  arc  AB  forma  a  plana  circular  arc,  tha  plana 

of  tha  arc  being  perpendicular  to  the  deformed  corda.  Figure  2. 

The  polnta  A  and  B  arc  now  at  a  dlatance  r  from  tha  axle  and 

are  separated  by  a  distance  ra.  If  r  Is  the  radius  of  this 

AB 

circular  arc  and  2g  is  tha  sectorial  angle,  than  we  see  from 
Figure  3  that,  provided  0^g<«/2, 

r  sing  -  (l/2)r0  (2) 

AB 

2gr  ■  Daforaad  length  of  arc  AB  (3) 

AB 

If  B  •  w/2,  ve  may  hava  a  situation  where  adjacent  gores  are 
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to  cords,  o’*0 


/ 


pressed  against  aaeh  othar  with  a  contact  length  o'  as  shown 
In  Figure  4. 

In  this  case 

rAB  "  <l^2>ro  (4) 

Deformed  length  of  AB  ■  2o'+wrAB 

■  2o'  +  (ir/2)ro  (5) 

The  undeformed  length  of  AB  is  Ra,  so  we  may  write 
formulae  for  the  cl  rcumfarantial  fabric  strain,  Yf»  which  la 
assumed  smell, 

Y f  -  change  In  length/orl glnal  length 


Yf  -  (2BrA„/Ra)  -  1  If  B<ir/2  (6) 

Yf  •  {[2o'+(u/2)ra|/Ra}  -  1  If  6  ■  w/2  (7) 

Statics:  If  N f  is  the  circumferential  tension  In  the 

gore  fabric,  with  dimensions  (lba/ft)  and  p  la  the  pressure 
difference  between  the  Inside  and  outside  of  the  surface, 
then  equilibrium  requires 

*t  ■  ’’'AB  <»> 

The  forces  exerted  by  the  fabric  on  the  cords, 
per  unit  length  of  cord  are  shown  In  Figure  5.  The 
forces  in  the  circumferential  and  normal  directions, 

Nq  and  NQ  t  are  found  from  conditions  of  equilibrium, 

"q  "  Nf  co*  6  (9) 

Nn  "  2Nf  »inB  (10)- 
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If  w*  us*  (2)  and  (8),  v*  obtain  for  8  4  0 

N0  -  (l/2)pra  cot  8  (11) 

Nn  *  P*®  (12) 

Th*a*  formulas  ara  valid  both  for  8<*/2  and  6  -  n/2,  and 
In  tha  lattar  case  they  Imply 
N0  -  0. 

Material  Behavior:  We  assume  that  the  fabric  obeys  a 
linear  elastic  law, 

Nf  "  EfYf  (13) 

where  E^  l ■  the  elastic  constant  of  the  fabric  when  stressed 
In  the  circumferential  direction.  If  6<w/2,  we  may  use  (2),  (6) 
and  (s)  to  rewrite  this  relation  In  the  form 

r/R  -  8-l{.in8+(l/2)(p/Ef)ra}  (14) 

This  can  also  be  written,  with  the  aid  of  (11)  as 
r/R  -  B’^in  8U+(N0/Ef).ec  8), 
or 

NQ/Ef  -  cos  8(6  esc  8  (r/R)  -1}  (15) 

W*  see  from  (15)  that  In  the  limit  as  8  0  we  obtain 

Nt,/Ef  -►  (r/R)  -1. 

This  can  be  Interpreted  to  mean  that,  when  the  fabric  is  stretched 
flat  between  the  cords,  1.  e.,  when  there  is  negligible  bulging 
of  the  gores,  we  recover  the  linear  elastic  relation  between 
circumferential  stress  resultant  and  circumferential  strain. 


In  the  calculation*  va  shall  adopt  (15)  together  vlth 

formulas  aqulvalent  to  (14)  and  (13) 

•  in  8  -  0<r/ty-(l/2)(p/Ef)ra  -  0  (16) 

N  -  E  (Bc»c6(r/R)  -1)  (17) 

f  £ 

as  axprassing  tha  material  behavior  of  the  fabric  whan 
8<ir/2 . 

When  8  ■  ir/2,  the  elastic  law  (13)  implies 
(l/2)(p/Ef)ra  -  { 1 2  a '  +  ( w/2 ) r a] /Ra }  -1 
or 

o'  -  (1/2 )R  o{  1  -(*/2)<r/R)+(l/2)(p/Ef)ra)  (18) 

together  with 

N  -  0  (19) 

e 

Nf  -  (l/2)pr0  (20) 

We  have  now  completed  the  portion  of  the  analysis  that 
deafewlth  the  fabric. 

In  analyzing  the  fabric  we  have  neglected  the  meridional 
stresses  on  the  assumption  that  stresses  of  this  type  arc 
borne  entirely  by  the  cords.  We  must  now,  therefore,  analyze 
the  statics  and  material  behavior  of  the  cords. 

Statics  of  Cords:  If  N£  is  the  tension  force  In  the 
cords,  measured  in  lbs,  then  we  can  write  down  the  two 
equations  of  force  equilibrium  in  the  direction  tangential 
and  normal  to  the  cords  with  the  aid  of  Figure  6  and  7. 

These  are 

dN  / ds  -  2N  sin(o/2)cos*  (21) 

C  Q 

Ncd*/ds  -  Nn-2N0sin(a/2)sin* 

-  pra-2N0sin(a/2)slnt  (22) 
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6:  Sketch  showing  that  the  resultant  of  the  N 
forces  on  a  cord  is  a  radial  inward  force, 
2n0  sin(ct/2)  per  unit  of  cord  length 
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Figure  7:  Forces  acting  on  &n  element  of  cord  with  length  ds 
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A  partial  ehack  on  tha  validity  of  theae  aquations  is 


provided  by  studying  their  behavior  asa+O.  If  we  set  N  •  roN 

c 

these  should  reduce  to  the  equations  of  equilibrium  of  membrane 
shell  theory, 

d(rN  ) /dr  ■  N  (23) 

•  6 

N#  d(sln$)/dr  +  NQ(sln$/r)  -  p.  (24) 

If  we  use  the  fact  that  (see  Figure  8) 

dr  ■  ds  cos  $,  (25) 

and  observe  that 

(2/a)ain(a/2)-l 

as  a>0  ,  we  see  that  equations  (21)  and  (22)  reduce  to  the 
proper  limit  as  a-K) . 

Material  Behavior  of  Cords:  The  strain  in  the  cords, 

Yg  ,  is  assumed  to  be  small  and  we  infer  from  Figure  9  that 
Y  -  (ds-dR) /dft  =  (dr/dR)»ec*-l 
The  cords  are  assumed  to  obey  a  linear  elastic  relation 

N  =  E  y  -  E  { (dr/dR)sec$-l ).  (26) 

C  C  8  C 

This  completes  the  analysis  of  the  cords. 

To  put  these  equations  into  systematic  form  we 
observe  that 

dr/dk  ■  { 1+(NC/Ec)  } cos 4  ■  f  cos  t  (27) 

whe  re 

f  -  l+(Nc/Ec). 

Since 

d/ds-(dr/ds) (d/dr )- (dr/ds ) (dR/dr) (d/dR) 
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»•  find  froa  (25)  and  (27)  chat 
d/da  ■  (1/f)  (d/dR). 

Thua  cha  aquatlona  of  equilibrium  and  elasticity  for  tha 
corda  form  tha  systan 

dr/dR  ■  f  coa  d 

dd/dR  -  (f/Hc) {pr a-2Ng8 In ( a/2 ) a  in d } 
dNc/dR  -  2  fN^ain  (  o/2)  coa  d 

whara 


(28) 

(29) 

(30) 


f  -  1+(N  /E  ) 
c  c 

and  N0  la  datermlnad  aa  follows.  If 
l+(r/2)((po/Ef)-(ir/R)}  ^<0 

than 


(31) 


N0  -  Efcos0{(r/R) 0csce-l} 

whara  0  la  found  by  aolving  the  trana candantal  aquation 
sln0  -  0(r/R)+(pra/2Ef)  -  0 
If 


(32) 

(33) 


l+(r/2) {(pa/Ef)  -  (*/R)}>0 

than 


o'  -  (Ra/2) {l+(pra/2Ef)  -  (wr/2R) } 

Thla  la  a  third  order,  non-llnear  differential 
aquation  syatem  in  the  three  unknowna  r,  d  and  N£ ,  and 
therefore  wa  shall  need  three  edge  conditions  In  ordar 
to  have  a  unique  solution.  At  tha  vent,  r  -  rt  or  R  -  Rt, 
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the  cords  continue  across  to  the  opposite  side  of  the  vent 
through  the  axis  of  symmetry  (see  Figure  10).  The  elastic 
lev  for  the  cords  Implies  that 


r  -  R .  +  {(N  (R  )  /E  }  (35) 

1  1  c  1  c 

We  shall  take  for  another  condition  at  the  vent 

♦  -  n.  (36) 

These  conditions  are  satisfied  with  good  accuracy  In  a  flat 
circular  canopy  although  in  other  kinds  of  parachutes, 
notably  those  with  the  pull-down  vent,  more  comp '!«<:  •  ted 
conditions  must  be  Imposed. 

The  third  condition  Is  at  the  skirt,  r  ■  r  or  R  -  R  . 

o  o 

From  the  geometry,  see  Figure  11,  we  obtain 

r  -  L  cos  (*-$„)  ■  r  +L  cos  4  ■  0  (37) 

o  °  o  o 

where  L  Is  the  deformed  length  of  the  suspension  lines 

between  the  skirt  and  the  load  (or  confluence  point). 

If  L  Is  the  undeformed  length  of  the  susnenslon  lines, 
o 

and  Y^ls  \  V  strain  in  the  suspension  lines  (which  we  do 
not  assume  small),  then 

1/2 

L  -  Lo(l+2YL)l'Z 
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The  tension  force  In  the  linns  Is  simply  N  (Rfl)  ,  the  tsnslon 

fores  In  Chs  cords  at  the  skirt,  hence,  if  K  is  the  elastic 

L 

modulus  (lbs)  of  the  lines, 

\  ■  W/EL 
i  -  L0D*(*»c<V/EJ,/i 


Then  from  (37)  we  find  the  condition  which  has  to  he  satisfied 
at  the  skirt  , 

r(R  )+I,  f  1  +f  2N  (R  )/F,tl  }  1/2cos*  (R  )  -  0  (38) 

o  o  c  o  L  o 

We  have  therefore  reduced  the  problem  of  finding  the 

deformed  shape  and  stresses  in  the  parachute  to  that  of 

s  lvlng  the  system  of  three,  non-linear,  ordinary  differential 

equations  (28)  -  (30)  for  r(R)  and  4>(R)  and  N  (R) .  The 

c 

quantities  f  and  N  which  occur  in  the  right  sides  of  (28)  - 

0  * 

(30) ,  are  determined  as  functions  of  Nc,  r  and  R  by  means  of 

(31)  -(34).  The  edge  conditions  on  the  differential  equation 
system  are  (35),  (36)  and  (38). 

When  this  system  has  been  solved,  the  drag,  or  weight  of 
the  load,  can  be  found  from 

D  -  GNc(R0)sin<*  (Rq)  (  qq  ) 

Also  the  deformed  shape  is  found  by  calculating  the  cord 
profile,  r (R)  and  Z(R),  and  the  gore  centerline  profile, 
rg(R)  and  Zg(R),  see  Figure  12.  In  this  calculation  r(R) 
is  of  course  known  directly  from  the  differential  equation 
solution,  but  Z  (R)  must  be  found  by  integrating 


A7  •  dr  tan  4  ■  (dr/dR)  dR  tan  4 


The  equations  become 


dy/dx  “  f  cos  <f> 

(46) 

d$/dx  -  (211  f/n  ){qay-n„  sin(a/2)sin<f>} 
f  s  c 

(47) 

dn./dx  ■  2fU,n  sin(a/2)cos$ 

8  f  c 

(48) 

f  ■  1+n 

s 

(49) 

If 

1+qay- [ ny / (2  x)  ] <0 

then 

n  -  cos  8  {  8  (y /x)  cs  c8  -1} 
c 

(50) 

where  8  satisfies 

sin  8  -  8y / x-q  ay  -  0 

(51) 

and 

if 

1+qay-  (Try/2x)  >0 

then 

n  -  0  ,  8- "  /2 

c 

(52) 

a-  ( 1/2  )  xa  { 1+qay- (  xy/2x)  } 

(53) 

the 

edge  conditions  are 

n9(i)  -  y ( i) " i 

(54) 

4>  ( 1  >  -  0 

(55) 

1/2 

y  (xQ)+J  {l+[2ng  (xq) /UL  ] }  cos$(x0)  -  0 

(56) 

The 

dimensionless  load  or  drag  is 

W  -Gn  (x  )  s  in  4>  ( x  )  , 
s  °  o 

(57) 
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and 


*(x) 


A  - 
A  • 


■f  { l+n  (x' )  }sin$  (x1  )  dx' 

(58) 

Jo  * 

y+As in  $ 

(59) 

z-Acos  $ 

(60) 

(l/2)yatan(6/2)  if  6<ir/2 

(61) 

o+(l/2)ya  if  P  -  tt  /  2 

(62) 

In  discussing  the  pressure  and  stress  distributions  it  is 
also  convenient  to  define  dimensionless  stress,  drag  and  pressure 
coefficients  in  a  manner  different  from  the  dimensionless 
quantities  previously  defined*.  We  shall  take 

2 

0^  -  p/{  (1/2)  pV  }  *  pressure  coefficient 

C  -  D  /  {  (l/2)pV2irR  2)  -  drag  coefficient 
Do  ° 

C  -  N  /  { ( 1  /  2 )  pV  *  ttR  2)  •  cord  stress  coefficient 

c  c  o 

C,  -  NfR  /  {  ( 1  /2 )  pv  2  ttR  2}  ■  fabric  stress  coefficient 

t  r  o  o 


If  the  foregoing  analysis  is  correct,  we  must  satisfy  the 
3rd  order  differential  equation  system  (46)  -  (49)  together  with 

the  auxiliary  equation  (50)  -  (5  3)  and  the  edge  condition  (54)  - 
(56).  This  system  was  taken  as  the  basis  for  the  computer  program. 

The  numerical  analysis  underlying  the  computer  program  is  described  in  the 
next  Section. 

*Notice  that  because  of  (13),  (26)  and  (35)  the  dimensionless  stresses 
nf  and  ns,  defined  in  (45),  are  also  respectively  Just  the  strains 
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3.  NUMERICAL  ANALYSIS  OF  THE  PROBLEM 


The  numerical  analysis  of  this  problem  consists  primarily 
of  solving  the  differential  equation  system  (46)  -  (48)  by 
numerical  means  and  secondarily  satisfying  the  edge  conditions. 
We  shall  deal  below  with  these  two  aspects  of  the  problem  and 
then  describe  other  aspects  of  the  computer  program. 

The  treatment  of  the  differential  equation  system  is 

based  on  the  well-known  Runge-Kutta  method  for  numerical 

Integration.  The  procedure  is  not  quite  routine  because 

of  the  need  to  evaluate  nc  and  insert  it  in  the  right  side 

of  (47)  and  (48)  at  each  step  n  being  determined  by  (50)  - 

c 

(52).  In  particular,  if 

i+qay-{*y/(2x)  }<o, 

we  must  determine  B  by  solving  (51)  and  then  evaluating  t 

c 

from  (50).  The  solution  of  (51)  was  accomplished  by  using 
the  Newton  -  Raphson  iteration  defined  by 

B  ■  a  -/q«y+sinS-B(y/x)  ^  (66) 

k+1  k  \  cos  8  -  (y/x)  J 

As  usual  with  this  procedure  convergence  is  uncertain.  However, 
it  became  clear  after  a  little  study  that  convergence  occurred 
when  the  initial  g  was  chosen  well  above  the  value  of  b  for  which 
cos  b  ■  y/x. 

This  condition  was  satisfied  by  choosing  as  starting  values 
B  -  .4  if  c*0 
B  -  .4+  (-2c)  1/2  if  E<0. 
c  -  (y  /  x)  -  1 . 
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In  order  to  .void  dl  f  f  1  cl  1 1..  for  .n.n  v.l„.,  , 

1"  (50),  oxp licit  polynomial  approximation,  war.  ua.d  for  the 


t  rl  Ron  on*  trie  function,  i.  e., 


2  A 

COS  fi  1-C1 B  +C2  B  ' 

2 

sin  8  ~B(  i-s,  8  +s  ft4 } 
1  2 


C1  ’  Cj  »  si*  constants 

With  these  approximations  we  may  write  (66)  and  (SO)  as 


Bk+1  6k+, 


qay-8f  e+82  (S  j-S2  r2)| 


c+82(C1-C  B2) 
1  2 


l  B:<  -  Hk  (6  7) 


(e+82(Si-S2  82  )  } 


{i-c  e2+c b4} 


(6ft) 


U-B^Sj-S  (2)  ) 


The. a  formula,  ,r,  aufflcl.ptly  aoour.t,  for  pr.otlc.l  p„rp„«. 
and  are  well-behaved  for  0*B$tt/2. 

Bao.ua,  th.  a  dp.  condition,  (54)  -  (50)  .r,  not  all  .ppUed 

at  th,  a.m.  point.  It  1.  nac.aaary  to  adopt  a  t rl a l-.nd-.rror 
acham.  l„  „rd.r  t.  a.tlafy  th...  Thl,  1,  b,g„„  „„  , 

value  for  th,  dafor.ad  v.nt  radio,,  y(l).  th,  v.luej  of 

"S(D  and  0(1)  ar,  found  from  (54)  ,„d  (55),  „c  n)  „  sv,tuated 
a.  In  th.  preceding  paragraph  and  v.  can  than  hagl„  th,  R„„.. 
Kutta  procedure  for  Intagratln,  th.  dl  f  fa  re,.  1 1  a  1  .pu.tlon  tyit... 

With  thl.  procedure  th,  ..lotion  1,  built  .at  In  th,  x-dlrectlo„ 

until  the  values  at  the  skirt,  y(x  )  *,(  x  >  ^ 

yy  c  ’  *{xo’  and  n3(x0)  are  obtain. 
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These  values  should  satisfy  (56).  Usually,  of  course,  they  will 
not,  and  we  must  change  the  assumed  value  of  y(l)  and  start  again. 
In  the  program  this  process  19  made  automatic  by  Including  a 
subroutine  that  applies  the  Rule  of  False  Position  when  a  sign 
change  Is  found  In  the  left  side  of  (56). 

In  the  program  a  general  pressure  distribution  Is  assumed, 


given  by 


Cp  -  Aq+  A  ♦  +  A2,2+A3*3 


(69) 


The  constants  Aq  ,  A^,  and  A^  are  read  In  and  permit  a  fairly 
wide  choice  of  pressure  distributions.  The  scarcity  of  reliable 
information  on  pressure  distributions  makes  this  procedure 
necessary.  It  is  worth  noticing  that  Cp  Is  assumed  to  be  a 
function  of  4>  (the  deformed  cord  angle)  and  so  depends  to  a 
certain  extent  on  the  deformed  shape. 

After  finding  the  complete  solution,  satisfying  all  the 
edge  conditions,  the  program  carries  out  the  numerical  Integration 
of  (58),  using  Simpson's  Rule,  and  calculates  the  cylindrical 
coordinates  of  the  cord  and  gore  centerlines  by  means  of  (59)  - 
(62)  . 

In  order  to  make  the  program  useful  for  design  purposes, 
provision  Is  made  for  the  computation  of  certain  Information 
beyond  merely  the  shape  and  stresses.  This  extra  information 
includes  an  analysis  of  the  parachute  weight,  1.  e.,the 
distribution  of  the  total  weight  among  the  different  structural 


elements  (fabric,  cords,  fixtures  etc).  Also  the  maximum 


cord  and  fabric  stresses,  as  well  as  the  vent  and  load  line 
stresses,  are  calculated  and  compared  with  the  respective 
breaking  stresses  to  find  safety  factors  for  ea  K  structural 
element.  Warning  messages  are  printed  if  the  safety  factors 
fall  below  unity. 

The  program  is  arranged  so  that  in  one  pass  the  user  may 
choose  any  two  of  the  input  quantities  and  vary  these 
independently  by  chosen  numbers  of  chosen  increments,  so  that 
the  effect  on  the  solutions  of  changes  in  these  quantities 
may  be  studied.  For  instance,  the  drop  velocity,  V,  and  fabric 
modulus,  Ej,  may  be  varied,  or  the  effect  of  changing  two  constants 
in  the  hypothetical  pressure  distribution  (69)  may  be  found. 
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4.  EXAMPLES  OF  RESULTS 

This  program  was  used  to  study  tha  effects  of  different 
variables  on  the  shape,  drag  and  atreaaes.  For  this  purpose  a 
basic  set  of  parameter  values  was  chosen,  typical  of  the  C-9  canopy. 
Vent  radius  a  1.4  ft 
Ratio  of  skirt  to  vent  radii  a  10 
No.  of  gores  a  28 
Suspension  Line  Length  a  28  ft 

3 

Elastic  Modulus  of  Cords  a  2  x  10  lbs 
Elastic  Modulus  of  Fabric  a  2  x  103  lbs/ft 
El as  tic  Modulus  of  Load  Lines  a  2  x  10  3  lbs 

The  mass  density  of  air  was  ^aken  as 
P  •  2  x  10-3  lb-sec/ft*, 
and  the  drop  velocity  as 
V  a  20  ft/sec 

The  basic  pressure  distribution  was  taken  as  a  constant  function 

■  1.5,  defined  by 
P 

Ac  -  1.5,  Aj  -  A2  -  A3  -  0 

For  this  basic  configuration  the  following  results  were  found: 

C  a  Drag  coefficient  a  .626 
D 

o 

D  a  max.  diameter  a  .671  D 
P  0 

o 

4  a  cord  angle  at  skirt  a  109 
o 

or 

0  - (  w/2 )  -  19° 

o 
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where  D  ■  2R  Is  the  flat  circular  diameter  and  ®  Is  the  angle 
o  o 

between  the  suspension  lines  and  the  caropy  axis.  The  deformed  shape 
Is  shown  In  Figure  13,  and  the  cord  and  fabric  stress  coefficients 
are  depicted  In  Figure  14. 

The  theory  was  further  tested  by  investigating  the  influence 
of  various  parameters  on  the  shape,  drag  and  stresses.  A  large 
number  of  results  was  obtained,  the  most  important  of  which  are 
displayed  in  Tables  1  and  2.  We  may  summarize  the  main  features  as 
follows  : 

(i)  Table  1  shows  that  D0 /D  v  and  hence  the  shape,  is  not 

v  o 

greatly  affected  by  any  of  the  parameter  changes.  The  suspension 
line  length  ratio,  A,  has  the  greatest  effect  on  Dp/Do,  but  its 
effect  is  not  especially  large. 

(ii)  According  to  Table  1,A  is  the  only  canopy  parameter 
that  affects  the  drag  coefficient  significantly.  The  effects  of 
G  and  V  are  small,  and  the  elastic  constants  have  negligible  influence. 

(ill)  The  angle,  0,  of  the  load  lines,  which  Is  the  same  as  the 
angle  of  the  cords  at  the  skirt,  is  seen  In  Table  1  to  be  significantly 
affected  only  by  changes  in  A- 

(iv)  We  conclude  from  Table  1  that  G  is  the  only  variable  that 

greatly  Influences  C  although  A  has  some  effect.  In  contrast 

c  max 

Cf  ma*  Is  perceptibly  affected  by  changes  In  all  the  canopy  parameters. 

(v)  The  cord  stress  Is  least  at  the  vent  and  increases  to  a 

maximum  at  the  maximum  diameter,  which  Is  usually  at  x  ■  9,  1.  e. 

near  the  skirt.  Hence  the  familiar  formula 

Cc  “  Cd  /G  cos  0, 
o 
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TABLE  1 


Parameter 

D  /D 

P  0 

C 

D 

0 

Max  C 

c 

Max  C 

0-4  -("/?) 
o 

E 

c 

1000 

2000* 

3000 

.673 

.671 

.671 

.627 

.626 

.625 

.02  3  7 
.02  37 
.02  36 

.  264 
.185 
.155 

19° 

19° 

1 Q  0 

Ef 

400 

1200 

2000* 

.672 

.672 

.671 

.626 

.626 

.626 

.02  37 
.02  37 
.0237 

.087 

.140 

.185 

1  9  0 

19° 

10° 

G 

16 

28* 

40 

.665 

.671 

.674 

.614 
.626 
.6  30 

.0406 

.0237 

.0167 

.219 

.185 

.155 

19° 

19° 

19° 

A 

.  7 

1.0* 

1.3 

.645 

.671 

.687 

.549 

.626 

.671 

.0218 

.0237 

.0248 

.175 
.  185 
.191 

26° 

19° 

15° 

V 

10 

20* 

30 

.670 

.671 

.673 

.623 

.626 

.629 

.02  36 
.02  37 
.02  38 

.210 

.185 

.176 

19° 

19° 

19° 

•Denote •  vs 1 ue  of  variable  for  the  ba.lc  configuration. 
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TABLE  2 


Constant  C 

D  max/D 

C 

P 

0 

D 

0 

1.2 

.671 

.500 

1.5* 

.671 

.626 

1 . 8 

.672 

.751 

Linearly  ^ 

Varying  C  1 

P 

C  (x  ) 

P  o' 

1.500 

.671 

.626 

1.882 

.689 

.  70  7 

2.268 

.  702 

.785 

Max  C 

c 


Max  Cf 


.0189 
.02  37 
.0284 


.150 

.185 

.220 


.02  37 
.0288 
.0299 


185 
202 
2  1  R 


In  the  case  labelled  "Linearly  varying  C  ",  c  varies 
between  Cp (  1  )  -  1.5  (at  vent)  and  Cp(x0)Pat  tSe  skirt. 


linearly 


0 


10 

10° 

10° 


19° 

20° 

20° 


in  4> 


J79 


PiBUHIJlUlJI'.-lUL-L! 


-  Jfm 


which  1*  exactly  true  only  for  C^(x  ),  also  approximately  true 

for  the  maximum  value  of  C  . 

c 

(vi)  The  fabric  stress  la  greatest  at  or  near  the  vent  and 
decreases  as  we  go'  toward  the  skirt.  The  exact  location  of  the 
maximum  fabric  stress  depends  on  as  well  as  the  pressure 

dls  t  rib  utlon • 

(vii)  From  Table  2  we  see  that  for  constant  pressure  distributions, 
changing  the  pressure  scarcely  affects  the  shape  and  causes  merely 
proportional  changes  In  the  stresses.  If  the  pressure  Increases 
linearly  In  4>  from  tut  vent  to  the  skirt,  all  quantities  are  affected. 

We  shall  comment  on  these  results  in  the  following  Section. 


I 
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DISCUSSION 


5  . 

The  theory  developer!  In  this  paper  Is  apparently  the  first 

In  which  the  shape  and  stresses  are  calculated  simultaneously. 

To  Judge  the  theory  we  must  of  course  compare  it  with  experimental 

results.  In  making  this  comparison  It  is  first  necessary  to 

understand  clearlv  what  the  theory  does. 

If  we  are  given  a  flat,  circular  canopy  with  known  geometrical 

and  physical  properties  (respectively  embodied  in  R  ,  R  ,  L  ,  C 

i  o  r 

and  Ej.,  Ec,  and  )  ,  dropping  vertically  at  known  velocity  V  through 
air  with  known  mass  density,  p,  the  analysis  furnishes  us  with  the 
relations  between  the  pressure  distribution  on  one  hand  and  the 
shape,  stresses  and  drag  on  the  other.  Tf  the  pressure  distribution 
is  known,  we  can  solve  these  relations  (by  means  of  the  computer 
proyrn'  to  find  the  quantities  of  engineering  interest.  These 
quantiries  will  depend  in  general  upon  the  pressure  distribution. 

An  ideal  experimental  check  on  the  theory  would  require  that 
simultaneous  measurements  of  pressure  distribution,  stresses,  shaoe 
and  drag  be  made  on  a  canopy  that  is  dropping  vertically.  Conditions 
for  such  a  test  may  be  difficult  or  impossible  to  realize  in  practice, 
and  it  appears  that  no  experiments  vet  made  will  permit  such  a 
complete  check  on  the  theory. 

However,  many  experiments  have  been  made  that,  while  incomplete 

in  some  respect,  give  us  the  information  for  a  partial  check  on  the 

3 

theory.  For  example,  Berndt  and  Deweese  made  measurements  on  a 
C-9  canopy  in  towed  flight.  Their  results  compare  with  the  present 
calculation  for  the  basic  configuration  as  follows: 


38  1 


Me  asured 


Calculated 


C 


D 


o 


.65 


f  -  .626 

n 


D  /0  -  .648 

P  o 


D  / D  -.671 
P  ° 


0  -  17° 


3  -  1 9  0 


Their  measured  shape  is  plotted  in  Figure  13.  The  general  agreement 

Is  good  although  the  theoretical  shape  19  slightly  wider  and  shallower 

than  the  experimental  shape.  We  may  conclude  from  this  that  the 

present  theory  Is  not  grossly  In  error.  However,  It  Is  necessary 

to  remark  that.  If  we  had  assumed  a  different  pressure  distribution 

In  the  calculations,  we  could  have  arrived  at  quite  different  values 

for  C  ,  as  Is  evident  from  Table  2. 

D 

o 

A 

The  Parachute  Handbook  gives  the  general  estimate 

D  /D  =  .7, 

V  ° 

which  compares  reasonably  well  with  the  present  calculations, 

D  /D  -  .67  for  the  cords 
^  o 

-  .73  for  the  gore  centerlines. 

Moreover,  the  observed  generality  of  this  estimate  tends  to  confirm 
the  theory,  which  predicts  that  the  shape  Is  Insensitive  to  changes 

In  most  of  the  parameters. 

_  ^ 

The  Parachute  Handbook  shows  many  experimental  results  in  which 

C  la  seen  to  decrease  with  an  Increase  In  V.  This  does  not  agree, 

D 

at°flrst  sight,  with  our  results.  Table  1,  which  show  that  Cn 

uo 

increaaes  very  slowly  with  an  Increase  in  V.  The  discrepancy  is 
probably  due  to  one  or  y  *th  of  two  causes: 
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(a)  The  canopy  may  not  be  descending  vertically  in  the  tests. 

The  theory  assumes  vertical  descent  and  may  give  inaccurate  results 
if  the  canopy  oscillates  or  glides  laterally. 

(b )  The  pressure  distribution  may  change  as  the  velocity 

changes.  In  particular,  increasing  velocity  will  cause  increase 
of  the  tensile  stresses  and  strains  in  the  fabric,  and  this  will 
lead  to  greater  porosity  of  the  fabric.  The  Increasing  noroslty 
will  permit  Increasing  air  flow  from  the  h  1  rh  -  p  re  s  s  u  re  to  the  low- 
pressure  side  of  the  fabric.  Thus  the  pressure  difference  will  nnt 
increase  as  fast  as  the  impact  pressure,  or.  In  other  words,  the 
pressure-difference  coefficient,  C  ,  will  decrease.  This  will 
cause  C  to  decrease. 

n 

o 

In  general  we  may  say  that  the  -resent  theory  represents  a 
first,  admittedly  somewhat  crude,  attempt  to  analyze  parachutes 
without  assuming  the  deformed  shape.  Clearlv,  several  of  the 
assumptions  described  In  the  Introduction  are  not  very  accurate, 
notably  (ii),  and  (v),  while  (  l  v)  Is  probably  inaccurate  near  the 
maximum  diameter.  Nevertheless  the  results  are  good  enough  to 
suggest  that  the  general  procedure  is  a  votkahle  one  which  can  he  a 
starting  point  for  future  efforts. 

Tt  is  perhaps  ilso  useful  tc  point  out  that  this  theorv  represents 
a  step  in  the  direction  of  calculating  the  opening  behavior  of  para¬ 
chutes.  For  a  major  part  of  the  difficulty  in  the  opening  problem 
consists  of  estimating  the  shape  and  forces  of  the  inflated  part  of 
the  canopy.  The  n o t - vc t - i n f 1  a t e d  part  cf  the  canopy  is  relatively 
easily  dealt  with.  The  estimate  of  the  shape  and  forces  of  the 

lb! 


Inflated  part  of  the  cnnony  Is  much  like  th  nt  of  a  (smaller) 
completely  open  canopy.  We  may  anticipate,  therefore,  that  the 
present  analysis,  or  one  Vie  It,  w  1  l  '  he  an  Integral  part  of  an 
analysis  of  opening  behavior. 
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NOMENCLATURE 


C 


f 


n 

o 


E 


L 


L 


N 

n 


n 


f  ’ 


R 


o 


r 


o 


Constants  In  canopy  pressure  distribution 
Constants  in  formulas  for  cosine  function 

Drag  coefficient  based  on  flat  circular  area 

Coefficient  of  net  pressure 

Stress  r oe f f ! ft en t s  in  cords,  fabric 

Diameters  in  opened  and  flat  circular  states 

Elastic  moduli  of  cords,  fabric,  load  lines 

1+(N  /F.  ) 
c  c 

Number  of  gores 

Dimensionless  load  line  length 

Length  of  load  lines  in  undeformed  and 
de  f  o  rme  d  states 

Tension  force  in  cords,  fabric 

Force  resultants  on  cords  in  circumferential 
and  normal  directions 

Dimensionless  force  in  cord,  fabric 

Dimensionless  circumferential  force  resultant 
on  cords 

Net  outward  pressure  on  gore  fabric 
Dimensionless  pressure 

Radius  of  particle  in  flat  circular  state 
Vent  and  skirt  radii  in  flat  circular  state 
Radius  of  cord  in  opened  state 
Vent  and  skirt  radii  in  opened  state 
Circumferential  radius  of  curvature  of  gore 
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NOMENCLATURE  (Cont'd) 


s 


Arc  length  of  cord 

Constants  In  formulas  for  sine  function 


Dimensionless  elastic  constant* 

Verti cal  ve loci  tv 

Drag  force 

Dimensionless  drag 

Dimensionless  radius  in  flat,  circular  state 

Dimensionless  skirt  radius  in  flat  circular 
state 

Dimensionless  radius  in  opened  state 

Axial  cylindrical  coordinate  of  cords  and 
gore  centerline 

Dimensionless  axial  coordinate  of  cords  and 
gore  centerline 


Included  angle  of  gore 
F.dge  angle  of  gore  bulge 

Strains  in  cord,  fabric,  and  load  lines 
Depth  in  bulge 

Dimensionless  depth  of  bulge 

Angle  between  load  line  and  axis 

Load  line  length  ratio  *  L  /D  ■  .TR./f^R  ) 

o  0  1  o 

Mass  density  of  air 

Contact  length  between  adjacent  gores 

Dimensionless  co  -;ct  length  between  adjacent 
gores 

Angle  between  cord  direction  and  horizontal 
<i  at  the  skirt 
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BOND  STRETCH  IN  DIATOMIC  MOLECULES  AND  THE  FUES  POTENTIAL 

John  D.  Stettler  and  Romas  A.  Shatas 
Solid  State  Physics  Branch,  Physical  Sciences  Laboratory 
U.  S.  Army  Missile  Command,  Redstone  Arsenal,  Alabama 

1  2 

I.  INTRODUCTION.  We  have  previously  derived  a  variational  method  * 
for  calculating  the  bond  stretch  induced  in  a  diatomic  molecule  which 
arises  from  coupling  between  vibrational  and  rotational  motion.  The 
previous  development  was  in  the  context  of  a  weakly  anharmonic  oscillator 
for  which  an  expansion  of  the  potential  energy  about  the  static  equili¬ 
brium  point  was  expected  to  converge  rapidly.  However,  for  many  diatomic 
molecules  the  Fues  potential  function^  closely  describes  the  i.  teratomic 
potential  V(r)  which  governs  the  vibrational  motion.  This  function  is 

V(r)  =  Y2(r"2  -  2r_1)  =  -y2(l  -  2q2  +  6q3  -  24q4  .  .  .)  (1) 

where  q  =  r  -  1,  with  r  =  1  being  the  equilibrium  point.  This  potential 
is  obviously  strongly  anharmonic.  The  applicability  of  our  method  to 
such  a  case  is  demonstrated  in  Section  II.  Because  of  the  general 
usefulness  of  the  Fues  potential,  in  Section  III  we  derive  in  detail 
the  eignfunctions  and  eigenvalues  of  the  Schrodinger  equation  for  this 
potential  and  also  evaluate  expectation  values  of  various  powers  of  the 
interatomic  distance.  Finally,  in  Section  III  we  use  our  procedure  to 
evaluate  the  bond  stretch  for  the  Fues  potential  induced  by  vibration- 
rotation  coupling. 

II.  VARIATIONAL  METHOD.  In  spherical  coordinates,  the  Schrfidinger 
partial  differential  equation  for  the  motion  of  a  diatomic  molecule  about 
its  center  of  mass  is  written  as  follows 

2  ,2 

{-  — - q - —  R2  - -  +  — —  +  U (R)  }  Y(R,9,$)  =  Ef(R,0,4i) 

2u  R  0R  3R  2pR 

where  p  is  the  reduced  mass  and  fi  is  the  Planck's  constant  divided  by 
2tt.  Because  U(R)  is  spherically  symmetric,  4'(R,0,<j>)  can  be  written  as 

4'(R,0,<{>)  =  R_i •  i|«(R)  -  *(0,*) 

where 

2  2  —1  3  3  —1  3  2 

Jo  <5>(0,4>)  =  sin  0  (—7—  sine  — ■ —  +  sin  e  — — T~  ) 

00  00  ^ . 

2  o!P 

=  fi  Z(£  +  1)  4>(  e  ,4>) 
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and 


II  (r)  ■  iKr)  =  [  )|  (r)  +  T (r )  ]  -  r )  =  A  ip(r)  ,  (2a) 

<in 

with  the  operator 

,2 

II  (r)  = - _  +  V  (r)  (2b) 

an  .  2 

dr 

being  the  anharmonic  oscillator  Hamiltonian  and  the  operator 

T(r)  =  ~~  (2c) 

r  “ 

expressing  the  perturbation  term  associated  with  the  rotational  motion 
where 

4  =  <-(  £  4-  1)  . 

-1  -2  2 

Here  we  have  introduced  the  reduced  quantities  r  =  RR  ,  A  =  2ufi  R  E, 
_0  2  oo 

V(r)  =  2p  fi  Rq  U (R)  ,  and  i>(r)  is  the  radial  eigenfunction  ^(R)  .  The 

anergy  E  and  eigenfunction  T(R,Q,i)  ate  characterized  by  the  vibrational 
and  rotational  quantum  numbers  n  and  >,  respectively.  The  value  of  R^  is 

picked  so  that  the  equilibrium  point  for  V(r)  occurs  at  r  =  1. 

In  order  to  introduce  the  bond  stretch  c  arising  from  coupling 
between  rotation  and  vibration,  we  note  that  Eq.  (2a)  can  be  formally 
transformed  to 

tl(r  +  d )  (jj(r  +  p)  ~  A  ip(r  +  c)  (3) 

and  that  H  (r)  lias  eigenfunctions  f(r)  and  eigenvalues  £  such  that 
an 

II  (r)  J(r)  =  £  *(r)  (4) 

an 

The  difference  between  the  Hamiltonians  in  Eq.  (3)  and  Eq .  (4)  is  the 
rotational  term  Eq.  (2c)  which  is  repulsive  for  all  values  of  r.  We, 
therefore,  make  the  ansatz  that  the  effects  of  T(r)  can  be  represented 
by  an  effective  bond  stretch.  In  mathematical  terms,  we  assume  that 
there  exists  a  value  for  d  such  that 
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ij>(r  +  p)  <f>(r) 


where  both  functions  correspond  to  the  same  vibrational  quantum  number  n. 
Thus  we  suppose  that 


(a 

I 


dr 


(r)  II  (r  +  „■)  $(r) 


(5) 


and,  from  our  previous  development,  the  best  value  for  p  is  given  by 
the  condition 


0  =  J  dr  ;(r)  *  —  ii  <v  +  p)  +,(r). 
0 


(6) 


Thus  the  expressions  that  we  have  derived  for  the  bond  stretch  arising 
from  coupling  of  rotational  and  vibrational  motions  are  independent  of 
the  degree  of  anharmonicity  of  the  vibrational  potential. 

III.  FUES  POTENTIAL.  With  the  choice  of  the  equilibrium  point  at 
r  =  1,  the  Fues  potential  has  the  form  given  in  Eq .  (1).  Therefore, 

Eq.  (2a)  becomes 


+  A  +  2  y2  r"1  -  (•  2 ) r  2f  •  *(r)  =  0.  (7) 

dr" 


Because  we  are  interested  only  in  the  bound  states  of  the  diatomic  molecule, 
the  quantity  A  in  Eq .  (7)  is  necessarily  nonpositive.  We  can  define 

j,  2  - 1  2 

k  =  (-A)'  ,  B  =  +  y  ,  g  =  k  ,  and  make  the  change  of  variables 

x  =  2kr  to  transform  Eq .  (7)  into 

f  — — j—  +  gx  ^  -  Bx  (x)  =  0 .  (8) 

dx" 


We  nov;  let 


. (x)  =  Nxb  L(x)e  '  X  (9) 

where  s  is  picked  cucli  that  l.(x)  is  bounded  and  noii-xero  at  x  =  0.  this 
gives  a  value  for  s  of 


J8‘> 


w 


im 


s  =  1  +  (i  +  B)  : 

and  the  dit ferential  equation  to  be  satisfied  by  L(x)  becomes 

_l2  , 

x{ - 7-  +  (2s  -  x)  — - s  +  g)  L(x)  =  0.  (10) 

dx"  ax 

4 

Solutions  to  fiq .  (10)  are  the  confluent  hypergeometric  functions.  In 
order  that  iHx)  of  Eq .  (9)  remains  finite  as  x  approaches  infinity  only 
those  values  of  A  in  Eq.  (7)  are  allowed  for  which 


s  -  g  =  -  n 

where  n  is  a  non-negative  integer.  With  this  restriction  Eq .  (10) 
becomes  the  defining  equation  for  Laguerre  polynomials 


{x  - —  +  (a  +  1  -  x)  — —  +  n;  L  (x)  =  0  (11) 

.2  dx  n 

dx 

which  are  chosen  such  that  they  have  the  normalization  integral^ 

uo 

/a+1,,  a,  M2  -X,  .  1 .  3  2n  +  a  +  1 

x  [L  (x)  ]  e  dx  =  f(n  +  a  +  1)  - — - - ; - —  .  (12) 

n  n ! 

0 


The  normalization  constant  N  in  y(x)  of  Eq.  (9)  is  determined  by  the 
condition  that 


a> 


0 


v(r)  dr  =  1. 


Therefore  we  obtain  for  the  Fues  potential  the  eigenvalues 

A  =  -  yA(n  +  s)"2  n  =  0,1,2  .  .  .  (13a) 

n 

and  eigenfunctions 

ip  (r)  =  [ I" (n  +  2s)3  p  (2kr)S  L  2s_1  (2kr)e'kr  (13b) 

n  n !  k  n 


» 
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with 


s  =  j+  (y2  +  (2  +  f}2)  ,  k  =  y2(s  +  n)  1  ,  (13c) 

where  i  is  the  rotational  quantum  number.  We  note  that  for  s  an  integer 
2s- 1 

1  (x)  is  the  associated  Laguerre  polynomial  for  which  the  condition 

n  _>  2s  -1^0  must  hold.  Such  functions  appear  in  the  hydrogen  atom 

eigenfunctions . k  In  our  case,  however,  s  is  not  an  integer  and,  for 
the  cases  of  interest,  s  is  much  larger  than  n. 

In  the  calculation  of  the  bond  stretch  p  and  the  evaluation  of  our 
method,  we  need  to  expand  Eq .  (5)  and  Eq  .  (6)  in  a  Taylor  series  in  p. 
Consequently,  we  have  to  calculate  quantities  of  the  form 


=  J  dr  y  (r)  rm  o(r)  ,  (14) 

0 

where  y(r)  is  given  in  Eq .  (13b)  and  m  is  an  integer,  generally  negative, 
in  order  that  the  integrand  of  Eq.  (14)  not  be  unbounded  at  the  origin, 
we  require  that  2s  +  m  _>  0.  With  this  restriction  Eq.  (14)  can  be 
evaluated  by  relating  the  Laguerre  polynomials  to  the  confluent  hyper- 
geometric  functions,  and  then  using  the  integral  representation  of  the 
latter  to  integrate  by  parts.14  This  yields 


(2k)~m  ;  (2s  +  1  +  m) 

2(n  +  s)  ;  (2s) 


(15) 


n(m  +2)  (m  +  1) 
l2  (2s) 


+ 


n(n-l)(m  4-  3)  (m  4  2)  (m  +  l)m 
l2  22  (2s) (2s  +  1) 


+  .  .  .  + 


+  n!  (m  +  n  +  lj  (m  +  n)  .  .  .  (m  +  2  -  n) _ ^ 

l2  22  .  .  .  n2  (2s) (2s  +  1)  .  .  .  (2s  +  n  -  1) 

Evaluating  the  above  expression  for  some  values  of  m,  we  find  thaL 


391 


i  iim—i  1 1  unii  ii 


WJW  M<l'  <1  ""IIIIHIII 


<0  - 

<r°>  - 

<r‘l>  ■ 

(r'2)  - 

<‘-3>  - 


i(2s  +  1)  +  3n(2s  +  n) 
2k  (n  +  s) 


n  +  s 


2k 


(n  +  s)  (2s  -  1) 
3 


2k' 


s(2s  -  1)  (s  -  1) 


(16) 


These  expressions  reduce  to  those  for  the  hydrogen  atom  when  the  trans- 


\  n-*n  -  1-1,  s  -►  £  +  1  are  made.^ 

IV.  BOND  STRETCH.  In  order  to  calculate  the  bond  stretch 


formations  k  -*■  (a  n) 
o 


attributable  to  rotation-vibration  coupling,  we  expand  Eq.  (6)  In  a 
Taylor  series  to  obtain 


2  3 

0  “  (l7"  *  <r))+  p(— VM(r))  +ip2(— VHr)) 

’  8r  9r 


From  the  form  of  J(  (r)  given  in  Eq.  (2a)  and  the  expression  Eq.  (1)  for 
the  Fues  potential  we  find  that  Eq.  (17)  becomes 


0  -  -2y2  (  <r"3)  -  <r"2>  )  -  2A<r~3) 

+  p{2y2(3  <r_4>  -  2<r"3>  )  +  6A<r~4)}  (18) 

+  ip2  {  -  12Y2(2  <r"5)  -  <r"4>  )  -  24A  <r'5)}  +  ...  . 

Because  the  expectation  values  in  Eq.  (18)  are  with  respect  to  solutions 
of  Eq.  (4),  we  use  the  expressions  in  Eq.  (13a)  and  Eq.  (16)  with  A  equal 
zero.  Solving  Eq.  (18)  under  these  conditions  on  p,  we  find  that 


P 


A 


2 

Y 


1 

i 


3 


n  +  ^ 
Y 


(19) 


392 


iftv 

'ni£b 


% 


I 


/ 


4 


where  we  have  assumed  that  the  rotational  energy  la  much  less  than  the 
vibrational  energy  and  the  vibrational  energy  is  much  less  than  the 
disassociation  energy.  In  order  to  assess  the  accuracy  of  Eq.  (19), 
we  compare  (Jkr  +  p))  -  (M(r))  to  what  it  should  be  if  our  procedure 

were  exact;  namely,  A  (A)  -  A  (0) .  We  find  that 


Lli  <r  ±  -  H(  (r)>  _  1  _  _A_ 

An(A)  -  An(0)  Y2 

where  A  (A)  is  given  by  Eq.  (13a).  Equation  (20)  indicates  the  accuracy 
of  our  method. 


9  jn.+ij,  _  _A_ 
4  2 


(20) 
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NUMERICAL  STUDY  OK  A  BEST  INTERVAL  APPROXIMATION 
OF  THE  SQUARE  ROOT  OF  A  POSITIVE  NUMBER 

Fred  Frishraan 

Army  Research  Office,  OCRD 
Washington,  D.  C. 

and 


William  L.  Shepherd 

Instrumentation  Development  Directorate 
White  Sands  Missile  Range,  New  Mexico 


1.  INTRODUCTION 

In  [l],  which  was  presented  at  the  Fourteenth  Conference  of  Army 
Mathematicians,  we  discussed  the  iterative  computation  of  ,/N~  : 

0<x0<  ./N~  , 


N  -  X.* 


X  .  ,  =  X  .  + 

.J+l  J 


N  -  x  . 


> 


j*0,  1,  2,, 


(l.D 


2x ,  + 


.1  +  'ST 


or 


N  -  x  ,a 

X  .  ,  =  X  ,  +  -y: - jjr -  , 

J+l  j  2XJ  +  > 


where 


N  -  x. 


6.  = 


j  “  2x 

J 


is  a  "bound  on  the  error  in  approximating  yN~  by  x^. 

Here  we  want  to  point  out  its  association  with  the  elementary 
theory  of  continued  fractions  and  exhibit  some  results  of  numerical 
experience  with  it. 

2.  CONTINUED  FRACTIONS 
Consider 


f 


(1) 


(x»N) 


X  + 


N  -  x2 
2x 


Subsequent  to  the  Conference,  certain  additional  statements  and  corrections 
were  included  in  Section  3.  This  paper  has  been  reproduced  photographically 
from  the  author's  copy. 


*• 
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f(2)  (x,N) 
f^  (x,N) 


•  •  • 


x  + 


X  + 


N 


2x  + 


-  x2 


N  -  x2 
~5L — 


2x  + 


2x  + 


Problem  3,  page  367  of  Hall  and  Knight  [2]  shows  that,  for  x  >  0, 

H  >  0, 

11m  [f(n)(x,N)]  -  /TT  (2.1) 

n  -» 00 

Newton's  iteration  is 

Vi  ■ f(1)  ‘V”  • 

Our  iteration  is 

xj*i  *  f(2>  (V>  • 


It  is  intuitively  plausible  that  for 

Vi  - f(n)  <xj i>")  (2-2) 

lim  { x . )  =  yr  , 

j  -400  J 

though  w»;  have  not  proved  it. 

Now,  tv  is  known  that  Newton's  iteration  converges  "quadratically" 
to  /N  .  iv  can  be  shown  that  our  method  converges  "cubically"  to  /N  . 
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It  is  conjectured  that  the  order  of  convergence  of  (2.2)  increases 
monotonely  as  n  increases.  If  this  is  so,  an  investigation  might  be  made 
of  the  trade-off  between  core  storage  requirements  and  computing  speed 
for  various  values  of  n.  It  is  likely  that  the  trade-off  decisions  would 
depend  on  the  particular  machine  being  used. 

3.  NUMERICAL  RESULTS 

The  table  in  the  appendix  is  completely  illustrative  of  the  speed 
with  which  (1.1)  converges.  The  computations  were  done  on  a  Hewlett-Packard 
9100A  desk  calculator.  This  machine  does  12  decimal  digit  floating  point 
calculations.  The  table  below  was  obtained  from  an  examination  of  the 
appendix  and  similar  tables.  The  table  is  to  be  read: 

For  N  in  the  interval  X,  convergence  to  within  less  than  5  in 
the  Yth  significant  digit  is  obtained  in  Z  or  less  iterations, 
and  there  is  at  least  one  N  in  X  for  which  convergence  to  within 
less  than  5  in  the  Yth  significant  digit  cannot  be  obtained  in 
less  than  Z  iterations. 
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4.  DISCUSSION  AND  CONCLUSIONS 

Since  the  convergence  of  (1.1)  does  not  depend  on  x0  _<  /"ft  ,  it  would 
appear  to  be  a  suitable  scheme  to  improve  an  approximate  /~N  obtained 
by  Tschebychev  or  other  functions  [3];  we  have  not  investigated  this. 

The  method  as  exhibited  is  fast  and  stable,  and  might  be  very  fast 
for  a  special  purpose  fixed  subroutine  in  a  binary  arithmetic  computer. 

5.  PLANS  FOR  FUTURE  WORK 

We  also  propose  comparing  the  numerical  results  obtained  in  this 
paper  with  the  results  from  the  following  iterative  scheme  which  is 
also  suggested  in  [1J: 


Our  procedure  suggests  methods  for  obtaining  cube  and  higher  roots; 
these  are  under  study  at  present. 
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APPENDIX 


The  table  Illustrates  the  numerical  experience  with  the  Iteration 


Since 


0  <  xq  <  /n 


N  -  x  .* 

X:+l  =  x:  +  "2^7T-5: 


.1  =  0,  1,  2,... 


X,  <  v/n  <  X  +  6.  , 

U  —  * 


l&  .  I  is  a  bound  on  the  absolute 
for  round-off  error. 


error  in  approximating  /n  by  x except 
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TABLE  A, 1 


x  *>  1,  1  <  N  <  100 

c  — 


N 

61 

6. 

2 

6 

3 

4 

6 

5 

1.00 

0 

1.01 

3.1 

X 

10-8 

-2.5 

X 

io-11 

-5.0 

X 

io"12 

-5.0 

X 

io"12 

-5.0 

X 

io'12 

1.02 

2.5 

X 

10"7 

-5.0 

X 

10*12 

-5.0 

X 

10‘12 

-5.0 

X 

IO"12 

-5.0 

X 

IO"12 

1.03 

8.2 

X 

10“7 

-4.0 

X 

io’11 

0 

0 

0 

1.04 

2.0 

X 

io-6 

3.5 

X 

io"11 

5.0 

X 

io-12 

5.0 

X 

io"12 

5.0 

X 

io"12 

1.05 

3.8 

X 

10"6 

-3.0 

X 

io’11 

0 

0 

0 

1.06 

6.4 

X 

io"6 

7.3 

X 

io"11 

4.9 

X 

io*12 

4.9 

X 

io"12 

4.9 

X 

io"12 

1.07 

1.1 

X 

io-5 

0 

0 

0 

0 

1.08 

1.5 

X 

io-5 

5.3 

X 

io"11 

4.9 

X 

io“12 

4.9 

X 

io"12 

4.9 

X 

io"12 

1.09 

2.1 

X 

io-5 

-1.5 

X 

io"11 

-4.8 

X 

io"12 

-4.8 

X 

io"12 

-4.8 

X 

io"12 

1.1 

2.9 

X 

io-5 

9.6 

X 

io"12 

9.6 

X 

io-12 

9.6 

X 

io"12 

9.6 

X 

io-12 

1.5 

2.6 

X 

io-3 

2.7 

X 

io"9 

-8.2 

X 

io"12 

-8.2 

X 

io"12 

-8.2 

X 

io"12 

2.0 

1.5 

X 

io-2 

3.7 

X 

io"7 

-1.1 

X 

io-11 

+  1.1 

X 

io"11 

-1.1 

X 

io"11 

2.5 

3.7 

X 

io-2 

4.8 

X 

io"6 

9.5 

X 

io"12 

9.5 

X 

io"12 

9.5 

X 

io"12 

3.0 

6.7 

X 

io-2 

2.5 

X 

io"5 

-3.2 

X 

io"11 

-5.8 

X 

io"12 

-5.8 

X 

io"12 

3.5 

1.1 

X 

io-1 

8.2 

X 

io"5 

0 

0 

0 

3.90 

1.4 

X 

io"1 

1.8 

X 

io"4 

1.8 

X 

io"11 

2.6 

X 

10~12 

2.6 

X 

io"12 

3.91 

1.5 

X 

10"1 

1.8 

X 

io"4 

1.6 

X 

io"11 

-2.3 

X 

io"11 

1.6 

X 

io"11 

3.92 

1.5 

X 

io"1 

1.8 

X 

1 

o 

rH 

5.1 

X 

io"12 

5.1 

X 

io"12 

5.1 

X 

io"12 

3.93 

1.5 

X 

io"1 

1.9 

X 

io'4 

-1.6 

X 

io"11 

0 

0 

3.94 

1.5 

X 

io"1 

1.9 

X 

io"4 

2.3 

X 

io"11 

-1.5 

X 

io'11 

2.3 

X 

IO-11 

3.95 

1.5 

X 

io"1 

1.9  ) 

(  io"4 

2.1 

X 

io"11 

-1.8 

X 

io"11 

2.1 

X 

IO'11 

3.96 

1.5 

X 

io"1 

2.0 

X 

io'4 

2.6 

X 

io'11 

2.6 

X 

IO"11 

2.6 

X 

IO'11 

3.97 

1.5 

X 

io"1 

2.0 

X 

io'4 

-7.6 

X 

io'12 

-7.6 

X 

io"12 

-7.6 

X 

IO"12 

3.98 

1.5 

X 

io"1 

2.0 

X 

io“4 

1.6 

X 

io"11 

-2.3 

X 

io"11 

1.6 

X 

io"11 

3.99 

1.5 

X 

io'1 

2.0 

X 

io"4 

1.3 

X 

io"11 

5.1 

X 

io-12 

5.1 

X 

io"12 

4 

1.5 

X 

io'1 

2.1 

X 

io'4 

1.5 

X 

io"11 

0 

0 

5 

2,5 

X 

io"1 

7.8 

X 

io"4 

1.2 

X 

io"11 

2.3 

X 

io'12 

2.3 

X 

io"12 

6 

3.7 

X 

io"1 

2.1 

X 

io"3 

3.5 

X 

io"10 

-4.1 

X 

io"12 

-4.1 

X 

io"12 

7 

5.0 

X 

io"1 

5.0 

X 

io"3 

2.5 

X 

io'9 

7.6 

X 

io-12 

7.6 

X 

io"12 

8 

6.3 

X 

io'1 

7.4 

X 

io-3 

1.3 

X 

10“8 

-3.6 

X 

io"12 

-3.5 

X 

io"12 

400 


TABLE  A. 1  (Cont'd) 


.N 

«  1 

y 

7  7  x  10 

1  1 

10 

9.1  x  10' 

1  1 

20 

2.5 

1 

30 

4.1 

4 

40 

5.8 

7, 

SO 

7.4 

1. 

60 

9.1 

1. 

70 

1.1  x  10 

2. 

80 

1.3  x  10 

2. 

90 

1.4  x  10 

2. 

91 

1.5  x  10 

3. 

92 

1.5  x  10 

3.1 

93 

1.5  x  10 

3.; 

94 

1.5  x  10 

3.] 

95 

1.5  x  10 

3.; 

96 

1.5  x  10 

3.2 

97 

1.6  X  10 

3.3 

98 

1.6  x  10 

3.3 

99 

1.6  x  10 

3.4 

99.1 

1.6  x  10 

3.4 

99.2 

1.6  x  10 

3.4 

99.3 

1.6  x  10 

3.4 

99.4 

1.6  x  10 

3.4 

99.5 

1.6  x  10 

3.4 

99.6 

1.6  x  10 

3.4 

99.7 

1.6  x  10 

3.4 

99.8 

1.6  x  10 

3.4 

99.9 

1.6  x  10 

3.4 

100 

1.6  x  10 

3.4 

1.2  x  10'“ 
1.8  x  10'2 
1.5  x  10'1 
4.0  x  10'1 

7.2  x  10"1 


4.5  x  10'8 

8.4  x  10'12 

1 

8.4  x  10 

1.4  x  10'7 

1.6  x  10"11 

0 

4.2  x  10'5 

0 

0 

5.2  x  10'4 

0 

0 

2.4  x  10'3 

7.2  x  10"11 

0 

6.5  x  10"3 

1.4  x  10’3 

0 

1.4  x  10-2 

1.2  x  10'8 

-6.5  x  10' 

2.6  x  10'2 

6.0  x  10'8 

0 

4.2  x  10'2 

2.3  x  10"7 

0 

6.3  x  10'2 

6.9  x  10'7 

5.3  x  10" 

6.6  x  10'2 

7.6  x  10'7 

0 

6.8  x  10'2 

8.4  x  10'7 

5.3  x  10"] 

7.0  x  10"2 

9.2  x  10'7 

-1.1  x  10'1 

7.3  x  10'2 

1.1  x  10'6 

5.2  x  10'1 

7.6  x  10"2 

1.2  x  10"6 

0 

7.8  x  10"2 

1.3  x  10'6 

S.2  x  10"1 

8.1  x  10'2 

1.4  x  10'6 

5.1  x  10'1 

8.4  x  10-2 

l.S  x  10"6 

-S.l  x  10'1' 

8.6  x  10'2 

1.6  x  10‘6 

0 

8.7  x  10‘2 
-2 

1.7  x  10'6 

-5.1  x  10'1; 

8.7  x  10 

1.7  x  10'6 

0 

8.7  x  10"2 

1.7  x  10"6  . 

■5.1  x  10'12 

8.8  x  10'2 

1.7  x  10'6 

S.l  x  10'12 

8.8  x  10'2 

1.7  x  10"6 

0 

8.8  x  10'2 

1.7  x  10'6 

0 

8.8  x  10'2 

1.8  x  10'6 

5.1  x  10'12 

8.9  x  10'2 

1.8  x  10'6  - 

5.1  x  10"12 

8.9  x  10'2 

1.8  x  10'6 

0 

8.9  x  10'2 

1.8  x  10"6 

0 
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A  DYNAMIC  MODEL  OF  VEHICLE  SYSTEM  AVAILABILITY* 


Martin  Wachs 

Mobility,  Communication  &  Electronics  Division 
Aberdeen  Proving  Ground,  Maryland 

ABSTRACT.  A  mathematical  model  is  presented  which  is  of  value 
in  comparing  alternative  systems  of  tactical  logistic  vehicles.  As 
a  hypothetical  combat  mission  advances ,  the  requirements  for  tactical 
logistic  vehicles  are  computed,  and  failure  and  repair  rates  are  used 
to  compute  the  probabilities  of  having  various  numbers  of  vehicles 
down  for  maintenance.  These  probabilities  are  used  to  compute  system 
availability  as  a  function  of  time  during  the  mission.  A  computer 
program  is  presented,  by  which  the  model  may  be  put  into  operation, 
and  several  suggestions  are  included  as  to  possible  uses  of  the  model. 


*This  paper  appeared  as  Technical  Memorandum  No.  36  of  the  Army 
Materiel  Systems  Analysis  Agency,  RDT&E  Project  No.  1S765801M61302. 
The  remainder  of  this  article  has  been  reproduced  photographically 
from  the  author's  copy. 
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PRECEDING  PAGE  BUNN 


I .  INTRODUCTION 


AMSAA  Technical  Memorandum  No.  12, entitled  "Conceptual  Framework 
for  a  Tactical  Logistic  Vehicle  Evaluation  Methodology",  describes  a 
general  approach  to  modelling  the  effectiveness  of  tactical  logistic 
vehicle  systems.  In  that  paper  the  concept  of  a  dynamic  model  of 
vehicle  system  availability  was  introduced, ^  but  the  mathematical 
details  of  such  a  model  were  not  presented.  This  report  is  a  more 
comprehensive  treatment  of  the  dynamic  availability  model.  It  includes 
the  background  against  which  such  a  model  was  developed,  the  mathe¬ 
matical  formulation  of  the  model,  and  a  computer  program  by  which  the 
model  may  be  put  into  operation. 

II.  BACKGROUND  FOR  THE  MODEL 

The  role  of  the  logistics  system  is  to  permit  combat  commanders  as 
wide  a  freedom  of  choice  in  strategy  and  tactics  as  the  enemy  situation 
and  combat  environment  will  permit.  Stated  somewhat  differently,  the 
effectiveness  of  the  logistics  system  is  its  ability  to  reduce  the 
number  of  logistical  constraints  placed  upon  the  tactical  units.  Some 
examples  of  constraints  placed  upon  a  tactical  combat  organization  by 
an  Inefficient  logistics  organization  are  limited  maneuverability  due  to 
fuel  shortages  or  late  deliveries,  and  limited  firepower  due  to  lateness 
or  absence  of  ammunition  deliveries.  The  effectiveness  of  the  tactical 
logistic  vehicle  system  may  be  viewed  as  the  extent  to  which  it  prevents 
these  constraints  from  occurring  under  a  variety  of  anticipated  combat 
conditions. ^ 

The  effectiveness  of  an  organization  of  tactical  logistic  vehicles 
(TLV's)  is  dependent  upon  the  inherent  performance  of  its  vehicles  in 
various  combat  environments,  and  also  upon  the  ability  of  the  TLV 
organization  to  manage  and  schedule  its  human  and  mechanical  resources 
in  order  to  maintain  and  effectively  utilize  its  vehicles.  In  a 
cost-effectiveness  comparison  of  alternative  vehicle  systems,  changes 
in  the  number  of  repair  crews  or  in  the  stockage  of  spare  parts  might 


have  as  significant  an  effect  upon  organizational  performance  as  would 
changes  in  the  type  or  number  of  vehicles  assigned  to  the  organization. 
Models  are  required  by  which  alternative  organizational  structures  and 
policies  may  be  compared  in  addition  to  comparisons  of  possible 
alternative  vehicles.  Such  models  are  most  useful  if  they  permit 
evaluations  of  effectiveness  under  a  variety  of  combat  conditions  and 
in  a  wide  range  of  physical  environments.  The  model  presented  here 
represents  a  compromise  between  these  goals  and  the  limitations  imposed 
by  computational  feasibility. 

The  model,  as  presented  in  the  following  section,  is  quite  general 
and  may  be  applied  equally  well  to  tracked  or  wheeled  vehicles.  With 
only  minor  modification  it  could  also  be  used  for  the  evaluation  of 
tactical  logistic  aircraft. 

III.  DESCRIPTION  OF  THE  MODEL 

Consider  an  organization  of  tactical  logistic  vehicles  whose 

mission  consists  of  moving  a  required  tonnage  of  supplies  per  unit  time 

from  some  fixed  supply  point  forward  to  a  combat  unit  which  is  advancing 

during  the  course  of  a  battle.  This  situation  is  illustrated  in 

Figure  1,  where  the  rear  supply  point  is  located  at  A,  the  combat  unit 

is  moving  forward  with  a  velocity  of  advance  of  V^,  and  is  "currently" 

located  at  point  B.  The  distance  D(t)  represents  the  distance,  at  time 

t,  between  the  supply  point  and  the  combat  organization,  and  D  was  the 

S 

distance  at  the  start  of  the  advance  of  the  combat  unit. 

Let  us  suppose  that  the  advancing  combat  organization  requires 
Q  tons/hr  of  supplies  on  a  regularly  scheduled  basis.  The  TLV  organ¬ 
ization  possesses  vehicles  which  have  a  capacity  of  C  tons  and  average 
speeds  (over  the  relevant  terrain)  of  V_  miles  per  hour  when  full  and 

r 

VE  miles  per  hour  when  empty.  In  addition  a  time  of  t  hours  is  required 
per  round  trip  to  load,  unload,  and  process  the  supplies.  At  a  given 
time  during  the  mission  the  number  of  vehicles  which  must  be  operating 
in  order  to  maintain  the  required  flow  of  supplies,  ^(t),  is  given  by: 
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NR(t)  =  £  r£(t l  Ditl 

Vtj  c  lvf  V£ 


tp]. 


(1) 


The  distance  D(t)  can  be  determined  from  the  starting  distance 

Dc  and  the  velocity  of  advance  of  the  combat  organization,  V  ,  as 
b  A 

follows : 

D(t)  =  Ds  +  VA  .  t  •  (2) 

Using  (l)  above  we  may  calculate  the  number  of  vehicles  which  must 
be  operating  at  any  time  during  the  mission  in  order  to  maintain 
scheduled  deliveries.  If  the  tactical  logistic  vehicle  organization 
has  a  total  of  NTqt  vehicles,  they  will  generally  be  divided  into  a 
number  which  are  operating  at  time  t,  indicated  by  N^(t);  those  which 
are  down  for  maintenance  at  time  t,  indicated  by  ND(t),  and  those 
which  are  operable  but  not  in  use  at  time  t,  or  spares,  indicated  by 
Ng(t).  At  any  time  during  the  mission  we  have: 

NTOT  =  No(t)  +  +  NS't'’  (3) 

It  was  stated  earlier  that  the  effectiveness  of  the  tactical 
logistic  vehicle  organization  could  be  visualized  in  terms  of  that 
organization's  ability  to  minimize  the  logistical  constraints  upon  the 
tactical  commander.  At  a  particular  time,  if  the  number  of  operating 
vehicles  and  vehicles  down  for  maintenance  is  small  enough  to  allow 
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the  number  of  spares  to  be  greater  than  zero,  the  TLV  organization  has 
the  flexibility  to  respond  to  unexpected  logistical  demands.  As  the 
mission  proceeds  Ng(t)  increases  with  time,  and  N^(t)  increases  to 
meet  this  requirement.  In  addition,  vehicle  failures  take  place, 
resulting  in  nonzero  values  of  N^(t).  A  point  will  be  reached  at  which 
the  number  of  spares  becomes  zero.  At  this  point,  a  logistic  constraint 
exists  which  affects  the  tactical  organization.  At  a  later  point 
during  the  mission,  N^(t)  will  become  smaller  than  N^(t)  and  required 
delivery  schedules  will  no  longer  be  met.  This  places  additional  and 
critical  constraints  upon  the  tactical  organization.  The  parts  of 
the  model  described  below  utilize  vehicle  requirements  determined  as 
above  and  failure  and  repair  rates  in  order  to  express  vehicle  avail¬ 
ability  as  a  function  of  time  during  the  progress  of  a  mission. 

If  a  vehicle  experiences  failures  which  are  distributee!  in  time 
according  to  a  Poisson  distribution  with  a  mean  failure  rate  of  X, 
and  if  there  are  C  exponential  repair  channels  available  with  repair 
rate  u,  a  set  of  +  1  differential-difference  equations  may  be 

written  for  the  probabilities  of  having  0,1,2,  ...  i  ...  NTOT  vehicles 
inoperable  at  any  time  during  the  mission.  These  equations  embody  all 
of  the  assumptions  typical  in  birth-death  processes  or  queuing  theory. 
Table  1  shows  the  form  of  the  differential-difference  equation  for 
for  all  of  the  possible  conditions  which  may  govern  the 
dt 

problem  situation.  In  addition,  the  table  shows  the  initial  condition 
that  at  time  zero  all  of  the  vehicles  are  operable.  Finally,  the  last 
line  of  the  table  presents  the  additional  condition  that  at  any  time 
the  probabilities  that  the  system  is  in  each  of  the  possible  states 
must  sum  to  unity. 

The  steady  state  solutions  to  the  set  of  equations  shown  in  Table 

k 

1  are  relatively  well  known  and  may  be  found  analytically.  Because 
N^(t)  changes  relatively  rapidly  with  time  as  the  mission  advances, 
however,  it  is  likely  that  the  equations  governing  the  system  of 
vehicles  must  change  in  form  before  the  system  reaches  the  steady  state. 
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TABLE  1  CONTINUED 


Transient  solutions  are  required,  therefore,  and  the  author  was  unable 
to  find  such  solutions  analytically.  A  FORTRAN  subroutine  was  there¬ 
fore  employed  which  utilizes  the  Kutta  Merson  Integration  Technique  in 
order  to  find  the  solution  to  the  set  of  differential-difference 
equations  during  the  transient  period. ^  The  program  was  written  to 
print  the  solutions  at  one-tenth  of  an  hour  time  increments  during  the 
mission.  Appendix  C  contains  a  user-oriented  description  of  the 
integration  subroutine. 


Since  the  model  can  compute,  at  any  time  during  the  mission,  the 
probabilities  that  there  are  0,1,2, ... ,i ... ,  N^q^  vehicles  down  for 
maintenance,  it  is  also  possible  to  compute  the  "availability"  of 
the  system  of  vehicles.  Availability,  at  any  moment  during  the  mission, 
is  the  expected  proportion  of  the  total  vehicles  which  are  operational 
(both  operating  and  spares).  Availability  at  time  t  is  given  by: 


A(t)  = 


TOT 


TOT 

1  Nn  •  PN  ^ 
Nd=0  d  d 


N 


TOT 


(4) 


In  summary,  the  inputs  to  the  model  describe  a  simplified  mission 
of  a  TLV  system,  and  the  characteristics  of  the  system  itself.  The 
outputs  of  the  model  are  the  time-dependent  requirements  for  the 
employment  of  the  vehicles  which  belong  to  the  TLV  organization,  and 
time- dependent  probabilities  that  various  numbers  of  vehicles  are  down 
for  maintenance,  as  well  as  the  time-dependent  availability  of  the 
vehicle  system.  Appendix  A  describes  in  more  detailed  terms  the  inputs 
and  outputs  with  which  the  user  of  the  computer  model  must  become 
familiar.  The  final  section  of  this  report  describes  the  uses  to  which 
the  model  may  be  put  in  the  future. 


IV.  USES  OF  THE  MODEL:  RECOMMENDATIONS  FOR  FUTURE  STUDY 

In  the  cost-effectiveness  analysis  of  tactical  logistic  vehicle 
systems,  comparisons  must  often  be  made  between  many  alternative 
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investments,  and  the  effect  of  each  alternative  upon  system  effective¬ 
ness  in  combat.  The  model  described  above  is  one  technique  which 
appears  to  be  useful  in  making  such  comparisons. 

If  two  or  more  vehicles  are  being  considered  for  a  particular 
combat  role,  and  each  has  particular  speeds,  capacities,  failure  rates, 
etc.  a  model  such  as  the  one  presented  here  can  be  used  to  estimate 
how  long  fleets  of  particular  numbers  of  each  vehicle  could  sustain  an 
advance  by  a  typical  combat  unit.  Expected  failures  are  generated  and 
availability  for  each  fleet  may  be  compared.  Comparisons  of  the  costs 
of  each  fleet  with  the  outputs  of  this  model  could  be  used  to  make  some 
comments  about  the  cost-effectiveness  of  the  alternatives. 

Parametric  analysis  using  this  model  could  allow  an  analyst  to 
compare  the  effects  upon  availability  and  mission  effectiveness  of  such 
alternative  investment  policies  as  l)  increasing  the  fleet  size, 

2)  adding  maintenance  channels,  3)  performing  vehicle  modifications 
which  might  change  speeds  or  failure  rates.  Tables  could  be  generated 
which  would  show  the  effects  of  such  parametric  alterations.  These 
could  be  used  to  estimate  sensitivity  of  vehicle  system  effectiveness 
to  alternative  investments. 

The  model,  as  it  is  presented  here,  is  very  simple  compared  to 
realistic  combat  situations.  Modifications  of  this  model  which  could 
be  fruitful  in  terms  of  making  it  more  realistic  might  include  permitting 
a  change  in  position  of  the  rear  supply  point  during  the  progress  of 
the  combat  mission.  The  current  model  only  permits  a  single  supply 
point  and  a  single  delivery  point.  Extensions  to  more  general  missions 
which  may  require  multiple  pick-ups  and  deliveries  may  be  quite  useful. 
Only  a  single  level  of  maintenance  is  included  in  the  model  as  presented 
here,  and  modifications  which  would  permit  multiple  echelons  and  move¬ 
ment  of  vehicles  between  echelons  would  be  computationally  feasible, 
and  would  add  realism  to  the  simulation  of  a  combat  environment. 

Although  extensions  of  the  model  in  the  directions  noted  would 
tend  to  make  it  more  nearly  simulate  the  real  combat  environment,  it 


411 


should  be  emphasized  that  it  is  not  often  necessary  to  simulate  the 
real  world  in  great  detail  in  order  to  make  meaningful  choices.  The 
model  in  its  current  form  may  be  sufficient  to  permit  the  comparison 
of  alternative  vehicles,  or  to  evaluate  changes  in  maintenance  policies. 
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APPENDIX  A.  SUMMARY  OF  INPUTS  AND  OUTPUTS 


I.  Inputs 

Following  the  program  deck,  which  appears  as  Appendix  B,  the 
following  data  cards  are  required  in  order  to  operate  the  program: 

1)  Problem  Card 

A  single  data  card  indicating,  in  column  one,  the  number  of 
problems  to  be  run.  The  upper  limit  of  nine  problems  may  be 
modified  by  changing  the  FORMAT  statement  on  card  number  4C 
in  the  program  deck. 

2)  One  additional  data  card  for  each  problem  to  be  solved.  As 
many  cards  must  be  included  as  problems  have  been  indicated  on 
the  "problem"  card.  Each  such  data  card  must  be  punched  with 
the  information  and  FORMAT  as  shown  below: 

VARIABLE  FIELD 

COLUMNS  NAME  DEFINITION  SPECIFICATION 


1-6 

QREQ 

Tonnage  to  be  moved  by  TLV  organization 
to  combat  unit,  tons/hr. 

F6.2 

7-12 

CAP 

Tonnage  capacity  of  each  vehicle,  tons. 

F6.2 

13-18 

DISTS 

Distance  from  rear  supply  point  to 

combat  unit  at  start  of  mission,  miles. 

f6.2 

19-24 

VFUL 

Speed  of  each  vehicle  when  loaded  to 
capacity,  mph. 

F6.2 

25-30 

VEMP 

Speed  of  each  vehicle  when  empty,  mph. 

F6.2 

31-36 

TPROSS 

Processing  time  required  per  round  trip 
in  addition  to  travel  time,  hrs. 

F6.2 

37-42 

VADV 

Speed  at  which  combat  unit  is  to  advance, 
mph. 

F6.2 

43-44 

NTOT 

Total  number  of  vehicles  in  TLV  organ¬ 
ization  (upper  limit  is  48). 

12 

45-49 

FRAT 

Failure  rate  A  for  each  vehicle,  failures/  F5.3 
hr. 
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VARIABLE 
COLUMNS  NAME 


definition 


FIELD 

SPECIFICATION 


- »  — * 

RRAT  Repair  rate  \i  per  service  channel,  P5  o 

repairs/hr.  *  F5-3 

55-56  M  Number  of  repair  channels.  I2 

II •  Outputs 

For  each  problem  the  computer  will  print  out: 

1)  The  problem  number 

2)  The  times,  in  hours  from  the  start  of  the  mission,  that 

inoLentCh“ee3’  “  ^  ^  V(t)  f0r  ti» 

3)  For  every  tenth  of  an  hour  from  the  time  that  the  mission 

:::• the  the  o“rrent  ^  °f  *mM.  »wu*Muty. 

“  \hI  Pr0bSMlity  ““  "tot  -Moles  are  ho™  at 

“  St I1"6'  A1S°  Sh°”  “  the  -  —  probability, 

“le  T  the  Pr0tabUUleS  *  -*)•  This  will  con_ 
hue  in  increments  of  1/10  hour  until  five  hours  after 

V(t)  *  "tot- 


APPENDIX  B.  COMPUTER  PROGRAM 


•  SA227A  H  MACHS, EXT  3030  LOGISTICS  LOOP  PROS.  1 

S  MAXO( 7000 (LINES 

LIST 

DIMENSION  T(50)»Y(50),YP(50),TC(l)  2 

EXTERNAL  OER! V,TERH,PRIN  3 

COMMON  NREOtFRAT , RRAT ,NTOT,M,TMAX,  NTERM  4 

C.  READ  IN  THE  NUMBER  OF  PROBLEMS  TO  BE  SOLVED  4A 

READ  1,  NPROB  4B 

1  FORMAT  (III)  4C 

DO  20  1PR0B  *  1,  NPROB  4D 

PRINT  2,  IPROB  4E 

2  FORMAT! 1H  ,/////, 1H  ,  I5HPR0RLEM  NUMBER  ,11,/////)  4F 

C  GENERATION  OF  VEH.  REQUIREMENTS  AND  TRANSITION  TIMES  $ 

READ  10,QREQ,CAP,DISTS, VFUL, VEMP, TPROSS, VADV, NTOT,FRAT,  6 

IRRAT , M  7 

10  FORMAT (7F6.2,I2,2F5.3,I2)  8 

DI ST*O.QS  TIKE«O.OS  VEHREQ-0.0  9 

NREQ-OS  NREQPR*0>  NSTART-0  10 

11  DIST  ■  DISTS  ♦  VAOV  *  TIME  11 

VEHREQ*QREQ/CAP*( DI ST/VFUL+OIS  T/ VEMP* TPROSS )  12 

NREQ»VEHREQ*0. 999999  13 

IF ( NREOPR  >110,110,111  14 

110  NSTART«NREQ  15 

111  IF( NREQ-NREQPR  >12,12,13  16 

12  TIME*TIME*0. IS  GOTO  ll  17 

13  T ( NREQ) «TIME  IB 

PRINT  14,NREQ,T(NREQ)  19 

14  FORMAT I 1H  ,5HNREQ*. I2.3X, 8HT(NREQ)»,F10.2//)  20 

I F ( NTOT-NREQ) 16,16,15  21 

15  NREQPR*NREQ  22 

T I ME*TI ME*0. IS  GOTO  ll  23 

C  INITIALIZE  VALUES  FOR  INTEGRATION  SUBROUTINE.  24 

C  Y(I)  MEANS  PROBABILITY  OF  < 1-1 1  VEHICLES  DOMN  25 

16  Y( 1 )*1.0  S  YP(NTOT*2)»i.O  S  NTERM  -  NT0T*1  26 

DO  17  J*2, NTERM  27 

17  Y(J)»0.0  28 

C  DO-LOOP  TO  CALL  KUTMER  FOR  EACH  VALUE  OF  NREQ  29 

DO  20  NREQ*NSTART,NTOT  30 

IF(NREQ-NTOT) 18,19,19  31 

18  TMAX»T ( NREQ+1 ) S  GOTO  191  32 

19  TMAX*T( NTOT )*5.0  33 


/ 


C  PROBLE*'  ENOS  5  HRS  AFTER  NREQ-NTOT-  34 


191  DNXT-O. OOOOi  %  ER-O. OOOOOOl  i  PS-0.1  %  NX-NT0T*2  35 

CALL  KUTMERIDNXT,0PST,0. 1,NX  , V , YP, DERI V. ER, 2* M, 0,  36 

1PS,PV,PRIN,TC,1,NTS,TERM)  37 

20  CONTINUE  37A 

STOP  38 

END  39 

SUBROUTINE  0ER1V(Y,YP)  40 

0 1  MENS  I  ON  Y(50I,YP<50)  41 

COMMONIUSE  MAIN)  42 

REQ-NREQ  S  Z-M  43 

00  50  I»1,NTERM  %  IF  (1-1)  10,10,11  44 

10  YP(  l)--RCQ*FRAT*YIl)4RRAT*YI2)  S  GO  TO  50  45 

11  IF  l NTOT- 1 ♦  1 )  50,12,20  46 

12  YP  (  1  )  *-Z  *RR AT  *Y( I  )  +  FRAT  *Y ( I -1 )  47 

GOTO  50  48 

20  IF  (NTOT-NREQ-IM)  40,40,30  49 

30  IF  ( I— l-M )  31,32,32  50 

31  Ll  -  I-l  51 

YPII1  —  52 

1  (REQ*FRAT+ZZ*RRAT)*Y(  I )  ♦  REQ*FRAT*Y(  I-l )  »RRAT*I  ZZM.  )  *V  1  !♦!  )  53 

GOTO  50  55 

32  YP ( I ) «— (  REQ*FRAT*Z*RRAT I *Y  I I ) ♦  REG*FRAT*V(  I-l )»Z*RR AT*Y 1  I *1 )  56 

GOTO  50  57 

4u  IF  Il-l-M)  41,42,42  58 

41  TOT  =  NTOT  %  ZZ*  I-l  59 

IF  ( NTOT- I ♦2“NRE0)4l 1 ,  411,  412  60 

411  YP ( 1 )  —  ( ITOT-ZZ)*FRAT*ZZ*RRAT)*VI  1  )MTOT-ZZ*l.)PYII-l)*FRATMZZ*  61 

11.  )*RRAT*Y<  HI)  $  GO  TO  50  62 

412  YP( 1 )«-( I  TOT-ZZ)*FRAT *ZZ *RRAT ) *Y ( I ) ♦  REQ*FRAT*V(  I-l )♦  1 22*1. ) *RRAT  63 

l*Y( 1*1)  S  GO  TO  50  63A 

42  TOT  *  NTOT  $  ZZ  «  l-l  638 

I F ( NTOT- I ♦2-NREQ 1421,  421,  422  63C 

421  YP ( I )  -  - 1 (T0T-ZZ)*FRAT*Z*RRAT)*Y1 I )*(T0T-ZZ*1. )*FRAT*YC I-l)»Z*  630 

1 RRAT*Y ( I ♦  1 )  »  GO  TO  50  63E 

422  YP(  I )»-(  (T0T-ZZI*FRAT*Z4RRAT)*YI  I  )♦  REQ*FRAT*YC  I-l )  +1  *RRAT*Y  I  I  *1 )  63F 

50  CONTINUE  64 

RETURN  65 

ENO  66 

SUBROUTINE  TERMI Y, YP, TC,  PV )  67 

DIMENSION  Y(  50) , YP( 50 ) , TC ( 1 )  68 

COMMONIUSE  MAIN)  69 

PV  «  Yl NTOT *2 )  70 

TCI1)  «  Y ( NT0T*2 )  -  TMAX  71 

RETURN  72 

END  73 

SUBROUTINE  PRIN(Y,YP)  74 

DIMENSION  Y 150)  ,YPI50)  75 

COMMONIUSE  MAIN)  76 

X-O.O*  AVAIL-0.0  77 

00  10  I*1,NTERM  »  B-I-l  78 

10  X-X>B*Y ( I  )  80 

OUM  -  NTOT  (  AVAIL  *  (OUM-XI/DUM  81 

PRINT  20, YINT0T*2),NRE0, AVAIL  82 

20  FORMAT ( 1H  ,  5HT IME-, F5.2 , 2X,  5HNREQ-,  1 5, 2X, 13HAVAILAB IL I TY-.F7. 3 )  83 

PRINT  30  84 

30  FORMAT! 1H  , SHNO.  D0WN.5X, 17HPR0B.  OF  NO.  00MN.5X.16H  OERIV.  OF  PRO  85 

IB.//)  85A 

DO  50  I«1,NTERM  %  J- I-l  86 

PRINT  40,  J,YI I )  ,  YPI 1 1  87 

40  FORMAT  I 1H  ,  5X ,  12 , 15X, F7. 3, 10X , FiO. 3 1  88 
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50  CONTINUE 

SUMP  ■  0.0 
00  60  K*1,NTERM 
60  SUMP  *  SUMP  ♦  V I  K I 

PRINT  70,  SUMP 

70  FORMAT! IH  ,  23HSUM  OF  PROBABILITIES  ■  ,  F5.3,///) 

RETURN 

END 

SUBROUTINE  KUTME R ( DNXT, OPST  ,OMAX ,N, V ,  VP, DER I V . ER, ME , M, 1 TYP,PS, 
1PV,PRIN,TC, NTC, NTS, TERM)  t  DIMENSION  V(  50) , VP! 50) ,M(100) ,TC(25) 
DIMENSION  0(501,01!  50), 02 (50), FA! 25), FB( 25) 

I NDD*0  t  IF! ITYP.GT. 1 )GOTO  70  t  ERM*5.*ER  *  ERl*.l*ERM 
DPST*DNXT  $  1*1  %  ER2*ER 1  S  IFIER2.EQ.0.  I ER2*. 000001*PS 
10  CALL  DERI V ( Y, YP )  $  GOTO  (20, 90,110, 130, 150, 70, 250), I 
20  IF!  ITYP.EQ.  DRETURN 

25  CALL  TERM(Y*YP,TC,PV)  $  GOTO  (30,270),! 

30  CALL  PRIN(Y,YP)  S  GOTO  (40,360,390),! 

40  00  50  1*1, NTC  $  FA! I ) *0. 

50  FB( I ) *0.  $  FC*0.  %  PV2«AINT(PV/PS*ER2)*PS  «  PVl*PV2*PS 
IF! ABS(PV2-PV).LT.ER2)PV2*PV2-PS 

70  H6*DNXT/6.  i  H3=H6+H6  %  H8*.125*DNXT  »  H2-.5*DNXT  *  DO  80  1*1, N 
Q(  I  )*Y(  I  )  t  OKI  )*YP(  I  ) 

80  Y(  I  )=Q(  I  J+H34QK  I  )  »  1*2  S  GOTO  10 
90  DO  100  1*1,  N 

100  Y ( I  )  =  0! 1 1 ♦H6* (Q1(I)+YP(I))  %  1*3  $  GOTO  10 

110  DO  120  1*1, N  %  02! I)*3.*YP( I ) 

120  Y( I  1=0(1 l+H8*(Q2(  I  )+Ql(  I  )  )  l  1*4  $  GOTO  10 
130  DO  140  1*1, N  %  Tl*Ql< I)-Q2( I)  %  02 ( I ) *4. *YP ( I ) 

140  YII)*0(I)+H2* ( T l ♦ 02 ( I ) )  *  1*5  »  GOTO  10 

150  ERMAX*0.  %  DO  190  1*1, N  S  T  1— Q ( I ) ♦H6*(Q1  ( I ) *02  I  I  ) ♦VP! I ) ) 
T2-ABS(T1-Y! I ) )  $  Y ( I ) *  T l  $  IFIERM.EQ.O. IGOTO  190 
GOTO! 170, 160, 180 ), ME 
160  IF(ABS(Tl).GE.l.  )T2*T2/ABS(Tl) 

170  1F( T2.GT.ERMAXJERMAX-T2  $  GOTO  190 

1 80  IF(Tl.EQ.O.  IGOTO  170  S  Tl*T2/ABS(Ti )  i  J*m  %  T2«M1J-1)*T2 
T1*W( J ) *T  1  $  IF(T2.GT.Tl )T2*T1  S  GOTO  170 
190  CONTINUE  $  OPST*DNXT  $  I F ( ERM. EQ. 0. IGOTO  240 
IF(ERMAX.EQ.O. IGOTO  210  t  T l*ERl /ERMAX 

IF! Tl.GE.  1..AND.  INDD. GT. 0 IGOTO  192  $  IF! AB S ! Tl-l.  )  . LT.. 5 IGOTO  195 
DNXT»0PST*T1**.2  t  GOTO  200 
192  INDD*INDD-1  *  GOTO  220 

195  DNXT*DPST*( l.*.2*(Tl-l. ) ) 

200  IF! ABS ( DNXT I • LT. DM AX IGOTO  220 

210  IF!  INDD.GT.OIGOTO  192  »  DNXT*DMAX  $  IFIDPST.LT.O. )DNXT— DMAX 
220  IF! ERMAX.LT. ERM IGOTO  240  $  00  230  I  *  I  *  N 

230  Y (  I  ) *Q( I )  *  I N0D*3  t  1*6  S  GOTO  10 
240  1*7  t  GOTO  10 

250  IFUTYP.GT.  DRETURN  %  TPV»PV  %  00  260  1*1, NTC 

260  Q1(II*TC(I)  $  1*2  $  GOTO  25 

270  DO  300  1=1, NTC  %  IF ( TC ( I ) .GT. 0. IGOTO  280  »  FB( I)-l.  %  GOTO  290 
280  FA! I )«1. 

290  IF(FA(I).EO.FB(I  ) IGOTO  370 

300  CONTINUE  %  IF ( ABS ( PV-PV 1 )  .LT.ER2 IGOTO  350 

I F ( ABS! PV-PV2 ).LT.ER2)G0T0  350  $  IFJFC.NE.O. IGOTO  340 
305  IF(PV.GT.PV1)G0T0  330  $  IF! PV.GT.PV2IG0T0  70  $  PV3*PV2 
310  FC*1.  *  SH*DNXT 

320  ONXT*DPST*( PV3-PV I / ! PV-TPV)  »  GOTO  70 
330  PV3*PV1  $  GOTO  310 

340  IF(FC.GT.4.  IGOTO  350  $  FC*FC+1.  )  GOTO  320 
350  1*2  »  GOTO  30 
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89 

90 

91 

92 

93 

94 

95 

96 

•  ***  1 

KUTMER  2 
KUTMER  3 
KUTMER  4 
KUTMER  5 
KUTMER  6 
KUTMER  7 
KUTMER  8 
KUTMER  9 
KUTMER 10 
KUTMER 1 l 
KUTMER12 
KUTMER 1 3 
KUTMER 14 
KUTMER 15 
KUTMER16 
KUTMER 1 7 
KUTMER18 
KUTMER 19 
KUTMER20 
KUTMER2 1 
KUTMER22 
KUTMER23 
KUTMER24 
KUTMER25 
KUTMER26 
KUTMER27 
KUTMER28 
KUTMER29 
KUTMER30 
KUTMER3 l 
KUTMER32 
KUTMER33 
KUTMER34 
KUTMER  35 
KUTMER36 
KUTMER37 
KUTMER  38 
KUTMER39 
KUTMER40 
KUTMER4 1 
KUTMER42 
KUTMER43 
KUTMER44 
KUTMER45 
KUTMER46 
KUTMER47 
KUTMER48 
KUTMER49 
KUTMER50 
KUTMER51 
KUTMER52 


540  ZY'Vt?  *  »  IFlfC.eO.0. 16010  305  .  FCO.  »  0»«I.SH 

3,0  jJ|*6*J,cllll'1-T-f*2IOOTO  aao  s  onii-opsktciu/ioiiii-tciiii 

380  NTS* I  $  I*J  $  goto  30 

390  RETURN  i  END 

END 


KUTMER53 

KUTMER54 

KUTMER55 

KUTMER56 

KUTMER57 

KUTMER58 


APPENDIX  C.  DESCRIPTION  OF  KUTTA  MERSON  INTEGRATION  SUBROUTINE 


* 


Glenn  A.  Beck 


This  subroutine  computes  the  solution  of  a  system  of  first  order 
ordinary  differential  equations  with  automatic  step-size  adjustment. 


I.  SUBROUTINE  KUTMER  (dnxt  ,dpst  .drnax  ,n ,y  ,yp ,deriv ,er  ,me ,w,ityp,ps  ,pv ,prin , 

tc ,ntc  ,nts ,term) 

onxt  Step-size  to  be  used  for  next  step,  dnxt  must  be  set  to  a 
reasonable  value  before  KUTMER  is  referenced.  The  sign  of 
dnxt  will  determine  the  direction  of  integration. 

dpst  Actual  step-size  used  on  the  step  Just  completed,  dpst  is  not 
used  (but  must  be  specified)  if  ityp  =  0.  If  ityp  4  0  and  it 
is  desired  to  hit  a  particular  point,  dnxt  should  be  saved, 
then  dpst  used  to  compute  a  new  step-size  and  after  the 
particular  point  is  hit  dnxt  should  be  reset. 

dmax  Absolute  value  of  the  maximum  step-size  to  be  used. 


n  Number  of  equations  to  be  integrated,  n  must  include  the 

independent  variable,  n  must  be  less  than  or  equal  to  50, 
To  allow  n  to  be  greater  than  50  change  the  dimensions  of 
Q,Q1  end  Q2  to  be  greater  than  or  equal  to  n. 


y  One-dimensional  array  of  length  n  which  contains  the  integrals. 

The  elements  of  y  must  be  defined  as  the  initial  condition 
before  KUTMER  is  referenced.  One  of  the  elements  of  y  must  be 
the  independent  variable. 

yp  One-dimensional  array  of  length  n  for  storing  the  derivatives 

by  routine  deriv.  The  elements  of  yp  must  be  the  derivative 
of  the  corresponding  elements  of  y.  The  element  of  yp  which 
corresponds  to  the  independent  variable  in  y  must  have  a  value 
of  1. 

deriv  A  subroutine  which  computes  the  derivatives  and  stores  them  in 
yp.  The  first  statement  of  the  subroutine  must  be  SUBROUTINE 
deriv  (y,yp).  The  actual  name  of  deriv  must  appear  in  an 
EXTERNAL  statement  in  the  program  which  references  KUTMER. 

Any  variables  other  than  y  and  yp  required  to  compute  the 
derivatives  must  be  passed  through  COMMON,  y  and  yp  must  be 
declared  as  one-dimensional  arrays  in  deriv. 
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er  If  er  =  0  do  not  adjust  the  step-size. 

If  er  i  0  adjust  the  step-size  so  that  the  maximum  error 
will  be  approximately  er. 

me  If  me  *  1  use  absolute  error  to  compute  the  new  step-size. 

If  me  =  2  a)  use  absolute  error  to  compute  the  new  step-size 
if  the  integrals  are  *  1. 

b)  use  relative  error  to  compute  the  new  step-size 
if  the  integrals  are  >  1. 

If  me  =  3  use  the  weights  stored  in  array  w  along  with  the 
absolute  and  relative  errors  to  compute  the  new  step-size. 

w  One-dimensional  array  of  length  2n  to  use  when  me  -  3. 

w  is  not  used  (but  must  be  specified)  if  me  =  1  or  2. 

ityp  If  ityp  =  0  Do  not  return  from  KUTMER  until  some  tc 

has  changed  sign. 

If  ityp  >  0  The  variables  following  ityp  on  the  dummy  variable 
list  are  not  used  (but  must  be  specified  in  the 
CALL). 

If  ityp  =  1  RETURN  from  KUTMER  immediately  after  the  initial 
derivatives  have  beer,  computed,  no  integration  is 
done. 

If  ityp  >  1  RETURN  from  KUTMER  after  each  step.  At  the  RETURN 
the  derivatives  have  been  evaluated  using  the 
values  of  the  integrals  at  the  end  of  the  step. 

ps  Print  step,  ps  must  be  greater  than  0.  ps  determines  the 

frequency  of  references  of  routine  prin  (see  prin). 

pv  Print  variable.  Must  be  defined  in  subroutine  term. 

pv  determines  the  frequency  of  references  of  routine  prin  (see 
prin). 

prin  Print  (or  store)  routine,  prin  will  be  referenced  as  follows: 

1)  After  initial  derivatives  have  been  computed. 

2)  When  pv  is  an  integer  multiple  of  ps  with  a  tolerance  of 

+_  er/2  when  er  i-  0  or  +_  10  ^  times  ps  when  er  =  0. 
Additional  integration  steps  are  taken  if  required  to  meet 
the  tolerance. 
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3)  When  some  tc  =  0  with  a  tolerance  of  +  er/2  when  er  ^  0  or 

+_  10~^  times  ps  when  er  =  0  after  the  tc  has  changed  sign. 
The  routine  will  take  additional  integration  steps  to  meet 
the  tolerance.  In  this  case,  immediately  after  prin 
RETURN  s  to  KUTMER  KUTMER  will  RETURN  to  the  program  which 
referenced  it.  The  first  statement  of  the  subroutine  must 
be  SUBROUTINE  prin  (y,yp).  The  actual  name  of  prin  must 
appear  in  an  EXTERNAL  statement  in  the  program  which  ref¬ 
erences  KUTMER.  Any  required  variables  other  than  y  and 
yp  must  be  passed  through  COMMON,  y  and  up  must  be  declared 
as  one-dimensional  arrays  in  prin. 

tc  A  one-dimensional  array  of  length  ntc.  The  elements  of  tc  must 

be  completed  in  subroutine  term.  KUTMER  will  FETURN  to  the 
routine  which  referenced  it  when  tc(nts)  has  changed  sign. 

ntc  The  number  of  tc's  computed  in  subroutine  term,  ntc  must  be 

less  than  26.  To  allow  ntc  to  be  more  than  25, change  the 
dimensions  of  FA  and  FB  in  KUTMER  to  be  greater  than  or  equal 
to  ntc. 

nts  The  subscript  of  the  tc  which  changed  sign  and  caused  termina¬ 

tion  of  integration. 

term  Termination  routine.  It  is  referenced  at  the  end  of  each 

integration  step.  It  must  define  pv  and  the  tc's.  The  first 
statement  of  the  subroutine  must  be  SUBROUTINE  term  (y,yp,tc, 
pv).  The  actual  name  of  term  must  appear  in  an  EXTERNAL 
statement  in  the  program  which  references  KUTMER.  Any  var¬ 
iables  other  than  y,yp,tc  and  pv  must  be  passed  through 
COMMON.  y,yp>  and  tc  must  be  declared  as  one-dimensional 
arrays  in  term. 


II.  DESCRIPTION  OF  THE  METHOD 

A.  The  integration  formulas. 


t  +  h 
t  m 


m 


yj  dt  i  =  1. .  ,m 


To  solve  the  following  system  of  differential  equations 

yi(t„  +  h)  =  h'V  * 

the  computation  required  is  as  follows: 


y.-  n  =  y, (t  ) 

i,u  l  m 
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*1,1  =  *1,0  *  3h  *1,0 


*i,2I*i,o*ih*i,o  +  ih*i,i 

*i,3  =  *l,0tFh*l,0'>lh*l,2 


*1,1.  =  *1,0  +  I  h  *1,0  *  I  ”  *1,2  *  2h  *1,3 


*l,5  =  *i,0+lh*l,0  +  fh*;,3+lh*l,l. 


*i(tm  +  h)  =  *1,5 


This  requires  5  evaluations  of  y'  for  each  integration  step. 


B.  Error  estimates  and  step-size  computation. 

When  the  differential  equations  fulfill  certain  conditions 
an  estimate  of  the  truncation  error  EA  of  the  ith  integral 
at  integration  step  m  is  m* 


i,l  720 ^ ^  yi  I  5^yi,5  "  yi,*J 


and  an  estimate  of  the  relative  truncation  error  ER  is 

m,i 


.,1*  5I(*1,5  -  *i,l.)|,i,5l 


E  ,  which  is  used  to  compute  t  .e  step-size  to  be  used  for  the 

next  step,  is  computed  by  one  of  3  methods  specified  by  me,  the 
9th  variable  in  the  KUTMER  reference. 

Method  l).  Used  when  me  =  1  when  KUTMER  is  referenced. 

E  =  max  [ EA  .  ] 
m  i  m ,  i 

Method  2).  Used  when  me  =  2  when  KUTMER  is  referenced. 
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E  =  max  (min(EA  .ER  .)] 
m  i  m,l  m,i 

This  method  uses  absolute  error  when  |y^|  -  1  and 

relative  error  when  | |  >  1. 

Method  3).  Used  when  me  =  3  when  KUTMER  is  referenced. 

E  =  max  [min(WA,  *  EA  .WR,  *  ER  .)] 
m  .  1  m ,  I ,  i  m , l 

l 

where  the  WA^  and  WR^  must  be  stored  in  the  array  w 

before  KUTMER  is  referenced  with 

w(2i-l)  =  WA.  and  w(2i)  =  WR, 
l  i 

WR 

This  method  will  use  WA.  *  EA  .  when  ly.l  <  — — 

i  m,i  ,Jil  WA. 

l 

WR. 

and  WR.  *  ER  .  when  |y.  I  >  z~- 

i  m,i  '•'l1  WA. 

l 

Method  3  is  used  only  when  one  is  very  familiar  with  the 
system  being  integrated  and  many  runs  of  the  same  nature  are 
required.  The  values  for  WA.^  and  WRi  are  determined  only  by 
common  sense  and  trial  and  error. 

After  computing  Effi  by  one  of  the  above  methods  the  program 

computes  a  new  step-size  h  ...  such  that,  hopefully,  E  . ,  will 

m+i  m+i 

be  near  er/10  where  er  is  the  8th  variable  in  the  KUTMER  reference. 

v 

If  it  is  assumed  that  y^  is  constant  over  the  interval  then  the 
ratio  of  the  equations 

Em+1  =  er/1°*  =  720  hm+l5  7 

Em= 

yieids  hm+1  =  hm 

m  ^ 

Generally  h  .  will  be  nearly  equal  to  h  ,  i.e.  will  be 

ZU  •  _L  31 

1  er/10  3  m 

near  one.  When  —  £  — £ —  5  ^  the  fifth  root  is  computed  by  the 
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following  approximation 


1  + 


l/er/10 
5  E 

ra 


1) 


er/10 

Otherwise  (— ■£ — )  is  computed  which  is  much  slower, 

m 

The  routine  will  attempt  to  yield  an  error  of  er/10  and  will 
redo  the  step  with  a  smaller  interval  if  the  error  is  greater 
than  er.  When  a  step  is  redone  because  the  error  is  greater  than 
er  the  step-size  will  not  be  increased  for  the  next  three  steps- 
This  feature  should  aid  in  integrating  over  discontinuities. 

III.  SUGGESTIONS  FOR  INCREASING  EFFICIENCY 

All  actual  variables  in  the  references  to  deriv,  term  and 
prin  are  the  corresponding  dummy  variables  in  the  KUTMER  SUB¬ 
ROUTINE  statement.  Hence  the  variables  can  be  passed  to  these 
routines  through  COMMON  if  the  appropriate  number  of  dummy 
variables  are  placed  in  the  SUBROUTINE  statement  of  these  sub¬ 
routines.  This  is  most  important  in  routine  deriv  because  it  is 
referenced  5  times  for  each  integration  step. 

Example  showing  important  statements  only 
EXTERNAL  DERIV 
COMMON  Y(10),YP(10) 

CALL  KUTMER  (DN,DP,1- .lO.Y.YP.DERIV - 


END 

SUBROUTINE  DERIV(DUM.DUM) 
COMMON  Y(lO) ,YP(lO) 
DIMENSION  DUM(l) 

YP(I)  =  - 


RETURN 

If  the  variables  are  passed  through  COMMON  then  the  dummy 
variables  could  be  deleted  from  the  SUBROUTINE  DERIV  statement 
if  the  actual  variables  are  removed  from  the  CALL  in  statement 
10  of  KUTMER. 
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ANALOG/HYBRID  SOLUTIONS  TO  ALGEBRAIC  EQUATIONS 
AND  BOUNDARY-VALUE  PROBLEMS 


Arthur  Hausner 
Harry  Diamond  Laboratories 
Washington,  D.  C. 


ABSTRACT.  An  experimental  method  is  outlined  for  achieving  the 
simplest  possible  stable  feedback  connections  in  a  direct  nulling 
solution  of  algebraic  equations  on  an  analog  computer.  Although  the 
proof  of  stability  is  given  for  linear  equations,  it  is  inferred  that 
the  method  works  also  for  most  nonlinear  equations.  Both  situations 
are  successfully  demonstrated.  In  essence,  the  method  requires  a 
sensitivity  test  near  the  root,  with  the  computer  nulling  previously 
connected  residual  errors.  Once  the  feedback,  structure  is  obtained, 
the  circuit  automatically  tracks  solutions  for  wide  variations  of 
parameters . 

The  technique  is  extended  to  analog/hybrid  solutions  of  boundary- 
value  problems,  where  stable  feedback  connections  producing  discrete 
changes  in  solution  estimates  are  determined  experimentally.  A  five- 
parameter  optimal  control  problem  is  solved  automatically  by  this 
method. 

1.  INTRODUCTION .  In  the  first  part  of  this  paper,  we  consider 
solving  a  system  of  n  algebraic  (or  transcendental)  equations 

fk  5  fk(V  V  •••»  V  al*  a2’  **•*  V  =  °  (1) 

in  n  variables  x^ ,  i,  k  =  1,  2,  ....  n,  and  m  parameters  a^ ,  j  =  1,  2, 
...,  m,  on  an  analog  computer.  Two  situations  arise  in  practice: 

1.  The  a^  are  time  varying  and  the  solutions  are  needed 

instantly  for  feedback  in  differential  equations  to  be 
solved  by  the  computer. 

2.  The  a^  are  stationary,  but  solutions  to  many  runs  are 
required . 

A  simple  but  frequent  example  containing  time-varying  parameters 
occurs  when  obtaining  a  quotient  x^  =  a^la^  on  the  computer.  There 

is  no  satisfactory  analog  component  to  perform  division  directly;  the 
computer  is  actually  set  up  to  solve 


a2Xl  "  =  0 
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As  and  a ^  vary  with  time,  a  constructed  circuit  must  "track"  the 
solution  of  (2)  with  small  error. 

Another  more  complicated  example  involving  time-varying  parameters 
occurs  in  the  solution  of  Lagrange's  equations  on  an  analog  computer  [1]. 
The  are  accelerations  and  the  are  velocity  and  position  coordinates 

and  other  functions  of  time. 


An  analog  computer  integrates  differential  equations  continuously 
and  simultaneously,  necessitating  an  instantaneous  generation  of  all 
functions  required  with  small  error.  This  is  completely  different, 
in  principle,  from  a  digital  computer  that  can  temporarily  halt  its 
solution  process  to  generate  all  required  functions.  Thus,  when  the 
parameters  a^  are  time  varying,  a  constructed  circuit  to  solve  (1)  must 

track  the  solutions  with  as  small  dynamic  error  as  possible. 


On  the  other  hand,  stationary-parameter  problems  present  less 
stringent  requirements.  If  a  solution  is  obtained  for  one  set  of 
parameters,  a  reasonably  small  delay  in  obtaining  a  solution  for 
another  set  is  quite  tolerable,  so  that  a  broader  class  of  techniques 
can  be  used  for  solution.  The  principal  emphasis  in  this  paper  is  in 
a  discussion  of  a  technique  developed  for  stationary-parameter  problems 
with  a  direct  extension  to  solutions  of  boundary-value  problems  con¬ 
taining  stationary  parameters. 


2.  CONVERSION  TO  DIFFERENTIAL  EQUATIONS.  Since  the  main  strength 
of  analog  computers  lies  in  the  ability  to  solve  differential  equations 
rapidly,  it  is  quite  natural  to  attempt  solutions  of  (1)  by  converting 
to  an  equivalent  formulation  involving  differential  equations.  The 
basic  method  of  solving  (1)  involves  synthesizing  a  stable  set  of  dif¬ 
ferential  equations  which  has  the  x^  as  asymptotic  solutions.  Suppose 

we  construct  a  set  of  functions  <f>^(f^,  f2>  •••,  fn)  with  the  property 

that  all  $  =  0  implies  that  all  f^  =  0.  Further,  suppose  that  the 

solution 


“2* 


fn> 


(3) 


approaches  a  constant  set 
considerations  [2]  permit 
the  x^  approach  solutions 


g 


i  ‘ 


of  x^  for  stationary  parameters.  Fundamental 
us  to  conclude  that  the  ^  approach  0  and  that 
to  (1) .  We  modify  (3)  to  include  gain  constants 


xt  + 


Si*i(£l- 


’2’ 


V 


(4) 
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where  >  >0,  which  has  the  effect  of  increasing  the  convergence 


If  the  system  (4)  is  stable  about  a  solution  x^  of  (1),  little 


rate. 

dynamic  error  can  be  expected  even  when  the  a 


are  time  varying.  We 


emphasize  that  a  computer  solution  can  be  time  scaled  to  reduce  rates 
of  changes  of  the  a  to  any  desired  level.  The  g,  can  be  made  as 

9  J  1 

large  as  10  and  as  close  to  zero  as  desired.  Since  functions  are 
amplitude  scaled  to  be  less  than  1  in  magnitude  and  cannot  be  read 
with  more  than  four  decimal  places,  gains  of  the  order  of  magnitude 


of  10  are  usually  sufficient  to  track  solutions  with  dynamic  errors 
less  than  0.0001  in  magnitude.  In  fact,  dynamic  errors  can  usually  be 
made  much  less  than  other  computing  errors.  Thus,  the  considerations 
usually  involved  in  a  construction  of  system  (4)  are  its  stability  and 
its  simplicity . 


3.  THE  CONTINUOUS  GRADIENT  METHOD.  In  the  continuous  gradient 
method  we  construct  a  positive  definite  function  p  of  the  f^  and 

select  the  4>.  to  move  along  the  negative  gradient  of  p.  For  example, 
if  1 


P  =  \  l  fk2  (5) 

k=l 

then 


n 

•  r  r 

1  v  5f“  ■  1 

n 

i : 

Sfk 

p  -  ;  fk 

k=l 

in  1  J 

m  i  xi! 

i-i 

1  ^  fk 
lk-1 

ax 

1 

The  choice 


results  in 


n 


Xi  +  8i 


l 

k=l 


P 


n 


n 


I  gi  l  fk 

i=l  k=l 


(7) 


(8) 
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for  any  set  of  >  0.  Naturally,  we  choose  as  large  a  set  of  g^ 

as  possible  (usually  all  equal)  to  maximize  the  convergence  rate. 
Unfortunately,  system  (7)  may  be  quite  complicated  for  analog  computer 
use,  requiring  as  many  as  n^  multiplications  of  two  variables  and  the 
generation  of  as  many  as  n^  additional  functions  3f^/9x^.  While  at¬ 
tractive  from  stability  considerations,  the  method  suffers  in  its  need 
of  much  equipment.  Multiplication  of  two  variables  requires  one  multi¬ 
plier,  usually  an  expensive  piece  of  equipment.  Most  installations, 
therefore,  have  a  limited  number  of  multipliers,  which  may  limit  the 
size  of  a  problem  that  can  be  attacked  by  this  method.  (It  must  be 
remembered  that  all  operations  must  be  performed  simultaneously  in 
analog  computers  for  the  most  efficient  use.)  On  the  other  hand, 
multiplication  of  a  variable  by  a  constant  (say  g^)  requires  only 
inexpensive  and  usually  plentiful  potentiometers.  Thus,  unless  some 
of  the.  f k  are  linear  in  some  of  the  ,  this  method  may  not  be 

realizable  on  an  available  computer. 

If  we  take 

n 

o  =  l  |fR|  (9) 

k=  1 

the  choice 

n  3f 

+  8i  l  sl8n  £k  ’ 0  <10) 

k-1 

approaches  the  solution  to  (1) .  Signum  functions  are  obtained  approxi¬ 
mately  on  analog  computers  by  the  use  of  electromechanical  relays  or 
electronic  switches,  which  are  also  in  short  supply. 

4.  THE  DIRECT  METHOD.  Application  of  (7)  to  (2)  shows  that  the 
solution  to 

*1  +  8ia2^a2Xl  “  a1)  =  0  U-D 

converges  rapidly  to  the  quotient  a^a2  f°r  large  g^»  f°r  all  values 
of  a^  and  i  0.  (It  is  called  a  four-quadrant  division  mechanization.) 
From  simple  considerations,  we  also  know  that  the  solution  to 
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m*  ■ 


*1  +  8l(a2Xl  "  V  "  0 


(12) 


converges  to  a^/a ^  if  >  0  and 

X1  ”  gl^a2Xl  “  ai^  “  0  (13) 

converges  to  a^/ a^  if  a^  <  0 .  Either  system  is  simpler  than  (11)  and 

is  preferred  when  applicable.  These  are  called  direct  systems;  i.e., 
the  residual  error  functions  f^  (or  their  negative)  of  (1)  are  used 

directly  in  integrators,  thus  eliminating  the  additional  multipliers, 
switches,  and  possibly  needed  partial  derivatives. 

The  direct  method  in  n  dimensions  requires  solving 
^  +  g±f k  =  0  or  xi  +  g  (-fk>  *  °»  i.k  =  l,2,...,n  (14) 

with  constants  g^  >>  0.  Both  i  and  k  (not  necessarily  equal)  are 

exhaustively  used  in  writing  down  the  n  equations  contained  in  (14). 

In  effect,  each  residual  error  f^  is  "assigned"  as  feedback  to  one  of 

the  x^  integrators. 

In  vector-matrix  notation,  we  write  system  (14)  as 

x  +  G?  =  5,  xQ  =  x(0)  (15) 

where  the  vector  x  contains  elements  x^ ,  the  vector  1  contains  elements 
f,  or  -f,  ,  and  the  gain  matrix  5  is  diagonal  with  g  =  g  >>  0.  An 

K.K. 

initial  condition  vector  is  the  initial  x  at  the  start  of  computation, 
when  computer  time  t  =  0. 

There  are  three  distinct  difficulties  in  synthesizing  direct 
nulling  systems: 

1.  Such  a  system  may  not  exist. 

2.  If  a  system  exists,  we  must  determine  the  G  matrix,  and  an 
ordering  of  the  elements  of  f  (including  the  signs  to  be 
used),  so  that  (15)  is  stable  near  a  root  of  (1).  Further, 
it  is  desirable  to  arrange  a  system  that  is  stable  for  wide 
variations  of  parameters. 
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3.  Because  the  are  time  varying  or  may  be  changed,  a  system 

stable  for  one  set  of  a.  may  not  be  stable  for  another  set. 

J  -* 

It  is  then  necessary  to  reorder  the  elements  of  f,  redetermine 
their  signs  and  the  gain  matrix  (f  to  achieve  stability  once 
again. 

To  see  that  a  system  may  not  exist,  consider  the  trivial  one¬ 
dimensional  case  f  s  x^  ■  0.  Both  cases 


x  +  gx  »0  and  x  -  gx  *  0  (16) 

are  not  stable  about  a  neighborhood  of  the  root  x  =  0.  Slight  disturbances 
such  as  noise  (inevitable  on  analog  computers)  will  produce  instability. 

Difficulty  number  2  is  the  subject  of  attack  in  this  paper.  Under 
suitable  assumptions,  we  shall  present  an  experimental  method  for  con¬ 
structing  such  a  stable  system. 

Difficulty  number  3  primarily  tends  to  discourage  programmers 
from  using  a  direct  method  for  time-varying  a  unless  stability  can 
be  guaranteed  for  all  cases.  In  the  divisionJmechanization  [(12)  or 
(13)],  for  example,  it  is  often  known  that  a^  does  not  change  sign  during 

a  problem  solution.  The  direct  method  is  then  applicable.  It  is  too 
inconvenient  to  seek  out  a  new  stable  system  when  instabilities  occur 
during  the  solution  of  a  complicated  problem  involving  time-varying 
parameters.  (An  exception,  perhaps,  is  a  method  described  by 
Rybashov  [3],  who  fixed  an  ordering  of  the  f^  and  a  gain  matrix  and 

just  tried  to  determine  the  signs  of  the  f^.  His  method,  however, 

can  fail  even  for  linear  equations.)  A  most  important  case  for  which 
stability  can  be  guaranteed  occurs  for  linear  equations 

if  =  Xx  +  b  =  (f  (17) 

when  it  is  known  that  the  characteristic  roots  of  X  have  positive  real 
parts.  The  system 

x  +  g(£  -i  b)  =  0,  g  >>  0  (18) 

is  asymptotically  stable  at  the  roots  of  (17),  and  further,  approaches 
the  roots  from  any  set  of  initial  conditions.  This  fact  has  been  used 
in  the  matrix  inversion  needed  for  solving  Lagrange's  equations  of 
motion  [1];  the  matrix  there  is  positive  definite  although  time  varying. 
Thus,  the  direct  method  can  be  very  powerful  for  conserving  equipment 
when  applicable. 
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For  stationary-parameter  problems,  the  direct  method  is  quite 
important,  since  a  delay  in  determining  a  stable  system  can  be 
tolerated.  Also,  we  shall  see  that  the  proposed  construction  procedure 
for  continuous  stable  systems  is  easily  extended  to  bound ary-value 
problems  containing  stationary  parameters. 

5 .  CONSTRUCTION  OF  A  STABLE  SYSTEM  FOR  LINEAR  EQUATIONS.  We 
assume  a  set  of  linear  equations  that  produces  the  system  (17)  with 
|A|  i  0  for  one  ordering  of  rows.  The  vector  b  does  not  enter  into 
stability  considerations  and  can  be  ignored  in  the  construction  pro¬ 
cedure.  A  programmer  is  the  operator  of  an  analog  computer,  and  he 
may  test  partial  systems  quickly  for  stability  during  construction. 

The  key  to  this  procedure  is  that  he  do  so,  with  the  results  of  the 
computer  determining  the  feedback  and  gain  connections.  We  start 
with  the  system 


(19) 


for  any  convenient  c  and  construct  circuits  to  generate  the  f 


k 


from 


1  s  Ax 


(20) 


Now, 

1.  Systematically  perturb  each  (x^)q  by  a  fixed  amount  ax  and 

record  the  change  Af^  in  each  f^  (a  sensitivity  test)  to 

find  3f^/3(xi)g.  Find  the  maximum  of  1 3f^/3(x^)g  |  ,  obvious 

by  inspection  the  first  time  this  is  done.  If  fg  is  most 

sensitive  to  variations  in  x  use  f  as  the  feedback  error  to  x  . 
_ r _ s _ r_ 

In  case  of  ties,  the  choice  is  arbitrary.  Connect  f  or  -f 

s  s 

(whichever  is  stable)  to  the  integrator  producing  x  through 
a  gain  potentiometer  g^_  set  to  an  arbitrary  upper  limit,  say  10. 

The  computer  is  now  mechanized  to  solve 


=  0,  i  ^  r,  (xi)Q  =  c± 

xr  +  10(+  fs)  =0,  (xr)Q  =  cr 


(21) 


That  one  of  the  signs  will  be  stable  is  obvious,  since  if  a 

s,r 

=  0,  a  perturbation  in  (x  )n  could  not  affect  f  .  If  a  >  0, 

r  u  s  s ,r 

the  system 
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x  +  10a  x  +  constants  -  0 
r  s,r  r 


(22) 


is  stable,  and  if  a  <0,  the  system 

s  ,r 


x  -  10a  x  +  constants  -  0 
r  s,r  r 


is  stable. 


2.  Repeat  step  (1)  for  unused  f^  and  for  only  those  x^  to 

which  no  feedback  is  connected.  Allow  system  (21)  to 
integrate  until  f  =0,  and  determine  the  maximum  of 
|  ?jf^/  3(x^)q  | .  We  shall  show  that  if  a  perturbation  in 

(x^)q  Proc*uces  a  change  in  f^,  there  exists  a  gain 

such  that  when  either  x^  +  g^f^  =  0  or  -  g^f^  =  0  is 

replaced  in  the  system,  the  new  subsystem  is  stable.  All 
previously  "used"  t  components  and  f^  -t  0  when  the  computer 

is  placed  in  operate.  In  practice,  the  maximum  of 
|9f^/3(x^)Q|  is  selected  for  choosing  the  x^  and  f 

components  in  an  attempt  to  select  eigenvectors  as  nearly 
orthogonal  as  possible.  The  actual  value  of  g^  and  the 

sign  of  f^  are  selected  by  trial:  we  examine  stability 

characteristics  for  a  small  value  of  g^  first  to  select 

the  proper  sign.  The  value  of  g.^  is  then  increased  to 

obtain  the  fastest  possible  convergence.  All  gains  are 
relative  so  that  we  arbitrarily  limit  any  one  to  a  maximum 
of  10. 

3.  The  process  is  continued  until  all  x^  and  f^  are  exhausted. 

One  by  one,  we  use  one  of  the  f^  (or  -f^)  as  an  input  to 
one  of  the  integrators  producing  x^. 

The  process  of  adding  feedback  loops  in  this  way  changes  character¬ 
istic  root  locations  of  previous  connections.  After  the  feedback 
structure  is  obtained,  the  effect  of  each  g.  on  the  convergence  rate 
can  be  determined  experimentally,  if  desired,  and  relative  final  gains 
can  be  chosen  to  maximize  the  convergence  rate.  Finally,  the  gains  can 
be  multiplied  by  any  large  positive  constant  for  extremely  rapid  con¬ 
vergence. 

6.  PROOF  OF  STABILITY  OF  THE  CONSTRUCTED  SYSTEM.  This  proof  is 
by  induction  on  the  mth  feedback  connection,  m  <_  n.  Given  the  matrix 
A,  where  _Ja|  4  0,  we  wish  to  show  that  the  constructed  system  produces 
a  matrix  B  consisting  of  a  reordering  of  the  rows  of  A  (including  £os- 
sible  sign  changes  of  all  elements  in  each  row)  and  a  gain  matrix  G  such 
that 


X  +  2&  =  2 


is  stable.  The  first  feedback  loop  is  obviously  stable.  Assume  at 
s  t 

the  m-1  stage  of  construction,  the  subsystem 


®1,1  bl,2  •"  bl,m-l 
b2,l  b2,2  b2,m-l 


®m-l/\bm-l,l  bm-l,2  bm-l,m-l /  \Zm-l J  \° 


is  stable,  where  each  is  the  in  order  of  selection.  We  call 
the  partial  gain  matrix  2^  the  partial  coefficient  matrix  2^  , 

and  the  partial  vector  system  Clearly  1^  ^  |  ^0  and, 

therefore  |2  ,  I  ^0.  Each  eigenvalue  of  2  ,  has  positive 

real  parts. 

Let  a  new  row  with  subscript  m  be  added  with  extremely  small  gain 
g^,  together  with  the  corresponding  mt^1  column.  From  an  expansion  of 

the  new  determinantal  equation  we  find  that  the  old  eigenvalues  X^,  X2» 

...,  2  are  continuous  with  respect  to  g^  at  g^  =  0;  for  sufficiently  small 

g  ,  they  will  have  positive  real  parts.  Also  X  =0  when  g  =0. 
m  1  r  r  m  m 

Hence,  we  concentrate  on  the  value  of  the  new  eigenvalue  X  introduced 

m 

by  the  new  row.  The  determinantal  expansion  of  the  new  matrix  product 

2  2  yields  [4] 
mm 


0  =  |2  2  -  X  t|  -  |2  f  |  -  aX  +  o(x  2) 

I  tn  m  m  '  mm1  m  m 


mm1  m 


where  a  is  the  sum  of  the  product  of  all  combinations  of  m-1  eigenvalues. 

The  principal  term  of  this  sum  as  g  -*■  0  and  X  ->-0  comes  from 

mm 


a  a  I  I  x  =  |2  i  | 

11  1  '  m-1  m-1 
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Hence,  for  sufficiently  small  g 

m 


X  s 

m 


(28) 


and  is  real.  Now,  X^  is  directly  proportional  to  a  small  g^  if 
|it  |  ^0.  We  control  its  sign  by  inverting  the  signs  of  the  terms 

in  row  m  if  <  0  as  part  of  the  construction  procedure. 

Suppose  I  B  1=0.  Then  the  last  column  added  to  B  ,  must  be 
1  m1  m-1 

expressible  as  a  linear  combination  of  the  previous  columns;  i.e., 

there  exists  a  vector  z  such  that  B  z  =  1  In  the  operate  mode, 

m  mm 

we  selected  f.  as  row  m  because 
k 

m-1 

f,  =  y  b,  ,  z,  +  b,  (z  )„  +  other  constant  terms 

k  L  k,j  j  k,m  m  0 

j=l 

changed  greatly  when  (z  )q  was  changed,  after  all  previously  chosen 
m-1 

f .  =  y  bj  .  zJ  +  b,  (z  )„  +■  other  constant  terms 

i  L  i ,  j  j  i,mm0 

J-l 

->■  ■+ 

were  forced  to  zero.  Because  the  last  row  of  B  z  cannot  change  when 
th  ^  m  m 

the  m  component  (z  )_  is  changed  z  =  (J)  ,  f,  is  constant  for  all 

mu  mm  k 

(zffl)g.  Since  the  choice  was  based  on  maximum  sensitivity,  we  see  that 

no  other  row  would  have  done  either.  Hence,  n  -  m  +  1  rows  of  the 

original  A  matrix  were  linearly  dependent  on  m  -  1  rows;  the  rank  of  X 

is  m  -  1,  contradicting  the  ayposthesis  that  |£|  ^  0.  This  method, 

therefore,  provides  the  rank  of  the  matrix  when  its  determinant  is  zero. 

-► 

We  note  that  the  final  B  matrix  often  contains  negative  or  zero 
diagonal  elements,  producing  complex  characteristic  roots,  but  ones  with 

large  positive  real  parts.  Because  |B  |>  0,  all  the  discriminants 

|i£j,  i  =  1,  2,  ...,  m-1,  are  positive. 
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Example 

Consider  the  equation  with  nominal  matrix  coefficients 


1“  7  2  A 

M 

lhA 

l°\ 

0  6  9  9 

b2 

<0 

19  0  9 

x3 

+ 

b3 

3S 

0 

1  5  3  5  5 

x. 

b. 

0  / 

4 

4  / 

(29) 


Ignoring  the  b  vector  and  normalizing  the  rows  of  A,  we  set 


.5714 

0 

.1111 

1 


1  .4286 

.6667  1 

1  0 

.6  1 


1 1 

(*l\ 

1 

X2 

1 

x3 

li 

(30) 


Since  a  "1"  exists  in  every  column,  the  first  feedback  loop  is  arbitrary. 
We  let 


x4  +  10f4  =  0  (31) 

with  z1  =  x^.  Using  (x.^  =  (x2^o  =  ^x3^0  =  °'2,  the  nominal  30(1 
perturbed  values  of  all  remaining  f  are  measured  in  the  operate  mode 
with  =  0,  as  shown  in  Table  1.  We  see  that  a  tie  exists  between 
variations  in  f2  due  to  perturbations  in  x^  and  variations  in  f^  due 
to  perturbations  in  x^.  We  arbitrarily  use  Z2  =  x^> 

x3  +  g2(-f3)  =  0  (32) 

and  determine  by  trial  that  g2  =  10  produces  the  most  rapid  convergence 
of  this  second-order  subsystem.  The  system  x^  +  g  f^  =  0  was  unstable, 
necessitating  the  sign  change. 
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Proceeding,  we  construct  Table  2  and  find  we  need  as  feedback 
to  x^.  We  determine  by  trial  that 

*1  +  83(-f2>  =  0  (33) 

is  stable,  with  =  3  producing  the  most  rapid  convergence.  With  one 
equation  left,  we  find  that  we  can  use 


x2  +  10fl 


for  stability  and  fast  convergence.  In  terms  of  the  original  variables, 
the  final  syrtem  (with  the  f  matrix  reordered  in  both  columns  and  rows)  is 


3  0  0  01 


0  10  0  0 


.6667  -1 


1  .4286 


M  rV 


x3  I  0  0  10  0 
xA  \0  0  0  10 


-1  0 


rb3/9 


and  remains  stabre  for  wide  variations  of  the  coefficients.  (All 
coefficients  represented  by  potentiometers  were  individually  varied 
for  the  full  range  without  instabilities.)  The  presence  of  zero  main 
diagonal  terms  may  disturb  intuitive  feelings  that  suggest  these  should 
be  large;  but,  in  fact,  such  ideas  are  somewhat  fanciful,  applying  only 
when  all  characteristic  roots  are  real.  We  may  rest  assured  that  this 
underdamped  system  is  "strongly"  stable. 

7.  EXTENSION  TO  NONLINEAR  EQUATIONS.  The  construction  procedure 
for  nonlinear  equations  remains  the  same  as  for  linear  equations.  But, 
since  the  Jacobian  matrix  3(?,x)  at  a  root  is  parameter  dependent,  any 
given  stable  structure  may  not  be  stable  for  new  sets  of  parameters.  If 
the  characteristic  roots  of  the  Jacobian  matrix  are  sensitive  near  the 
root,  we  must,  in  effect,  be  at  the  root  for  the  sensitivity  tests.  It 
might  seem  that  this  requirement  defeats  the  purpose;  i.e.,  a  solution 
to  (1)  must  first  be  obtained  before  the  construction  can  be  achieved. 
This  is  not  always  so.  First,  many  situations  arise  where  solutions  are 
known  for  one  set  of  parameters.  When  a  stable  direct  system  can  be 
constructed  for  this  set,  it  aids  immeasurably  in  obtaining  solutions 


to  a  new  set  of  a. 


Each  a  is  changed  one  at  a  time  from  its  old  to 


its  new  value.  If  any  instability  is  encountered,  a  new  feedback 
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structure  can  be  obtained  by  sensitivity  testing  at  the  then  existing 

set  of  a  .  Second,  since  the  procedure  requires  generation  of  all  f ,  , 

J 

some  relaxation  method  can  be  used  to  obtain  an  approximate  first 
solution,  or  it  may  be  possible  to  perform  sensitivity  tests  to  find  it. 
Suppose  (^[c)q  are  values  of  the  f^  for  the  initial  guesses  (x^)^.  Define 


fk 


“  (iVo 


(36) 


The  f  *  are  now  zero,  while  the  (f,  ) may  be  considered  as  n  additional 
k  k  0 

parameters.  By  obtaining  a  stable  feedback  structure  that  drives  the 
f^  to  zero,  the  (f  )q  may  slowly  be  reduced  to  zero  to  obtain  the 

solution  to  the  original  case.  Feedback  structures  will  have  to  be 
changed  during  the  process  if  instabilities  result,  as  is  true  with 
other  parameters. 

If  the  Jacobian  elements  are  not  too  sensitive  near  the  solution, 
sensitivity  testing  enables  construction  of  a  stable  system  near  the 
root . 


!'-,e  conditions  for  which  this  procedure  works  for  nonlinear 
equations  are  derivable  from  fundamental  stability  theorems  [2]. 
Writing 


I  -  Jx  +  w  (37) 

we  assume  w  continuous  in  a  region  about  the  root  and  the  usual  condition 
concerning  the  order  of  the  nonlinear  term: 


||  w  |  |  /  |  |  x  j  |  ■*  0  as  |  |  x  ;  -0 

under  some  suitable  metric  such  as 


(38) 


n 


i=l 


and 


y 

i=  l 


*Xi 


(39) 


Because  of  the  large  magnitude  of  the  diagonal  elements  of  6  and  the 

possible  time  scaling,  both  J  and  w  may  be  considered  constant  in  this 
application.  As  is  well  known,  it  is  then  necessary  that  G~J  have 
chat acteristic  roots  with  non-negative  real  parts  at  the  root  for  the 
system 

x  +  G(Jx  +  w )  =  0 

4  39 


(40) 


to  be  stable  at  the  root.  Our  construction  procedure  does  not  work 
if  |?|  =  0.  Also,  for  |1|  +  0,  we  may  construct  a  system  such  that 

y  +  <53y  =  (f  (41) 

is  stable  at  y  =  (f.  By  a  fundamental  stability  theorem  of  nonlinear 
equations,  system  (40)  is  therefore  constructable  at  the  root  of  (1) 

[or  (37)]  if 

(1)  |1[  i  0  at  the  root 

(2)  w  is  continuous  in  a  region  about  the  root 

(3)  I  |w  |  |  /  ;  |x|  I  ->0  as  |  | X  |  |  -►  0. 

Example 

We  solve  the  system 

2  2  2 
2  x  +  y  +  z  -1  =  0 

f2  =  xy  +  yz  +  xz  -  0.25  =  0  (42) 

f^  *  a^x  +  a2y  +  a^z  -  0.25  =  0 

for  roots  near  the  nominal  values  of  a^  =  0.5,  a2  =  -0.5,  and  a^  =  0.5. 

At  the  nominal  values  of  parameters,  there  are  four  roots,  of  which 
x  a  0.93,  y  =  0.36,  and  z  =  -0.07  is  the  one  of  interest  to  be  tracked 
with  changing  parameters. 

We  quickly  find  that  f^  is  most  sensitive  to  changes  in  x  when 
compared  with  other  perturbations.  Hence,  we  mechanize 

x  +  10  f  =  0  (43) 

and  determine  Table  3  in  the  operate  mode.  We  then  find  that 

z  +  10f2  =  0,  y  -  10f3  =  0  (44) 

are  stable.  Since  the  f^  are  near  zero,  the  gain  coefficients  were 
determined  aftei  magnifying  each  f  for  convergence  characteristics 


observations.  The  equations  remained  stable  even  when  each  coefficient 
was  varied  one  at  a  time  between  the  limits  0  1,  -1  Jl  0, 

and  0  <_  a^  1. 

8.  EXTENSION  TO  BOUNDARY-VALUE  PROBLEMS.  Analog/hybrid  computers 
contain  the  means  to  change  parameters  in  discrete  amounts  between 
solution  runs  in  a  repetitive  operation  mode.  This  means  that,  while 
a  system  of  differential  equations  is  being  solved  repetitively  at  a 
rate  as  high  as  1000  solution/sec  independent  of  the  number  of  equa¬ 
tions,  each  solution  may  be  different  because  some  iteration  procedure 
continually  adjusts  constants  in  an  attempt  to  satisfy  some  needed 
conditions.  An  important  class  of  problems  amenable  to  an  efficient 
attack  by  such  computers  are  boundary-vaiue  problems  where  error 
functions  have  the  form 


fk  =  f  [y  (t  )  ,y2(tk),...,ys«:k).^,x9,. 

and  the  values  y  (t  ) ,  p  =  1,  2,  ...,  s, 
P  k 

system  of  differential  equations 


.  ,x  ,a  ,a  , . . .  ,a  ]  =  0  (45) 

n  1  2  m 

are  obtained  by  solving  a 


dy 

-ir-  yc  y2 ' 


x2’> 


V  a2  ’ ' 


a) 

m 


(46) 


In  (45),  each  t  is  a  specific  value  of  the  independent  variable  t,  the 

K. 

x^  are  now  adjustable  parameters  with  both  i,  k  =  1,  2,  .  .  .  ,  n,  and  the 
a.  are  stationary  parameters.  As  the  a^  ar  i  changed,  new  values  of  the 
x^  must  be  found  to  satisfy  (45). 

A  continuous  direct  nulling  system  must  be  replaced  by  a  discrete 
system: 


x  -  x  ,  +  G  f  =■  ()  (4  7) 

q  q-L  q 

After  the  q ^  solution  of  the  differential  equations  (4b)  using  constants 
x  ,  ,  the  residual  errors  f  arc  determined.  Discrete  changes  Ax  = 

„q-i  „  q  q 

x  -  x  ,  are  made  from  (47)  and  new  constants  x  are  used  in  the 

q  st  q-i  q 

q+1  solution  of  the  differential  equations.  If  system  (47)  can  be 
constructed  to  produce  stable  solutions  for  one  set  of  parameters  a., 
then  by  reasoning  similar  to  the  continuous  direct  nulling  case,  ^ 
we  sometimes  can  expect  the  system  to  be  stable  for  wide  variations 
of  parameters. 
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Construction  of  system  (47)  is  similar  t^o  the  continuous  case; 
it  requires ^finding  a  temporary  gain  matrix  G'  where  the  characteristic 
roots  of  G'J  not  only  have  positive  real  parts,  but  also  that  all  vari¬ 
ables  using 

”►  *>.  ->■->■  . 

x  -  x  ,  +  G  f  -  0  (48) 

q  q-1  q 

resemble  a  closely  sampled  sequence  of  the  variables  of  an  equivalent 
continuous  system  mechanization. 

In  practice,  the  sensitivities  of  each  f  to  perturbations  in 

<\.)  are  determined  by  reading  the  stored  set  of  f  in  the  repetitive 
l  u  lc 

operation  mode.  Again  selection  of  an  f^_  for  use  as  a  discrete  feedback 

for  changes  in  x^  [in  the  sense  of  (48)]  is  made  on  the  basis  of  inaximum 

sensitivity  after  all  previously  "used"  f  are  forced  to  zero.  The 

► 

values  of  the  diagonal  elements  of  G’  are  determined  quickly  and  easily 
with  analog  computers  by  observing  graphs  of  aJ  1  f  with  time.  They 

should  be  small  enough  to  present  a  rather  smooth  convergence  pattern, 
with  their  relative  values  chosen  for  a  near  orthogonal  condition  as 
in  the  continuous  case.  After  the  feedback  structure  is  obtained,  we  use 

G  =  gG'  (49) 

with  g  >  1,  and  njjjxiraize  the  convergence  rate  by  trial.  This  procedure 
guarantees  that  GJ  -  I  has  characteristic  roots  within  the  unit  circle, 
one  of  the  sufficient  conditions  for  stability  [5].  The  sensitivity 
tests  still  cannot  find  a  stable  system  unless  |J|  j  0,  so  that  conditions 
for  constructability  remain  identical  with  those  of  the  continuous  case. 

An  Optimal  Control  Example 

It  was  decided  to  attack  a  rather  involved  problem  to  determine 
the  feasibility  of  tracking  solutions  of  boundary-value  problems  con¬ 
taining  many  adjustable  parameters  with  the  method  suggested.  Accordingly, 
we  selected  an  optimal  control  rendezvous  problem,  reported  by  Darcy  and 
Hannan  [6]  and  solved  by  them  manually  by  a  relaxation  method  on  an  analog 
computer . 

A  maneuvering  vehicle  attempts  rendezvous  with  a  target.  The  target 

is  in  circular  orbit  with  angular  velocity  w  about  the  origin  of  an 

inertial  reference  frame,  and  both  vehicle  and  target  are  confined  to 

the  plane  of  orbit.  The  vehicle  contains  a  thruster  capable  of  producing 

accelerations  up  to  a  ft/sec^.  It  can  be  rotated  to  accelerate  the 

max 

vehicle  in  any  direction  in  the  plane.  This  system  is  described  by  the 
equations 
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2  2 

d  x/dt  -  2u)  dy/dt  =  cos 


d^y/dt^  +  2d)  dx/dt  -  3u^y  =  sin 


(50) 


where  the  thrust  c,  is  subject  to  0  <  c.  <■  a  ,  c„  is  the  "steering" 

1  —  1  —  max  2  ° 

angle  of  the  thruster,  and  x  and  y  are  rotating  rectilinear  'ordinates 

in  the  plane,  with  origin  at  the  target.  Initial  coordinates  and  their 

velocities  are  given.  The  problem  is  how  to  select  c^(t)  and  c^(t)  so 

that  the  integral 


0 


(1  +  Ac^)  dt 


(51) 


is  minimized,  while  the  vehicle  is  transported  to  the  origin,  arriving 
there  with  zero  velocity.  If  A  =  0,  this  is  a  time  optimal  problem. 

If  A  >0,  some  restriction  is  placed  on  the  amount  of  fuel  expended. 

A  state  variable  set  of  equations  for  the  system  is 


dyx/dt  =  y2, 
dy  3  /  d  t  =  y4, 


dy2/dt  =  ?uy4  +  c2  cos  c2 


dy^/dt  =  -2toy2  +  3u  y^  +  c^  sin  c2 


(52) 


with  =  x,  y2  =  dx/dt,  y^  =  y,  and  y^  =  dy/dt. 

By  means  of  the  maximum  principle  [7],  the  equation 


dyQ/dt  =  1  +  >.c2 


(53) 


is  added  to  the  system,  and  the  Hamiltonian  H  is  formed: 


H  =  pQ(l  +  Ac^)  +  p^y 9  +  p2 (2u)Y4  +  ^  cos  c2) 


+  p3y4  +  P4(-2wy2  +  y3  +  ci  sin  c2) 


where  the  p^  satisfy  the  adjoint  system 


(54) 
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dp0/dt  =  0,  dp^/ dt  -  0,  dp2/dt  -  -p1  +  2ojp^ 

2  (55) 

dp^/dt  =  —3 a)  p^,  dp^/dt  =  -2ojp2  -  P3 

Optimal  controls  are  chosen  and  are  continuously  mechanized  on  the 
computer.  According  to  the  maximum  principle,  it  is  necessary  that 

C1  =  amax  U(Xp0  +  P2  C0S  c2  +  p4  sin  c2}  (56) 

where  U  is  the  unit  step  function,  and 

tan  c2  =  P4/P2  (57) 

for  optimality.  Equation  (57)  reduces  to 

.  ,,  2  .  2,1/2  ..  2  2,1/2  .  . 
sin  c2  =  P4/(P2  +  P4  )  *  cos  c2  =  P2'(P2  +  p4  '  (58) 

with  (56)  transforming  to 

'l  ‘  a»axU[('’22  +  »42>1/2  +  V  (59) 

We  may  take  pQ  =  -1;  it  remains  to  find  p^,  also  constant,  and  (p2)Q, 
(p3)Q,  and  (p4)q  which  transport  the  y  of  (52)  to  the  origin  at  some 
time  tf.  For  optimality,  it  is  also  necessary  that  H  =  0  throughout 
the  trajectory  and  in  particular  at  t  *  t^.  We  see  from  (54)  that 

H(tf)  =  -1  -  Ac.^  +  p2c1  cos  c2  +  p^c^  sin  c2  (60) 

when  each  y.  =0.  This  fifth  condition  reduces  to 
3 

H(tf )  -  -1  +  cx  {[p22(tf)  +  p42(tf)]1/2  -  n}  -  0  (61) 

Since  the  thrust  ^  is  off  or  on  full  blast  from  (59),  we  finally  get 

amax,[»22(t£>  +  ^  *  X>  '  1  <62) 
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The  five  residual 


because,  from  (61),  cannot  equal  zero  at  t  =  t^  . 
error  functions  are 


fl  =  f2  =  f3  =  f4  =  y4^f^ 


f5  -  wi»2S>  +  p4Vj1/2  - >}-1 


(63) 


and  the  five  adjustable  constants  are  p^,  (P2)q>  (PgJg*  (p^q*  anc* 

t^.  A  circuit  was  mechanized  to  solve  system  (52)  and  its  adjoint  (55) 

while  continuously  mechanizing  the  optimal  controls.  The  first  set  of 
stationary  parameters  investigated  was 


,  ui 

=  1.175  x 

io-3 

rad / sec , 

a 

=  1  ft/sec^ 

max 

»— 1 

O 

II 

-100,000 

ft, 

(y2)0 

=  200 

ft/sec 

u> 

0 

II 

50,000 

ft, 

(!Vo 

-  80 

ft/sec 

(64) 


It  took  about  20  min  of  oscilloscope  observations  to  adjust  the  constants 
to  give  a  near  first  solution.  The  value  of  each  f^(t^)  was  within  20 

percent  of  the  maximum  absolute  value  of  f^(t).  It  became  clear  that 

the  adjustable  constants  were  near  their  needed  values.  Fortunately, 
the  Jacobian  matrix,  although  not  explicityly  known  in  this  problem, 
was  fairly  insensitive  at  the  solution,  so  that  sensitivity  testing 
produced  a  stable  circuit  that  converged  to  the  proper  solutions. 

Figure  1  shows  the  optimal  trajectories  obtained  for  this  case.  Each 
variable  y^  —  y^  is  graphed  with  scale  factors  omitted  but  calculable 

from  the  initial  values  in  (64)  .  Figure  2  shows  typical  real-time 
convergence  graphs  of  normalized  values  of  each  f^,  from  initial  values 
that  are  quite  large.  Although  the  convergence  time  was  about  3  sec, 
it  was  also  reduced  to  0.5  sec  by  solving  the  equations  more  rapidly. 

With  one  solution  obtained,  it  becomes  an  easy  matter  to  vary  any 
parameter  and  obtain  new  solutions  very  quickly.  Figure  3  illustrates 
new  solutions  obtained  when  A  was  increased  from  0  to  4.  At  A  =  4,  it 
was  noticed  that  the  f.^(t^)  oscillated  with  small  damping,  indicating 

that  the  feedback  structure,  although  still  stable,  could  be  improved. 

New  sensitivity  tests  were  performed  manually  (taking  about  30  min)  , 
and  the  feedback  loops,  restructured.  The  new  structure  was  stable  for 
0  <  >.  9 ,  which  represented  the  interval  of  interest. 
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Cther  parameters  were  similarly  varied  with  solutions  successfully 
tracked  in  most  cases. 

9.  CONCLUSIONS.  The  procedures  described  for  tracking  solutions 
to  algebraic  equations  on  analog  computers  and  boundary-value  problems 
on  analog/hybrid  computers  are  extremely  efficient  in  terms  of  equip¬ 
ment.  But  there  are  distinct  disadvantages  in  terms  of  getting  a  first 
solution  and  maintaining  stability  as  parameters  are  changed.  First 
solutions  are  often  available  through  insight  or  previous  work.  Also, 
because  the  f^  are  generated  on  the  computer,  a  relaxation  process  can 

often  be  used  (as  in  the  optimal  control  example  given)  to  obtain  first 
solution";  or  it  may  be  possible  to  perform  manual  sensitivity  tests  to 
find  them.  We  have  not  investigated  automating  the  sensitivity  testing 
for  this  purpose,  a  distinct  possibility.  Thus,  the  disadvantages  of 
the  procedure  are  not  nearly  so  difficult  to  combat  as  one  might 
initially  fear. 
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A  RAPIDLY  CONVERGING  ITERATIVE  TECHNIQUE  FOR  COMPUTING  WIND 
COMPENSATION  LAUNCHER  SETTINGS  FOR  UNGUIDED  ROCKETS 


Louis  D.  Duncan  and  Bernard  F.  Engebos 
U.  S.  Array  Electronics  Command 
White  Sands  Missile  Range,  New  Mexico 


ABSTRACT ■  This  paper  presents  the  development  and  evaluation  of 
two  algorithms  for  the  determination  of  wind  compensating  launcher 
settings  for  unguided  rockets.  The  algorithms  are  designed  for  use  in 
an  iterative  trajectory  simulation  process  and  can  be  used  to  determine 
launch  angles  which  will  yield  one  of  many  possible  trajectory  objectives. 
One  algorithm  provides  the  first  estimate  as  a  function  of  the  ballistic 
wind;  the  other  controls  the  iteration. 

Four  test  cases  are  presented  to  evaluate  the  technique.  Sixteen 
different  wind  profiles  were  applied  to  four  separate  unguided  rockets. 

Two  different  trajectory  objectives  were  considered  -  nominal  burnout 
attitude  and  nominal  impact.  The  tests  show  that  the  process  converges 
rapidly,  usually  requiring  only  one  or  two  iterations. 

INTRODUCTION .  The  trajectory  of  an  unguided  rocket  or  projectile 
will  be  affected  by  the  wind  encountered  during  flight.  This  pertubation 
of  the  trajectory  is  commonly  called  wind  effect.  If  one  desires  to  ob¬ 
tain  r  predetermined  value  of  a  given  trajectory  objective  (such  as  impact 
of  a  given  booster,  orientation  of  the  velocity  vector  at  burnout,  etc.), 
it  is  necessary  to  determine  a  launcher  setting  which  will  compensate  for 
the  wind  effect.  The  sophistication  of  the  algorithms  to  determine  these 
launcher  settings  depends  not  only  on  the  specified  trajectory  objective, 
but  also  on  the  rocket  configuration  and  the  nominal  trajectory. 

A  first-order  approximation  of  the  wind  effect  may  be  obtained  by  a 
technique  called  "wind  weighting."  This  technique  is  discussed  in 
Apprndix  A.  Several  procedures  [Lewis  (1949,  James  and  Harris  (1960), 
Henrigh  (1964),  Duncan  and  Engebos  (1966a,  1966b)]  based  on  the  wind 
weighting  technique  have  been  developed  which  give  first-order  approxima¬ 
tions  for  the  launcher  settings  required  to  compensate  for  the  wind 
ef  feet . 

In  the  previous  developments,  the  model  was  usually  restricted  to 
considering  either  a  specific  trajectory  objective  or  a  specific  type 
of  trajectory  or  both.  This  paper  presents  a  procedure  which  allows 
lor  a  much  wider  range  of  applicability. 

The  model  presented  herein  has  a  twofold  capability.  An  approximation 
for  launcher  settings  based  upon  the  wind  weighting  technique  is  developed. 
For  missile  projects  which  require  more  accurate  computations,  an  iterative 
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procedure  is  developed.  The  algorithms  for  the  iteration  converge 
rapidly;  the  wind-weightlng-based  model  is  used  as  a  first  approximation. 
The  iterative  procedure  can  also  be  used  to  refine  the  numerical  values 
for  the  wind-weighting-based  model.  The  use  of  tire  complete  model  as  an 
operational  tool  requires  a  real-time  computational  capability  (Duncan 
and  Rachele,  1967). 

COORDINATE  SYSTEMS  AND  TRANSFORMATIONS.  In  this  development,  it 
is  assumed  that  the  rocket  trajectory  is  specified  in  a  right-hand 
topocantrie  coordinate  system  (x,y,z).  The  positive  x-axis  points 
east,  and  the  positive  y-axis  points  north.  i'he  azimuth  angle,  x ,  and 
the  elevation  angle,  ,  are  defined  in  Figure  1. 


Z 


Figure  1 


The  equations  developed  herein  are  based  upon  the  angles  9^  and  •>, 

which  are  the  components  of  the  elevation  angle  in  the  y-z  and  x-z 
planes,  respectively.  There  is,  of  course,  a  one-to-one  correspondence 
between  the  pair  (0,a)  and  the  pair  (0^,62)’  The  transformation  equa¬ 
tions  are 


*1  - 

-1 

tan 

(tan 

6  cos  u) 

(l) 

fl2  = 

tan  ^ 

(tan 

0  sin  a) 

<X  = 

tan  ^ 

(tan 

0 2  cot  (,1) 

•3  = 

tan  ^ 

[  tan 

>  1  cot  1  (tan  cot  &  )  J 

(2) 

= 

tan  ^ 

(tan 

e^/cos  • 

DISCUSS  ION .  The  launch  angles  required  to  compensate  for  wind 
effect  depend  upon  the  desired  trajectory  objective.  These  angles  are 
determined  by  an  iterative  process  of  trajectory  simulation.  The  first 
estimate  is  determined  from  the  ballistic  wind.  A  trajectory  is  com¬ 
puted  using  these  angles.  If  the  simulated  objective  is  not  within 
tolerance  of  nominal,  a  correction  for  launcher  angles  is  determined 
from  the  error  vector  and  a  new  trajectory  is  simulated.  The  iteration 
is  continued  until  the  tolerance  is  achieved.  This  procedure  requires 
two  algorithms,  one  for  the  first  estimate  and  another  for  the  iteration 
step . 

The  first  estimate  is  based  upon  the  ballistic  wind.  The  algorithm 
lor  this  estimate  can  be  expressed  in  functional  form  by 


AO.  = 


Mw  , 

1  x 


V 


A6_  = 


f2<U*' 


V 


(3) 


where  W  and  W  are  the  East-West,  North-South  ballistic  winds,  respec- 
x  y 

tively,  and  and  AG2  ate  required  changes  from  nominal  settings* 


*When  the  procedure  is  used  in  a  real-time  meteorological  system  where 
launcher  settings  are  computed  for  consecutive  (timewise)  wind  profiles, 
and  W  are  replaced  by  the  changes  in  the  ballistic  winds  from  the 

last  profile  and  A6^  and  A©2  become  changes  from  the  settings  obtained 
for  that  profile. 
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The  functional  form  for  the  iteration  step  is  similar. 


A01  =  81 
A02  =  g2  (a,e) 


(4) 


where  a  and  3  are  the  component  deviations  from  the  nominal  objective 
and  A0^  and  A0^  are  the  changes  in  the  launcher  settings  required  for 

the  next  iteration.  Although  the  development  presented  herein  is 
directed  toward  either  of  the  following  trajectory  objectives: 

1.  Orientation  of  velocity  vector  at  burnout;  and 

2.  The  x,y  coordinates  of  the  impact  of  either  the  afterbody 
or  a  prescribed  booster,  it  is  apparent  that  the  procedure 
is  applicable  to  many  other  constraints. 

EXPRESSIONS  FOR  THE  ALGORITHM  FUNCTIONS.  The  development  of  the 
algorithms  requires  the  determination  of  suitable  expressions  for 
f^,  f2»  g^,  and  g^.  Since  there  is  little  or  no  theoretical  indication 

of  these  expressions,  an  empirical  approach  is  indicated.  Various  types 
of  expressions  may  be  determined  by  a  curve  fitting  procedure  and  then 
tested  for  accuracy  and  suitability.  The  empirical  approach  may,  of 
course,  yield  entirely  different  functional  forms  for  different  missile 
configurations.  The  general  procedure  is,  however,  invariant.  It 
consists  of  determining  expressions  for  g^  and  g?,  using  these  expres¬ 
sions  in  the  determination  of  expressions  for  f^  and  f^,  and  finally, 
testing  the  algorithms. 

The  following  paragraphs  will  discuss  the  expressions  for  f, ,  f^, 
g^,  and  g^  for  the  Athena  missile.  Other  missile  systems  will  be 
discussed  in  later  sections. 

To  determine  approximating  expressions  for  g^  and  several 

trajectory  simulations  were  performed.  Each  of  the  trajectories  was 
computed  for  no-wind  conditions;  various  changes  in  the  launch  angles 
were  used  for  the  simulations.  The  pertinent  information  (for  the 
determination  of  g^  and  g^)  was  extracted  from  these  simulations  and 

is  presented  in  Table  I.  An  inspection  of  these  results  suggests  that 

each  of  A0  ,  Au  ,  AX,  and  AY  is  approximately  linear  in  each  of  the 
ib  2b 

independent  variables  and  that  the  contributions  of  the  independent 
variables  are  approximately  additive. 
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TABLE  I.  CHANGE  IN  BURNOUT  ATTITUDE  AND  IMPACT  FOR  SPECIFIC 
CHANGES  IN  LAUNCH  ANGLES  (REGULAR  ATHENA) 


Burnout 

Impact 

AG1 

A6., 

A9lb 

A92b 

AX 

AY 

(rad) 

(rad) 

(km) 

.02 

0 

.057063 

.006082 

14.48 

34.85 

-.02 

0 

.055821 

.007035 

-15.07 

-27.98 

0 

-.02 

.004602 

.066587 

-54.77 

-11.28 

0 

.02 

-.005573 

.065389 

51.36 

13.94 

.  01 

.01 

.028370 

.003154 

7.32 

16.63 

-.01 

0 

-.028068 

.003392 

-  7.46 

-14.82 

0 

.01 

-.002662 

.032854 

26.14 

6.69 

0 

-.01 

.002420 

.033154 

-27.00 

-  5.93 

-.01 

-.01 

-.025603 

.030040 

-33.84 

-20.98 

-.01 

.01 

-.030780 

.036510 

18.08 

-  8.01 

.01 

-.01 

.030747 

.036046 

-20.28 

10.82 

.01 

.01 

.025773 

.029452 

34.04 

23.06 

This  observation  suggests  a  least-squares  fit  of  the  generic,  form 

g(e^ ,  c2)  =  +  Bt2  (5) 

where  (c^,  represents  either  (A0^»  AG^)  or  ^T)  as  aPPvoPriate* 

The  departures  from  linearity  and  additivity  may  be  investigated 
by  fitting  the  form 

2  2 

gCtf,  e2)  =  ac^  +  be^  +  ce2  +  de2  +  ee^^  e2.  (6) 

Equation  (5)  will  be  referred  to  as  the  bilinear  fit  while  (6)  will  be 
called  quadratic.  Each  expression  provides  a  good  fit  to  the  data  in 
the  sense  that  the  residuals  are  small.  The  residuals  for  Eq.  (6)  are, 
as  would  be  expected,  somewhat  smaller.  Tests  revealed  that  either  of 
these  forms  provides  a  suitable  algorithm  for  the  iteration.  These 
tests  will  be  discussed  in  detail  in  a  later  section. 

A  similar  procedure  was  used  to  determine  expressions  for  f^  and  f2* 
Trajectory  simulations  were  made  with  various  values  of  ballistic  winds 
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introduced  into  the  calculations.  The  iterative  procedure  was  used  to 

determine  the  launcher  angles  required  to  compensate  for  the  effect  of 

winds.  The  results  of  these  simulations  are  shown  in  Table  II.  As 

before,  the  quadratic  and  bilinear  forms  were  fit  to  the  data.  The 

independent  variables  in  this  case  were  the  components  of  ballistic 

wind,  (W  ,  W  ) .  An  examination  of  the  residuals  indicated  that  both 

x  y 

forms  provided  a  good  fit  to  the  data. 

EVALUATION  OF  THE  PROCEDURE.  Since  the  equations  developed  in  the 
preceding  section  cannot  be  verified  by  theoretical  techniques,  an 
empirical  test  of  their  accuracy  is  dictated.  This  section  describes 
the  tests  and  presents  the  results  therefrom. 

Sixteen  different  wind  profiles  were  used  in  the  evaluation.  Some 
of  these  profiles  were  measured  during  missile  support  operations  at 
White  Sands  Missile  Range,  while  the  others  are  hypothetical.  These 
wind  data  are  shown  in  Figures  2,  3,  4,  and  5.  It  should  be  observed 
that  there  is  considerable  variation  among  the  profiles;  hence,  it  is 
believed  that,  collectively,  they  provide  a  good  test  for  the  evalua¬ 
tion  of  the  algorithms. 

To  show  that  the  algorithms  are  not  restricted  to  a  given  missile 
configuration  and  to  investigate  the  possibility  of  using  a  missile- 
invariant  form  for  the  algorithm  expressions,  four  different  rockets 
were  used  in  the  evaluation.  These  were:  two  configurations  of  the 
Athena  which  have  quite  different  nominal  trajectories;  the  Aerobee- 
350;  and  the  Ballistic  Missile  Target  System  (BMTS).  A  short  descrip¬ 
tion  of  each  will  be  given  in  the  following  paragraphs. 

Two  independent  iterations  were  performed.  The  first  was  to  match 
nominal  impact;  the  second,  was  to  match  nominal  burnout  angles.  A 
convergence  tolerance  of  1500  meters  was  selected  for  the  impact  itera¬ 
tion  except  for  one  case,  the  "regular"  Athena  where  a  tolerance  of  300 
meters  was  used.  This  smaller  tolerance  was  used  to  show  the  speed  with 
which  the  iteration  converges.  Compatible  tolerances,  which  differed 
for  each  rocket,  were  used  for  the  iterations  to  burnout  angles. 

The  first  and  most  exhaustive  test  was  performed  on  the  "regular" 
Athena.  This  is  a  typical  configuration  of  several  slightly  different 
Athena  missiles  fired  from  Green  River,  Utah,  to  impact  on  White  Sands 
Missile  Range.  The  Athena  is  a  two-stage  (for  the  ascent  trajectory) 
unguided  rocket  which  is  fired  at  a  nominal  elevation  angle  of  approxi¬ 
mately  13.5  degrees  and  achieves  an  apogee  of  approximately  250  kilometers 
and  a  range  of  725  kilometers. 

Both  the  quadratic  and  bilinear  equations  were  used  to  perform  the 
iterations;  these  were  performed  as  independent  cases.  The  results  are 
shown  in  Tables  III  and  IV.  Two  things  should  be  observed  from  these 
results.  First,  both  expressions  provide  rapid  convergence.  Second, 
there  is  no  significant  difference  in  the  results  obtained  from  the  two 
expressions.  This  suggests  the  use  of  the  simpler  bilinear  equations. 
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CHANGE  iN  LAUNCH  ANGLE  REQUIRED  TO  COMPENSATE  FOR 
SPECIFIED  BALLISTIC  WIND  TO  MATCH  EITHER  NOMINAL 
IMPACT  OR  BURNOUT  ATTITUDE  (REGULAR  ATHENA) 


Burnout  Impact 
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FIGURE  4 


Wind  Profiles  Used  in  Che  Evaluation 
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TABLE  III.  TEST  CASE  I,  REGULAR  ATHENA  ITERATION  TO  IMPACT 


Quadratic  Equations  Bilinear  Equations 


Run  B.W. 

6il 

02L 

X 

Y 

6il 

62L 

X 

Y 

(rops) 

(rud) 

(km) 

(rad) 

(km) 

Nominal 

-.2121 

.1151 

306.2 

-643.7 

-.2121 

.1151 

306.2 

-643.7 

1  -  4.15 

-.1468 

.1479 

304.6 

-643.5 

-.1470 

.1480 

304.8 

-643.7 

-  8.93 

-.1473 

.1473 

306.2 

-643.7 

-.1472 

.1486 

306.1 

-643.7 

2  -12.91 

-.2481 

.2135 

299.9 

-647.1  ' 

-.2473 

.2133 

299.9 

-646.0 

5.11 

-.2467 

.2155 

306.6 

-643.8 

-.2467 

.2155 

306.6 

-643.7 

-.2466 

.2153 

306.1 

-643.7 

-.2466 

.2153 

306.1 

-643.7 

3  -11.29 

-.2881 

.2011 

305.2 

-644.1 

-.2871 

.2002 

303.6 

-643.1 

10.59 

-.2879 

.2014 

306.2 

-643.7 

-.2879 

.2014 

306.2 

-643.7 

4  -12.14 

-.1602 

.2082 

300.9 

-648.2 

-.1602 

.2090 

303.0 

-647.8 

-  6.95 

-.1578 

.2095 

306.2 

-643.8 

-.1578 

.2095 

306.2 

-643.8 

5  -  1.29 

-.2274 

.1248 

307.3 

-642.5 

-.2274 

.1247 

307.3 

-642.5 

2.14 

-.2281 

.1245 

306.2 

-643.7 

-.2281 

.1245 

306.2 

-643.7 

6  2.22 
-  0.68 

-.2075 

.0982 

306.0 

-643.4 

-.2075 

.0982 

306.0 

-643.4 

7  -  2.48 

-.1731 

.1349 

299.7 

-643.3 

-.1732  ■ 

.1342 

299.8 

-643.4 

-  5.34 

-.1746 

.1378 

306.3 

-643.7 

-.1745 

.1377 

306.1 

-643.5 

8  -  3.28 

-.1569 

.1411 

304.4 

-641.7 

-.1571 

.1412 

304.5 

-641.7 

-  7.55 

-.1587 

.1423 

306.1 

-643.6 

-.1587 

.1423 

306.1 

-643.6 

9  -  5.40 
-  5.67 

-.1703 

.1570 

306.1 

-643.7 

-.1704 

-.1703 

.1572 

.1570 

306.6 

306.2 

-643.7 

-643.7 

10  -  0.13 

-.1672 

.1170 

299.5 

-644 . 4 

-.1672 

.1169 

299.3 

-644.5 

-  6.21 

-.1678 

.1197 

306.1 

-643.5 

-.1677 

.1196 

306.0 

-643.4 

11  0.44 

-.2272 

.1115 

306.6 

-644.7 

-.2272 

.1115 

306.6 

-644.7 

2.09 

-.2264 

.1111 

306,2 

-643.6 

-.2265 

.1111 

306.2 

-643.7 

12  -10.13 

-.2091 

.1925 

301.5 

-646.6 

-.2088 

.1927 

302.3 

-646.0 

-  0.26 

-.2078 

.1939 

306.3 

-643.7 

-.2078 

.1939 

306.3 

-643.7 

13  -  1.69 

-.2119 

.1281 

304.3 

-644.5 

-.2119 

.1281 

304.3 

-644.5 

0.01 

-.2116 

.1287 

•306.2 

-643.7 

-.2116 

.1287 

306.2* 

-643.7 

14  2.55 

-.1377 

.0972 

305.6 

-642.9 

-.1376 

.0969 

304.7 

-643.1 

-10.36 

-.1384 

.0976 

306.1 

-643.6 

-.1383 

.0976 

306.2 

-643.7 

15  -  3.66 

-.2602 

.1425*  * 

305.8 

-644.3 

-.2600 

.1423 

305.3 

-644.2 

6.71 

-.2598 

.1426, 

306.2 

-643.6 

-.2598 

• 

.1426 

306.2 

-643.7 

16  8.10 

-.2312 

.0525 

306.5 

-641.8 

-.2311 

.0528 

307.6 

-641.5 

2.48 

-.2325 

.0528 

306.2 

-643.7 

-.2325 

.0527 

306.2 

-643.6 
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TABLE  IV.  TEST  CASE  I,  REGULAR  ATHENA  ITERATION  TO  BURNOUT  ANCLES  (RADIANS) 


Quadratic  Equations 


Bilinaar  Equations 


Run 

3.W. 

(rr.ps) 

6il 

°2L 

6lb 

62b 

°1L 

02L 

6lb 

92b 

Nominal 

-.2121 

.1151 

-.6597 

.3753 

-.2121 

.1151 

-.6597 

.3753 

1 

-  4.15 

-  8.93 

-.1449 

-.1441 

.1472 

.1476 

-.6620 

-.6598 

.3745 

.3753 

-.1456 

-.1441 

.1477 

.1476 

-.6640 

-.6599 

.3762 

.3754 

2 

-12.91 

5.11 

-.2490 

-.2475 

.2145 

.2176 

-.6635 

-.6598 

.3657 

.3758 

-.2493 

-.2474 

.2147 

.2175 

-.6642 

-.6598 

.3666 

.3758 

3 

-11.29 

10.59 

-.2896 

-.2889 

.2022 

.2022 

-.6617 

-.6597 

.3755 

.3753 

-.2901 

-.2889 

.2019 

.2022 

-.6631 

-.6596 

.3748 

.3753 

4 

-12.14 
-  6.95 

-.1589 

-.1574 

.2081 

.2106 

-.6632 

-.6600 

.3674 

.3757 

-.1598 

-.1574 

.2094 

.2105 

.6663 

.6599 

.3723 

.3754 

5 

-  1.29 
2.14 

-.2279 

-.2283 

.1250 

.1244 

-.6589 

-.6598 

.3733 

.3753 

-.2279 

-.2283 

.1250 

.1244 

-.6589 

-.6598 

.3772 

.3753 

6 

2.22 
-  0.68 

-.2064 

.0976 

-.6597 

.3753 

-.2064 

.0976 

-.6597 

.3753 

7 

-  2.48 

-  5.34 

-.1721 

-.1696 

.1346 

.1361 

-.6663 

-.6601 

.3712 

.3754 

-.1723 

-.1696 

.1347 

.1361 

-.6670 

-.6602 

.3718 

.3754 

8 

-  3.28 

-  7.55 

-.1553 

-.1544 

.1406 

.1404 

-.6625 

-.6599 

.3761 

.3754 

-.1558 

-.1544 

.1409 

.1404 

-.6639 

-.6599 

.3772 

.3754 

9 

-  5.40 

-  5.67 

-.1693 

-.1690 

.1568 

.1565 

-.6608 

-.6597 

.3764 

.3753 

-.1697 

-.1690 

.1572 

.1565 

-.6619 

-.6599 

.3778 

.3753 

10 

-  0.13 

-  6.21 

-.1657 

-.1632 

.1164 

.1181 

-.6666 

-.6600 

.3705 

.3753 

-.1660 

-.1632 

.1164 

.1181 

-.6673 

-.6601 

.3707 

.3753 

11 

0.44 

2.05 

-.2276 

-.2283 

.1116 

.1121 

-.6576 

-.6598 

.3732 

.3754 

-.2276 

-.2283 

.1116 

.1121 

-.6577 

-.6598 

.3733 

.3754 

12 

-10.13 
-  0.26 

-.2094 

-.2089 

.1931 

.1953 

-.6604 

-.6598 

.3682 

.3756 

-.2096 

-.2089 

.1935 

.1952 

-.6611 

-.6598 

.3698 

.3755 

13 

-  1.69 
0.01 

-.2120 

-.2188 

.1282 

.1291 

-.6602 

-.6598 

.3724 

.3753 

-.2120 

-.2118 

.1282 

.1291 

-.6602 

-.6598 

.3724 

.3753 

14 

2.55 

-10.36 

-.1347 

-.1332 

.0959 

.0953 

-.6641 

•-.6599 

.  3779 
.3754 

-.1354 

-.1333 

.0959 

.0953 

-.6658 

-.6600 

.3779 

.3754 

15 

3.66 

6.71 

-.2614 

-.2622 

.1432 

.1440 

-.6595 

-.6598 

.3723 

.3753 

-.2616 

-.2622 

.1431 

.1441 

-.6580 

-.6598 

.3720 

.3753 

16 

8.10 

2.48 

-.2307 

-.2310 

.0519  ‘ 
.0513 

-.6590 

-.6598 

.3770 

.3753 

-.2310 

-.2310 

.0523 

.0513 

-.6599 

-.6597 

.3786 

.3752 
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Only  the  results  from  the  use  of  the  bilinear  equations  are 
presented  tor  each  ot  the  other  three  test  eases.  In  every  instance, 
the  Iteration  converged  rapidly  -  frequently  converging  on  the  first 
estimate . 

The  Aerobee-350,  used  for  the  second  test  case,  is  a  two-stage 
unguided  high-altitude  probe  which  Is  fired  nearly  vertical  (elevation 
angles  between  2  and  3  degrees).  The  nominal  range  and  altitude  vary 
between  100  and  150  km  and  320  and  400  km,  respectively.  The  results 
for  this  test  are  presented  in  Table  V, 

A  special  Athena  trajectory  requirement  was  the  subject  of  the 
third  test  case.  The  nominal  elevation  angle  for  this  trajectory  is 
18.534  degrees.  This  is  near,  but  below,  the  critical  angle  of  17.6 
degrees.  (The  critical  angle  is  defined  to  be  the  elevation  angle 
which  results  in  maximum  horizontal  range  under  no-wind  conditions.) 

The  nominal  range  for  this  trajectory  is  718.6  kilometers  while  the 
maximum  (no-wind)  range  is  721.2  kilometers.  The  nominal  impact 
could  not  be  obtained  for  wind  profiles  7,  8,  10,  and  14.  It  was 
determined  that  the  maximum  range  for  these  profiles  was  715.6, 

716.4,  715.6,  and  713.1  kilometers,  respectively.  This  decrease  in 
maximum  range  is  caused  primarily  by  the  increased  drag  and  lift  due 
to  a  head  wind.  The  results  of  this  test  are  presented  in  Table  VI. 

The  final  test  case  was  for  the  BMTS  vehicle.  This  is  a  two-stage 
unguided  rocket  fired  at  a  nominal  elevation  angle  of  30.2  degrees  (for 
the  case  considered  here) ,  resulting  in  nominal  range  and  altitude  of 
293  kilometers  and  89.4  kilometers,  respectively.  The  nominal  elevation 
angle  is  considerably  below  critical  angle.  The  results  of  this  test 
are  presented  in  Table  VII. 

CONCLUSIONS .  A  rapidly  converging  iterative  technique  to  compute 
wind-compensated  launcher  settings  for  unguided  rockets  was  developed 
and  discussed.  This  technique  is  applicable  to  a  wide  range  of  possible 
trajectory  objectives-specif ied  attitude  at  a  given  time,  space  point, 
specified  booster  impact,  etc. 

The  procedure  consists  of  two  algorithms.  The  first  provides  an 
initial  estimate  for  the  launcher  setting  as  a  function  of  the  ballistic 
wind,  and  as  such,  it  is  easily  adaptable  to  field  operations.  The 
second  algorithm,  the  iterative  step,  converges  rapidly  (one  or  two 
passes)  to  the  desired  objective. 

Sixteen  wind  profiles  were  used  in  four  separate  test  cases  to 
provide  an  evaluation  of  the  procedure.  Two  different  functional  forms 
for  the  algorithms  were  investigated  -  a  quadratic  form  and  a  bilinear 
form.  Two  specific  trajectory  objectives  were  considered  in  each  test 
case  -  nominal  burnout  attitude  and  nominal  impact.  In  each  test,  the 
iteration  converged  rapidly  to  the  desired  objective.  There  appeared 
to  be  no  significant  difference  between  the  results  obtained  from  the 
quadratic  and  bilinear  equations. 
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TABLE  V.  APPLICATION  OP  BILINEAR  EQUATIONS  TO  AEROBE):  350 
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TABLE  VI.  TEST  CASE  3,  APPLICATION  OF  BILINEAR  EQUATIONS  TO  LOW  ANCLE  ATHENA 


To  Burnout  To  Impact 


Run  li.W. 

°1L 

62L 

6Ib 

62b 

61L 

02L 

X 

Y 

(mps) 

(rad) 

(rad) 

(rad) 

(km) 

Nominal 

-.2871 

.1577 

-.8318 

.5732 

-.2871 

.1151 

325.1 

-640.4 

1  -  4.23 

-.2190 

.1912 

-.8901 

.5723 

-.2063 

.1844 

320.8 

-640.7 

-  8.56 

-.2158 

.1923 

-.8823 

.5735 

-.1985 

.1822 

324.1 

* 

-639.4 

2  -11.79 

-.3194 

.2574 

-.8812 

.5646 

-.3238 

.2586 

325.5 

-643.4 

5.04 

-.3193 

.2600 

-.8820 

.5741 

-.3309 

.2628 

325.8 

-639.4 

3  -11.29 

-.3639 

.2542 

-.8901 

.5739 

-.3650 

.2549 

323.9 

-643.1 

10.77 

-.3607 

.2548 

-.8815 

.5733 

-.3693 

.2583 

325.2 

-640.2 

4  -11.14 

-.2268 

.2495 

-.8858 

.5738 

-.2179 

.2432 

324.2 

-644 . 4 

-  7.05 

-.2253 

.2497 

-.8819 

.5733 

-.2254 

.2485 

326.9 

-640.9 

-.2283 

.2492 

325.5 

-640.7 

5  -  1.52 

-.3024 

.1705 

-.8852 

.5759 

-.3044 

.1716 

324.5 

-639.9 

2.08 

» 

. 

6  2.17 

-.2852 

.1385 

-.8844 

.5716 

-.2835 

.1377 

323.4 

-640.7 

-  .43 

-.2805 

.1370 

324.9 

-640.5 

7  -  2.26 

-.2527 

.1754 

-.8842 

.5532 

Solution  does 

not  exist 

-  4.31 

-.2508 

.1818 

-.8820 

.5735 

8  -  3.54 

-.2317 

.1856 

-.8868 

.5717 

Solution  does 

not  exist 

-  6.96 

-.2297 

.1865 

-.8822 

.  5734 

9  -  5.49 

-.2403 

.2023 

-.8877 

.5801 

-.2343 

.1986 

326.0 

-640.1 

-  5.69 

-.2384 

.2008 

-.8821 

.5731 

10  .16 

-.2470 

.1549 

-.8840 

.5519 

-  5.23 

-.2451 

.1617 

-.8820 

.5733 

Solution  does 

not  exist 

11  .63 

-.2999 

.1523 

-.8779 

.5755 

-.3006 

.1527 

331.3 

-641.5 

1.60 

-.3015 

.1512 

-.8820 

.5732 

-.3109 

.1555 

324.4 

-640.4 

12  -  9.37 

-.2791 

.2359 

-.8760 

.5640 

-.2811 

.2358 

325.2 

-644.7 

-  .38 

-.2809 

.2382 

-.8820 

.5736 

-.2902 

.2416 

325.5 

-640.1 

13  -  1.42 

-.2865 

.1692 

-.8806 

.  5674 

-.2872 

.1695 

324.5 

-642.5 

.01 

-.2867 

.1709 

-.8819 

.5733 

-.2908 

.1721 

325.2 

-640.2 

14  2.25 

-.2138 

.1365 

-.8954 

.5711 

Solution  does 

not  exist 

-  9.71 

-.2084 

.1385 

-.8827 

.5733 

15  -  3.36 

-.3354 

.1868 

-.8779 

.5707 

-.3384 

.1887 

329.7 

-643.3 

6.50 

-.3368 

.1872  ‘ 

4  ' 

*  -.8820 

.5732 

-.3501 

.1933 

324.4 

-639.7 

16  8.01 

-.3099 

.0904 

-.8843 

.5707 

-.3052 

.0879 

324.9 

-640.1 

2.37 


TABLE  VII.  TEST  CASE  IV,  APPLICATION  OF  BILINEAR  EQUATIONS  TO  BtfTS 


To  Burnouc  To  Impact 


Run 

3.W. 

°1L 

6  21. 

6  lb 

6  2b 

61L 

62L 

X 

Y 

(r.ps) 

(rad) 

(rad) 

(rad) 

(km) 

Nominal 

-.3965 

.3842 

-.6056 

.5837 

-.3965 

.3842  , 

199.2 

-215.1 

1 

-  6.37 

-  6.37 

-.3580 

-.3513 

.4286 

.4279 

-.6153 

-.6056 

.5859 

.5843 

-.3543 

.4292 

198.3 

-214.1 

2 

-11.12 

3.56 

-.4301 

-.4177 

.4613 

.4650 

-.6231 

-.6054 

.5808 

.5858 

-.4371 

-.4418 

.4759 

.4845 

198.6 

199.0 

-217.2 

-215.1 

3 

-12.43 

12.12 

-.4900 

-.4738 

.4701 

.4688 

-.6293 

-.6054 

.5885 

.5854 

-.5052 

-.4931 

.4939 

.4848 

197.3 

199.4 

• 

-214.5 

-215.4 

4 

-  8.11 
-  5.41 

-.3660 

-.3572 

.4407 

.4399 

-.6184 

-.6058 

.5863 

.5846 

-.3638 

.4439 

200.1 

-216.3 

5 

-1.88 

1.02 

-.4051 

.3972 

-.6067 

.5853 

-.4066 

.4001 

4 

199.7 

-214.9 

6 

0.56 
-  1.54 

-.3854 

.3804 

-.6047 

.5831 

-.3939 

* 

.3784 

199.2 

-215.2 

7 

-  0.62 
-  1.11 

-.3894 

.3886 

-.6031 

.5826 

-.3886 

-.3810 

.3882 

.3779 

199.2 

198.7 

-213.1 

-214.5 

8 

-  3.53 

-  4.46 

-.3688 

.4089 

-.6095 

.5818 

-.3659 

.4083 

198.0 

-214.5 

9 

-  4.81 

-  5.97 

-.3594 

-.3547 

.4178 

.4154 

-.6129 

-.6058 

.5879 

.5839 

-.3556 

.4172 

200.0 

-215.4 

10 

2.17 
-  1.86 

-.3819 

-.3880 

.3692 

.3690 

-.5968 

-.6058 

.5827 

.5833 

-.3795 

-.3762 

.3652 

.3566 

200.3 

198.5 

-212.8 

-214.2 

11 

2.13 
-  1.40 

-.3851 

.3694 

-.6035 

.5837 

-.3831 

.3660 

200.5 

-216.7 

12 

-  6.63 

-  0.67 

-.3974 

-.3900 

.4303 

.4300 

-.6159 

-.6057 

.5813 

.5845 

-.3990 

-.4061 

.4364 

.4462 

199.2 

199.3 

-214.0 

-215.2 

13 

-1.69 

0.05 

-.3965 

.3959 

-.6088 

.5821 

-.3988 

.3977 

199.1 

-216.1 

14 

-  0.25 

-  7.18 

-.3474 

.3862 

-.6053 
• . 

.5836 

-.3410 

-.3296 

.3798 

.3686 

198.1 

198.4 

-213.6 

-214.1 

15 

-  1.84 
4.18 

-.4267 

.3969 

-a  4 

-.6088 

.5838 

-.4311 

-.4453 

.4026 

.4161 

200.7 

199.2 

-216.9 

-215.2 

16 

6.20 

0.25 

-.3931 

-.3988 

.3411 
.3396  • 

-.5975 

-.6056 

.5847 

.5834 

-.3913 

.3350 

199.4 

-214.6 
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APPENDIX  A 


BALLISTIC  WIND  WEIGHTING 


The  technique  of  wind  weighting  is  the  usual  method  of  determining 
first-order  effects  of  the  wind  on  the  trajectory  of  an  unguided  rocket. 

One  of  the  earliest  discussions  of  this  procedure  was  given  by  Lewis 
(1949)  who  also  presented  a  procedure  for  calculating  the  information 
required  by  the  weighting  technique.  Since  Lewis'  original  paper,  many 
improvements  have  been  made  in  the  trajectory  simulation  algorithms  re¬ 
quired  to  calculate  the  constants  for  the  wind  weighting.  A  discussion 
of  the  algorithms  for  simulation  would  require  a  lengthy  discourse  of 
flight  dynamics  and  aerodynamics  and  will,  therefore,  be  omitted.  A 
partial  bibliographical  listing  of  the  theoretical  development  of  these 
algorithms  is  presented  in  the  references. 

This  appendix  will  discuss  the  techniques,  assumptions,  and  limitations 
of  wind  weighting  and  present  the  basic  procedure  for  computing  the  re¬ 
quired  constants.  The  availability  of  a  computer  simulation  program 
capable  of  determining  the  trajectory  for  a  given  set  of  conditions  is 
assumed . 


Wind  velocity  is  ordinarily  a  function  of  altitude.  A  wind  profile 

is  defined  to  be  the  triple  (W  (z) ,  W  (z) ,  z)  where  z  is  altitude  and 

x  y 

W  (z) ,  W  (z)  are  the  x  and  y  components  of  wind  at  height  z. 

x  y 


Wind  weighting  is  based  upon  two  fundamental  concepts  -  the  ballistic 
wind  and  the  unit  wind  effect.  The  ballistic  wind  is  that  constant  wind 
(as  a  function  of  altitude)  which  has  the  same  first-order  effect  on  the 
rocket  (trajectory)  as  the  actual  wind  profile.  The  unit  wind  effect  is 
the  wind  effect  of  a  constant  unit  wind.  A  concept  closely  associated 
with,  and  required  for  the  computation  of,  the  ballistic  wind  is  the 
wind  weighting  curve.  Let  f(z)  be  the  wind  effect  for  a  wind  profile 
consisting  of  a  uniform  unit  wind  up  to  altitude  z  and  a  zero  wind  above 
z.  The  wind  weighting  function,  g(z),  is  f(z)  divided  by  the  unit  wind 
effect;  the  graph  of  g(z)  is  the  wind  weighting  curve.  The  derivative 
g'(z)  =  dg(z)/dz  is  the  wind  weighting  factor  function. 

The  ballistic  wind  is  determined  from  the  wind  profile  by  the 
integrals 


BW  =  /  ”  <Z)S'  (z)dz 

X  X 

BWy  =  /  W  (z)g'  (z)dz. 
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In  practice  the  integrals  are  usually  replaced  by  finite  sums.  The 
atmosphere  is  divided  into  horizontal  strata  (wind  layers)  wherein  the 
wind  is  assumed  constant;  the  average  value  over  the  layer  is  usually 
used.  If  the  boundaries  of  the  strata  are  z  <  z  <  ...  <  z  ,  then 


the  ballistic  wind  is  approximated  by 


V^W  '  8(zI)1 


Wy[8(Zi+1>  -  SUjU 


The  value  8(z^+^)  ”  g(z^)  *-s  °^ten  called  the  weighting  factor  or  the 
ballistic  factor  for  the  ith  layer. 

The  wind  effect  is  calculated  by  multiplying  the  ballistic  wind  by 
the  unit  wind  effect.  These  calculations  inately  assume 

1.  The  effect  of  the  wind  in  any  particular  stratum  is 
directly  proportional  to  the  wind  in  that  stratum. 

2.  The  effects  of  the  wind  in  the  various  strata  are  independent. 

It  is  easy  to  take  issue  with  these  assumptions;  in  fact,  one  can  produce 
results  of  trajectory  simulations  which  contradict  the  assumptions.  How¬ 
ever,  for  determining  first-order  effects,  which  is  the  aim  of  the  wind 
weighting  technique,  the  assumptions  are  reasonable. 

DETERMINATION  OF  THE  WIND  WEIGHTING  CURVE.  In  the  preceding  section, 
a  definition  of  wind  effect  was  omitted.  Such  a  definition  is  unnecessary 
unless  one  is  interested  in  quantitative  results.  If  one  considers  the 
trajectory  to  be  defined  by  a  family  of  parameters,  then  wind  effect  can 
be  broadly  defined  as  the  change  in  these  parameters  due  to  the  wind  en¬ 
countered  along  the  trajectory.  Typical  parameters  are:  first-stage 
Impact,  orientation  of  velocity  vector  at  burnout  of  a  particular  stage, 
etc. 


BW 


n-1 

l 

i-1 


BW 


n-1 

I 

i»l 


The  calculation  of  the  wind  weighting  function  requires  the  computation 
of  a  number  of  trajectories.  Each  trajectory  simulation  is  based  upon  the 
same  set  of  initial  conditions;  however,  different  wind  profiles  are  used 
for  each  simulation.  These  calculations  yield  a  series  of  values  for  the 
trajectory  parameters  from  which  one  determines  the  wind  weighting  function. 
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There  are  numerous  procedures  which  can  be  followed  in  performing 

the  calculations.  The  following  procedure  is  somewhat  typical  and 

serves  as  a  more  precise  explanation  of  the  general  procedure  given 

above.  For  simplicity  of  explanation  it  will  be  assumed  that  one  is 

interested  in  wind  effect  on  impact  (either  afterbody  or  a  given 

booster).  Consider  altitudes  0=z  <  z,  <  z„  <  ...  <  z  and,  for 

o  1  2  n 

each  0  <_  i  <_  n,  wind  profiles  where  each  consists  of  a  zero 

wind  above  altitude  and  a  uniform  wind  (of  constant  nonzero  magnitude, 

say  C,  and  constant  direction)  below  z^.  (The  same  value  of  the  wind 

velocity  is  used  in  the  nonzero  portion  of  each  profile.)  Note  that 
Pq  is  the  zero  profile;  the  corresponding  trajectory  is  usually  called 

the  no-wind  (nominal)  trajectory.  Let  be  the  range,  from  launcher  to 

impact,  for  the  simulated  trajectory  which  uses  the  ith  profile.  The 
unit  wind  effect  is 


a  =  (R  -  R  )/C. 
n  o 

Specific  values  for  the  wind  weighting  function,  g(z)  ,  at  the  points  z^ 
are 


g(z.)  =  (Rt  -  Rq)/C. 

Observe  that  g(z  )  =  0  and  g(z  )  =  1. 

o  n 

The  wind  weighting  curve  may  be  plotted  from  the  values  of  g(z).  Of 
course,  one  must  choose  the  z^'s  sufficiently  dense  to  describe  the  graph. 

The  choice  of  z^  sometimes  presents  problems.  This  altitude  must  be 

such  that  any  wind  effect  above  z  can  be  ignored.  Apogee  altitude  will 
clearly  satisfy  this  requirement. 

TWO-DIMENSIONAL  REFINEMENTS.  In  the  general  discussion  of  wind 
weighting,  it  was  assumed  that  the  weighting  factor  curve  and  the  unit 
wind  effect  were  one-dimensional  in  the  sense  that  the  magnitude  of  the 
wind  effect  for  the  uniform  profiles  was  assumed  to  be  independent  of 
wind  direction.  This  assumption  is  quite  good  for  near-vertical  firings; 
however,  for  other  cases,  the  results  can  sometimes  be  improved  by  ex¬ 
tending  the  technique  and  using  separate  wind  weighting  curves  and  unit 
wind  effects  for  the  x  and  y  wind  components.  The  definitions  are  similar 
to  those  given  earlier.  The  x-unit  wind  effect,  o  ,  is  the  x-component  of 
the  wind  effect  for  a  profile  with  components  W  =  1,  W  *  0  throughout. 

For  a  given  altitude,  z,  let  P(z)  be  the  wind  profile  with  components 

W  =  1,  W  =0  below  z  and  W  =  W  =0  above  z.  The  wind  weighting 
x  y  x  y 
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function  for  the  x-component,  g^Cz),  is  the  wind  effect  for  P(z)  divided 
by  o  .  The  functions  g  (z)  and  o  are  defined  analogously. 

y  y  t 


The  component  wind  effects  and  wind  weighting  curves  are  calculated 
similarly  to  those  for  the  one-dimensional  case  and  will  not  be  explicitly 
outlined. 


ON  THE  VORTEX  SOLUTION  FOR  THE  TURBINE  BLADE-FLOW-FIELD, 
AND  CORRELATION  WITH  OBSERVED  PERFORMANCE 


F,  Edward  McDonald  and  Jacqueline  A.  Benton 
U.  S.  Army  Mobility  Equipment  Research  L  Development  Center 
Fort  Belvoir,  Virginia 


ABSTRACT .  Within  the  present  paper,  an  analytical  procedure  is 
developed  wherein  the  classic  free  vortex  flow-theory  is  applied  to 
prediction  of  the  turbine  blade-flow  field....  Simultaneously,  all 
required  loss  factors  are  developed  and  correlated  with  known  blade 
limit-loading  parameters,  such  that  turbine  stage  performance  may  be 
predicted  with  unusual  accuracy. 

The  method,  in  general,  has  been  experimentally  confirmed. 

INTRODUCTION.  While  the  present  paper  primarily  deals  with  a  little 
known  application  of  the  free  vortex  theory  to  solution  of  the  turbine 
blade-flow-field,  and  evaluation  of  pressure  loss  therein...,  it  is  also 
felt  that  the  problems  encountered  in  establishing  the  end  points  of  a 
curved  orthogonal  in  the  presence  of  two  somewhat  different  transcendential 
curves  (blade  surfaces),  may  be  of  some  considerable  interest...,  particul¬ 
arly  to  those  working  within  the  field  of  internal  aerothermodynamics . 


Likewise,  while  several  solutions  are  presently  known  wherein  a 


numerical  value  for  X  ,  is  determined,  for  a  selected  value 

si 


of  X  .  (see 


Figures  4  and  8*)...,  thus  defining  a  curved  orthogonal  simultaneously 
normal  to  both  blade  surfaces...,  equation  (22)  employs  a  particular 
solution  as  derived  within  Appendix  A. 


Other  solutions  may  be  derived  by  those  interested  in  the  apparently 
simple,  though  rather  complex  simultaneous  requirements. 


The  major  advantages  of  the  present  analytical  procedures,  however, 
are  found  in  the  facts  that... 

1.  The  free  vortex  theory  is  successfully  translated  into  the 
blade  channel  flow-plane,  in  such  manner  that  both  the 
maximum  and  minimum  blade-surface  velocities  are  readily 
determined,  along  with  the  associated  diffusion  parameters, 

2.  That  pressure  loss,  associated  with  the  diffusion  concept, 
is  successfully  correlated  with  actual  pressure  loss  across 
a  blade  row, 

3.  And  that  turbine  stage  efficiency  is  analytically  predicted 
with  unusual  accuracy. 

*Figures  and  Nomenclature  can  be  found  at  the  end  of  this  article. 

The  remainder  of  this  paper  has  been  reproduced  photographically  from 
the  author's  copy. 
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I  TURBINE  BLADE  FLOW-FIELD  CONSIDERATIONS: 


Much  has  been  written  on  the  nature  of  the  turbine  blade-flow-field, 
and  probable  velocity  distribution  within  blade  flow-channels,  however,  an 
exact  correlation  of  actual  flow  distribution  with  theory  has  been  very 
difficult,  if  not  impossible.  While  the  flow-field  can  be  readily  determined 
with  a  static  blade  cascade,  instrumentation  physically  small  enough  to 
make  the  desired  measurements  in  actual  turbine  rotors,  with  little  or  no 
flow  disturbance,  can  not  tolerate  the  very  high  dynamic  forces  nor  the  high 
stream  velocities  at  which  these  measurements  would  be  desired.  Therefore,  of 
necessity,  several  analytical  methods  were  devised,  some  of  which  afforded 
excellent  prediction  in  terms  of  the  flow-field  effect  on  pressure  loss  across 
a  blade  row. 

Those  analytical  methods  of  particular  value  may  be  identified  as  the 
stream  filament  method  of  reference  (1) ,  the  constant  curvature  and  vortex 
methods  of  reference  (2),  and  the  vortex  method  of  reference  (3)  through  (5). 

The  stream  filament  method  of  reference  (1)  assumes  a  blade  mean  camber 
line,  super- imposes  a  blade  foil  section  thereon,  computes  velocity  and  flow 
along  streamlines  and  across  orthogonals,  and  modifies  the  blade  section  until 

desired  flow  and  local  critical  velocity  ratios  are  achieved . The  two  methods 

of  reference  (2)  assumes  the  suction  surface,  computes  the  streamline  and 
orthogonal  flow,  and  defines  the  required  adjacent  pressure  surface,  iterating 
until  the  desired  critical  velocity  ratio  patterns  are  achieved. 

On  the  other  hand,  the  vortex  method  of  reference  (3)  through  (5)  uniquely 
employs  the  free  vortex  concept,  recognizes  Euler's  postulations  regarding 
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behavior  of  the  fluid  particle  in  free  rotational  motion,  and  either  analyzes 
an  existing  blade  or  predicts  performance  of  a  new  design. 


II  FREE  VORTEX  THEORY  TRANSLATED  INTO  BLADE  CHANNEL  FLOW: 

Figure  1  is  now  considered  in  order  to  discuss  the  internal  aerothermo- 
dynamics  of  rotational  flow  within  the  annuli. 

Within  Figure  1  a  turbine  stator  is  utilized  for  demonstration  purposes. 
In  view  (a)  we  are  looking  upstream,  therefore  the  flow  is  coming  up  out  of 
the  paper.  Let  it  also  be  agreed  that  the  axial  velocity  component  V  i8 
numerically  constant  from  root  to  tip. 

It  will  also  be  noted  that,  since  both  the  circles  defining  blade  height 
(i.e.,  root  and  tip)  are  truly  concentric,  then  a  flow  orthogonal  1Q  will  be 

a  straight  line  as  shown. 

Now  classic  free  vortex  theory  states  that  when  fluid  rotation  is 
simultaneously  present,  and  when  the  flow  is  "left  to  its  own  devices"  so  to 
speak,  it  will  of  its  own  accord  assume  a  tangential  velocity  distribution 
from  root  to  tip,  such  that  a  static  pressure  gradient  will  be  established 
between  the  inner  and  outer  boundaries.  This  static  pressure  gradient  will 
obey  the  law 

dP  /> 

dr  g 

with  the  net  result  that  the  centrifugal  force  of  a  particle  mass  dm,  will 


tan 


(1) 
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everywhere  be  balanced  by  an  equal  and  opposite  centripetal  force  generated 
by  the  static  pressure  gradient  dP,  such  that  the  fluid  particle  will 
essentially  remain  at  a  constant  radii  dr  as  it  passes  through  the  machine. 

Referring  now  to  Figure  2  (a) . The  velocity  diagram  associated  with 

Figure  1  is  shown  for  a  particular  axial  velocity  component  V 

z 

Upon  considering  Figure  2  (a)  one  can  theorize  that,  should  the  axial 
component  V be  reduced  to  zero,  while  the  whirl  or  tangential  components  are 
still  present,  then  the  tangential  components  will  again  so  arrange  themselves 
that  the  requirements  of  equation  (1)  will  again  be  satisfied,  thus  producing 
Figure  2  (b)  . 

This  is  indeed  the  case,  and  is  readily  observed  by  the  classic  "barnyard" 

experiment  of  setting  water  into  free  rotational  motion  in  the  kitchen  sink . 

Upon  allowing  time  for  flow  stabilization,  and  upon  dropping  small  bits  of  cork 
into  the  water  at  various  radii,  it  will  be  observed  that  the  requirements  of 
equation  (1)  are  essentially  satisfied:  That  is  to  say,  considerably  higher 
tangential  velocity  will  be  observed  at  small  radii,  as  compared  with  reduced 

tangential  velocity  at  larger  radii . Thus  the  arrangement  of  the  tangential 

velocity  components  of  Figure  2  (b)  is  easily  confirmed.  (It  should  be  observed, 

however,  that  a  flow  must  also  exist . i.e.,  the  sink  plug  must  be  removed . 

as  otherwise  a  "wheel"  type  rotation  will  ultimately  result.) 

Referring  now  to  Figure  3 . The  outer  circle  or  tip  boundary  of  the 

annulus  has  now  been  enlarged  and  offset  in  such  manner  that  the  origin  of 

no  longer  coincides  with  that  of  r^.  It  will  also  be  noted  that  a  curved 
orthogonal  is  now  generated,  which  orthogonal  is  simultaneously  exactly  normal 

to  both  the  inner  and  outer  boundaries  at,  respectively,  r1  and  r . Here, 

again,  we  can  theorize  that  if  the  free  vortex  concept  also  holds  over  the 
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length  of  a  curved  orthogonal,  then  a  velocity  distribution  must  also  exist 
such  that  the  static  pressure  gradient  will  tend  to  satisfy  the  requirements 
of  equation  (1). 

Again,  a  simple  experiment  with  water  flowing  in  a  curved  channel,  has 
demonstrated  the  validity  of  the  foregoing  concept. 


Ill  DETERMINATION  OF  BLADE  SURFACE  VELOCITIES: 

When  we  consider  a  segment  of  Figure  3,  between  limits  A-A  and  B-B, 
we  simultaneously  generate  one  passage  of  the  turbine  blade  row  of  Figure  4 
in  all  its  essential  details. 

Now  from  classic  free  vortex  theory,  exemplified  by  equation  (1)  repeated 

here. 


dP 

dr 


v; 

g 


tan 

r 


(1) 


from  which  we  may  write. 


dP 


(?) 


Also,  from  Euler’s  relations  governing  motion  of  a  fluid  particle  in 
free  rotation,  we  can  write 
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0 


(3) 


dP  V  dV 

g 


From  consideration  of  (2)  and  (3)  ,  we  can  arrive  at 


dV 

V 


dr 


r 


Now  since  the  boundary  surfaces  will  always  be  known  (i.e., 
the  blade  surfaces  and  spacing),  we  can  write  and  solve  the 


from  which  it  is  obvious  that 


loge  V2  ♦  log0  r2  =  loge  V1  +  loge  r1 


therefore 


=  V, 


=  C  =  a  constant 
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(4) 

equations  defining 
definite  integrals 

(5) 


(6) 


(7) 


which,  upon  inserting  numerical  values  and  complying  with  the  continuity 
equation  (9),  exactly  satisfies  the  ultimate  intentions  of  equation  (1). 

Now  the  mean  channel  velocity  Vm  will  always  be  known  for  any  orthogonal 
within  the  blade  channel,  at  any  particular  wheel  radius,  since  it  is  obvious 
that 


(8) 


when  the  blade  row  is  treated  as  a  nozzle. 

This  is  true  for  any  particular  wheel  radius,  since  relative  inlet 
velocity  VQ  and  upstream  pseudo-orthogonal  length  1q,  flow,  temperature, 
pressure,  and  exit  orthogonal  length  12  and  velocity  V2 . are  completely 

known  upon  first  establishing  a  design. 

Therefore  any  change  in  orthogonal  length  dl,  at  constant  wheel  radius 

dr,  has  the  same  effect  as  an  area  change  within  a  nozzle  dA . where  the 

requirements  of  continuity  are  simultaneously  satisfied . i.e.,  where 


W 

—  =  v  (9) 

A 


From  (6)  and  (7)  the  mean  channel  velocity  at  the  mid  point  of  any  given 
orthogonal,  at  any  wheel  radius,  can  be  written  as 


V  = 
m 


(*9  *  ) 


"1 
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V  dr 


(10) 


or,  in  terms  of  channel  radii  or  radius  ratio, 


which,  upon  integration,  yields 


V 

m 


r2 

c  log  -i 
ri 


(i?) 


Now  for  the  suction  surface  velocity  at  that  point  where  a  given 
orthogonal  is  normal  to  the  suction  surface,  and  utilizing  equation  (12) 


V 

m 


vi  ri 


r 


2 


r 


1 


(13) 


and  dividing  through  by  r^ 


V 

m 
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(14) 


(15) 


HMTHBrrnrm  — ~ -• 


SBagg 


-  HRm 


Likewise,  for  the  pressure  surface  velocity  at  that  point  where  the 
same  orthogonal  is  normal  to  the  pressure  surface,  again  from  (12), 


V2  r2  l0Se  - 


V  = 
m 


r2  "  rl 


(16) 


and  dividing  through  this  time  by  r2 


V2  loge  — 

v  - - IL 

m 


(17) 


1  - 


1  - 


=  v 


m 


ioge  — 

rl 


(18) 


Referring  now  to  Figure  4 . ln  order  to  solve  equations  (15)  and  (18), 

however,  it  is  obvious  that  two  prior  solutions  must  be  available . i.e., 

a  solution  for  the  radii  r  and  r  „  i  , 

1  r2 . and  a  solution  for  mean  channel  velocity 

Vm. 

Now  at  the  time  a  given  design  is  established,  two  equations  defining 
the  blade  snape  are  also  determined  in  terms  of 


S...P 


=  f(X) 


s  •  •  •  p 


(19) 
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Also,  since  blade  spacing  S  is  assigned  at  design  time,  then  location 
of  a  point  P2  on  the  adjacent  blade  is  found  by 


*p2  *  f<«p,  +  S 


and  for  point  Sj  on  the  first  blade 


\l  -  f(«a, 


therefore  the  absolute  location  of  both  points  can  be  established. 

It  will  be  observed,  however,  that  for  a  particular  numerical  value 

for  Xp2 . there  is  one  and  only  one  numerical  value  for  Xg^  which,  considered 

simultaneously,  will  define  those  points  on  both  blade  surfaces  where  the 
smallest  possible  circle  will  be  exactly  tangent  thereto. 

Thus  with  a  given  numerical  value  for  Xp^,  the  required  Xg  value  is 
found  by  setting 


F(X)  =  0 


and  instructing  the  computer  to  iterate  on  Xg^  until  equation  (22)  is  satisfied 


.See  Appendix  A  for  a  particular  derivation  of  F(X) . 


iW4»<  jmsM 


t 


Thereafter,  since  both  functions  of  equation  (19)  are  known,  the  two 
required  radii  are  simply 


For  the  mean  channel  velocity  V  ,  however,  a  solution  for  the  orthogonal 
length  1q  must  first  be  found  for  the  two  compatible  points  ?2  and  S^, 

Referring  now  to  Figure  8 . It  will  be  noted  that  upon  solution 

of  equation  (22) ,  radius  rQ  (or  rQ)  of  the  inscribed  circle  can  be  found  by 
the  methods  given  in  Appendix  A.  Thereafter,  again  with  simple  trigonometry, 
the  cosin  of  1/2  angle  Z  is  readily  found. 

Then  by  the  Huygenian  solution,  the  required  orthogonal  length  is  found 
by 


With  1^  known  (and  with  Vo>  V2,  1^  and  I2  determined  at  design  time) 

Vm  is  determined  by  equation  (8),  and  the  local  surface  velocities  by  solution 
of  equations  (15)  and  (18). 
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It  follows,  therefore,  that  free  vortex  flow-theory  has  now  been 
translated  into  the  coordinate  system  of  the  turbine  blade  flow-channel, 
such  that  any  local  velocity  may  be  determined  for  any  streamline,  or  on 

either  blade  surface,  and  at  the  location  of  any  desired  orthogonal . 

as  required. 

Particular  attention  is  directed  to  the  fact,  however,  that  in  subsequent 

correlation  of  blade  loss  with  overall  stage  efficiency . it  is  only  necessary 

to  determine  the  minimum  pressure  surface  and  maximum  suction  surface  velocities 
. for  subsequent  evaluation  of  tne  required  diffusion  parameters. 

Thus  the  computer  is  instructed  to  determine  and  readout  V  and 

r  s  max 

V 

p  min. 


IV  INTRODUCING  THE  NACA  DIFFUSION  PARAMETER: 

A  very  considerable  amount  of  highly  satisfactory  basic  turbomachine 
research  was  carried  out  by  NACA  (circa  1948-58) ,  a  small  portion  of  which 
resulted  in  development  of  a  limiting  blade-loading  parameter  known  as  the 
diffusion  factor. 

Originally,  their  diffusion  factor  was  applicable  only  to  compressor 
blade  elements  and  was  defined  by  equation  (13),  of  reference  (6),  repeated 
here  in  reference  (6)  terminology. 
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where  V^,  V2,AV^.  and  6~  are,  respectively,  inlet  and  exit  velocity, 
tangential  velocity  change,  and  blade  solidity  defined  by  blade  chord  over 
spacing  at  mean  blade  height. 

Later,  the  diffusion  factor  concept  was  extended  to  turbine  design  and, 
while  application  was  restricted  to  the  blade  suction  surface  alone . experi¬ 

mental  results  and  correlation  with  actual  stage  loss  were  highly  satisfactory. 
For  instance,  see  Figure  10  of  reference  (10).  Reference  (7)  is  also  repre¬ 
sentative  of  a  portion  of  this  work. 

For  turbines,  considering  the  blade  suction  surfaces  only,  NACA  defined 
this  parameter  by 


D 


s 


V 

s  max 


V, 


V 


s  max 


(26) 


Still  later,  as  shown  for  instance  in  references  (4),  (5)  and  (8), 
application  of  the  diffusion  factor  concept  was  extended  to  include  the 
effect  of  both  blade  surfaces . i.e.,  both  the  suction  and  pressure  surfaces. 

Thus  the  final  diffusion  parameter  is  defined  as  the  sum  of  both  the 
suction  and  pressure  surface  factors  where . for  the  suction  surface 


max  “  V? 


V 


s  max 


V, 


=  1  - 


s  max 


(27) 


(28) 
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and  for  the  pressure  surface 


(29) 


1 


p  min 


(30) 


and  finally 


D  = 


I  D=  +  dp 


(3D 


Upon  referring  to  Figure  5,  the  inter-relation  of  these  diffusion 
factors  with  blade  surface  velocities  will  be  observed. 


V  INTRODUCING  THE  PRESSURE  LOSS  PARAMETER: 

While  it  apparently  is  not  widely  known,  examination  of  large  quantities 
of  good  two  dimensional  cascade  test  data  will  confirm  the  fact  that  total 
pressure  loss  across  a  cascade  can  be  exactly  defined  by 


Af’loss 


(32) 
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for  a  given  operating  condition . where  the  term  (>* V / S.  )  defines  the 

average  dynamic  head  across  a  given  cascade . expecialiy  so  where  the 

inlet  incidence  angle  approaches  zero  (equivalent  design  point  operating 
conditions),  and  where  L  is  a  constant,  the  numerical  value  of  which  experi¬ 
mentally  satisfies  "quation  (32). 

Reference  (9),  working  with  the  known  validity  of  equation  (32),  derived 
the  "a-b"  functions  based  on  the  local  fluid  static-to-total  pressure  ratios, 
where  the  "a"  function  considers  the  effect  of  blade  inlet  velocity  while 
the  "b"  function  considers  the  effect  of  blade  exit  velocity. 

Thus  as  derived  in  reference  (9)  (in  nomenclature  of  the  present  paper) , 


a  =  1  -  L* 


’/p\ 

'  /n  a-"'r 

(  p ’/ 

W 

J 

(33) 


inlet 


and 


b 


(<r-  i)/r 


exit 


(34) 


Now  reference  (4),  among  other  considerations,  suggested  that  the 
"a-b"  functions  could  be  employed  within  a  nozzle  flow  function,  such  that 

the  rather  vague  discharge  coefficient  could  be  eliminated . Thereafter 

any  blade  row  could  then  be  treated  as  a  nozzle,  and  mass  flow  determined  by 
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« 


Dc  K  Ath  f(i«)  « 

v/^T  b 


(35) 


wherein  W,  Dc,  ^th,  *) .  and  are ,  respectively;  mass  flow  rate,  a 

dimensional  constant  converting  pressure  to  psfa,  total  blade  throat  area, 
throat  area  correction  due  to  displacement  boundary  layer  thickness,  total 

inlet  pressure,  and  total  inlet  temperature . a  and  b  as  before . while 

K  is  a  restriction  factor  (incorporating  the  bj  function)  defined  by 


for  subsonic  throat  velocity  which,  for  sonic  throat  velocity,  reduces  to 


(37) 


Likewise,  reference  (4)  also  suggested  that  if  the  "a-b"  functions 
were  valid  (equations  33  and  34),  in  consideration  of  the  known  validity  of 
equation  (32),  then  the  term  L*  (in  equations  33  and  34)  could  probably  be 
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correlated  with  the  NACA  diffusion  factors  Dg,  Dp . and  that  a  correlation 

might  be  established  between  these  factors  and  overall  stage  efficiency. 

This  subsequently  proved  to  be  the  case  since,  upon  inspection  of 
equations  (32),  (33)  and  (34) . it  will  be  noted  that 


Pf  a  =  PJ  b 


(38) 


(39) 


from  which  it  is  also  observed  that 


which  exactly  satisfies  equation  (32). 

Thereafter  the  computer  could  be  instructed  to  select  various  numerical 
values  of  L  for  insertion  into  the  "a-b"  functions,  to  determine  the  diffu¬ 
sion  factors  from  blade  channel  analysis,  and  to  finally  arrive  at  a  correla¬ 
tion  of  the  pressure  losses  with  L  (see  next  section) . then  to  iterate 

on  L  selection  until  computed  values  equalled  selected  values . thus 

defining  pressure  loss  and  stage  efficiency. 
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In  general,  pressure  loss  Is 
of  CO  where,  for  two  dimensional 


usually  computed  and 
1  oss 


reported  in  terms 


40 


2d 


(41) 


and  for  three  dimensional  effects 


1  + 

/  COS 

— ) 

(42) 


The  reference  (5)  work  experimentally  confirmed  the 


reference 


(4) 


postulations,  and  provided  test  results  from  which 
numerical  correlations  were  derived. 

The  various  correlation  procedures  may  now  be 


apparently  accurate 


demonstrated. 


H — THE  VARIOUS  CORRELATIONS. 

During  the  earlier  MCA  research  work  with  the  blade  diffusion  parameter 
and  considering  onl,  the  blade  suction-surface  diffusion  factor  Ds  (see  eq„ati 

(26,). it  was  found  that  a  remarkably  close  and  completely  reproducible  correla 

tion  existed  between  D  -it 

S,  verall  stage  efficiency  ^ ,  and  mean  blade  solidity 

. where 
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L  =  f(Dfi) 


(1  -lt> 

rm 


(43) 


(See,  for  instance,  Figure  10  in  reference  (10).) 

The  function  f(Ds)  in  equation  (43)  is  not  given  here,  since  more 
useful  correlations  were  subsequently  found. 

Further  NACA  research  work,  with  six  different  transonic  turbine 
designs,  also  developed  the  fact  that  the  total  diffusion  factor  (see 
equation  (31)  this  paper)  could  also  be  correlated  with  stage  efficiency, 
etc.,  in  accordance  with 

(1  -  fy) 

L  =  f(D)  =  - - 1-  (44-) 

(See  Figure  11  in  reference  (10).) 

Here  again,  the  function  f ( D)  in  (44)  is  not  given  for  the  following 
reasons . 

While  the  NACA  work  was  carried  out  with  six  different  transonic 
turbines,  the  variations  between  designs  were  apparently  such  as  to  get 
several  answers  in  addition  to  diffusion  effects. 

The  work  of  reference  (4)  and  (5),  on  the  other  hand,  was  carried  out 
with  four  transonic  turbine  variations,  which  variations  were  so  arranged 


that  these  correlations  would  be  either  confirmed  or  denied  with  greater 
assurance. 

This  work,  i.e.,  reference  (4)  and  (5),  very  definitely  confirmed  the 
NACA  work,  and  extended  the  scope  of  these  correlations  to  the  point  that 


li:aca 


(1  "  %) 


(45) 


It  was  also  found  that  these  correlations  were  equally  applicable  to 

both  stators  and  rotors  and . significantly . that  the  loss  factors  L 

in  the  Ma-b"  functions  (see  equations  33  and  34)  would  also  correlate  with 
diffusion  factor,  overall  stage  efficiency,  and  mean  radius  blade  solidity 
. for  both  stators  and  rotors . Thus,  for  rotors 


(46) 


n  /  ^  ~  ^  stage^ 
rotor 


(47) 


and  for  stators 
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m 


^  ^  stage^ 

*rn  stator 


(49) 


where  for  rotors 


n  =  2  =  constant 


(50) 


and  for  stators 


n'  =  3/2  =  constant 


(5D 


This  correlation  is  shown  in  Figure  6  of  the  present  paper. 

Note  that  while  the  slope  of  this  curve  (Figure  6)  is  slightly  greater 
than  that  of  Figure  11  in  reference  (10),  it  will  be  recalled  that  blade 
design  variations  of  the  reference  (4)  and  (5)  turbines  were  such  as  to 
specifically  confirm  or  deny  the  validity  of  this  design  approach. 

The  question  as  to  why  the  numerical  value  of  n  and  n'  remains  approxi¬ 
mately  constant  from  one  basic  turbine  design  to  another,  is  not  presently 

known  with  certainty . However,  it  is  conceivable  that  the  effect  of  blade 

tip  leakage  and  increased  "corner"  loss  from  boundary  layer  interference, 
within  rotors,  may  generate  the  larger  n  value. 

It  is  apparent,  however,  that  with  the  foregoing  correlations  experi¬ 
mentally  determined  from  ten  different  transonic  turbines,  and  as  further 
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confirmed  by  additional  high-subsonic  machines  not  referenced  here . it 

follows  that  overall  turbine  stage  design  point  efficiency  can  be  predicted 
within  one  percent,  or  less.  Thus  performance  of  true  state-of-the-art 
machines  can  be  predicted  with  greater  assurance. 
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VII  SOME  EXPERIMENTAL  RESULTS  AND  CONCLUSIONS: 

To  discuss  the  exceedingly  high  performance  or  work  output  achieved 
by  these  advanced  turbines,  it  will  first  be  necessary  to  define  a  turbine 
work  parameter. 

One  of  the  most  useful  turbine  work  parameters,  first  proposed  we 
believe  by  NACA,  may  be  defined  as 


A  H, 


e  2 

cr 


(52) 


where  A  equals  actual  total-to-total  turbine  work  in  BTU/lb  flow,  and 
0cr^  is  equal  to  a  critical  velocity  ratio  squared.  Thus, 


e 


cr 


(53) 


where  Vcr  is  taken  with  instantaneous  values  of  ^and  T  at  true  turbine  inlet 
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I 


temperature,  while  is  taken  with  similar  instantaneous  values  at  some 

base  or  reference  temperature,  usually  at  518. 4°R. 

Thus,  defining 


2  r 
7  +  1 


E  R 


'  2  7 

7+1 


g  R  518.4 


(Note  that  the  critical  velocity  V  can  not  be  attained  in  actual 


practice . It  is  a  reference  velocity  widely  employed  in  turbine  aerothenno- 

dynamics . ) 

Particular  attention  is  directed  to  the  fact  that,  in  terms  of  the  work 
output  parameter  defined  by  equation  (52),  the  six  NACA  turbines  provided 
numerical  design  point  work  outputs  ranging  from  a  phenomenal  20  to  23  +. 

This  work, in  general,  is  covered  by  references  (7),  (8),  and  (10) 
through  (14). 

The  reference  (4)  and  (5)  work  with  four  super-performance  turbines, 
carried  out  by  the  senior  author  of  this  paper,  provided  similar  and  yet 

higher  work  outputs . One  of  these  machines,  at  a  tip  speed  of  1300ft/sec, 

turbine  inlet  temperature  of  1960°R,  with  a  rotor  root  relative  inlet  Mach 
Number  slightly  greater  than  1.0,  an  absolute  root  gas  turning  angle  of  108 
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degrees,  a  total-to-total  efficiency  of  .875  where  100%  is  taken  as  1.0; 


achieved  the  phenomenal  work  output  of  25  +. 

(')  (i) 

This  work  is  summarized  in  reference  (4)  and  (5)  . 

It  may  also  be  of  some  considerable  interest  to  note  that  the  entirely 
reproducible  work  output  from  these  ten  different  super-performance  turbines, 

at  their  normal  long-life  design  points . achieved  between  11  and  20  years 

ago . is  still  approximately  twice  that  (100%  greater)  of  any  presently 

available  commercial  machines  known  to  the  writers. 

In  regards  to  the  validity  of  the  four  analytical  methods  discussed 
herein,  as  compared  with  a  widely  employed  relaxation  method  for  determination 
of  blade  loss,  particular  attention  is  now  directed  to  Figure  7. 

In  Figure  7,  predicted  turbine  blade  loss  for  a  particular  stage,  of  a 
32,000  HP  closed  Bray ton  cycle  machine,  is  shown  in  terms  of  53  versus  percent 
blade  height . where  mass-averaged  two  dimensional  pressure  loss  is  taken  as 


(41) 


The  upper  solid  line  is  the  computer  readout  of  blade  loss  as  predicted 

by  the  present  method . the  hatched  area  indicates  loss  prediction  of  the 

three  NACA  methods,  reference  (1)  and  (2)  (note  the  close  agreement) . while 

the  dashed  line  is  the  computer  readout  blade  loss  as  determined  by  the 
relaxation  method . 


(1)  at  Fairchild  Engine  Division  (formally  Ranger  Aircraft  Engine) 
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Subsequently,  scale  models  of  the  first  two  stages  were  built  from 

this  design,  and  rigorously  tested . Both  stages,  it  may  be  observed,  ran 

almost  exactly  in  accordance  with  the  heavy  solid  line  (slightly  within  the 
hatched  area),  wherein  total-to-total  efficiency  was  predicted  within  less 
then  1%. 

From  the  foregoing,  as  now  considered  from  eleven  different  turbine 
designs,  it  can  only  be  concluded  that: 


(1)  Turbine  blade  loss  apparently  tends  to  confirm  predictions  made 
by  the  vortex  approach,  and 

(2)  Turbine  designs  can  now  be  evolved,  wherein  the  design  point 
can  be  established  much  closer  to  true  state-of-the-art  performance, 


with  solid  assurance. 


NOMENCLATURE 


Symbol: 


A 


FP 


a 

b 


C 

°h 

D 


d 

/(S*J 


s 


A  H 


t 


K 


K 

max 

L 

HlACA 

L' 


P 


Entity: 

Area  in  general 
Blade  aspect  ratio 

Loss  function,  see  equation  (33) 

Loss  function,  see  equation  (34) 

A  constant 

Chord  length 

Total  diffusion  factor 

Dimensional  constant 

Diffusion  factor,  pressure  surface 

Diffusion  factor,  suction  surface 

Derivative 

Displacement  boundary  layer  thickness 
Gravitational  acceleration  constant 
Total-to-total  turbine  work 
A  flow  function,  see  equation  (36) 

Maximum  possible  value  for  K 

Loss  factor  in  general,  see  equations  (43) 

NACA  loss  factor,  see  equation  (43) 

Loss  factor,  present  paper,  see  equation  (46) 
Orthogonal  length  in  general 
Upstream  pseudo-orthogonal  length 
A  constant,  see  equation  (46) 

A  constant,  see  equation  (48) 

Pressure 


Units : 
ft2 

height/chord 


inches 


ft 

32.174  ft/sec 
BTU/lb 


inches 

inches 


psfa 
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NOMENCLATURE 


Symbol : 
R 

r 

r 

o 

i 

r 

o 

S 

T 

V 
W 
X 

Y 
1 


Entity : 

Gas  constant 
Radius  in  general 
Radius,  see  Figure  8 
Radius,  see  Figure  8 
Blade  spacing 
Temperature 
Velocity 

Working  fluid  flow  rate 
Dimension  from  base  ordinate 
Dimension  from  base  abscissa 
Orthogonal  included  angle 


7 

? 


/> 

<r 

f 

CO 


Greek: 

Angle 

Specific  heat  ratio 

Efficiency 

Density 

Blade  solidity 
Blade  stagger  angle 
Pressure  Loss  coefficient 


Units : 
ft-lbs/lb°R 
inches 


inches 

°R 

ft/sec 

lbs/sec 

inches 

inches 

degrees 


degrees 

cp/cv 

-2 

percent  x  10 
lbs/ f t^ 
chord/spacing 
degrees 
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NOMENCLATURE 


Symbol: 


i 


* 


1 

2 

2d 

3d 

cr 

m 

max 

min 

o 

P 

s 

t 

tan 

z 


Primes : 

Prime  ■  total  conditions 

Star  ■  base  or  reference  condition 

Bar  ■  mean  integrated  or  mass  averaged  value 

Subs : 

First  effect  or  station  or  blade  suction  surface 

Second  effect  or  station  or  blade  pressure  surface 

Two  dimensional 

Three  dimensional 

Critical  value 

Mean 

Maximum 

Minimum 

Orthogonal 

Pressure  surface 

Suction  surface 

Turbine 

Tangential  direction 

Relative  to  orthogonal  angle,  see  Figure  8 
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APPENDIX  A 


by:  Mrs.  Jacqueline  A.  Benton 
DERIVATION  OF  F(X)  =  0: 


In  deriving  equation  (22)  where  it  is  required  that  F(X)  =  0, 
reference  is  now  made  to  Figure  8.  Note  that  the  blade  surface  curves 
have  been  distorted  to  some  considerable  extent,  particularly  for  the 
suction  surface,  in  order  to  more  clearly  demonstrate  orthogonal  geometry. 

It  will  also  be  observed  that  for  a  particular  numerical  value  of 


X^.  there  is  one  and  only  one  X^  value  which,  simultaneously,  will  define 
those  points  where  the  smallest  possible  circle  is  exactly  tangent  to  both 


blade  surfaces,  at  P2  and  . This  requirement  for  the  smallest  possible 

circle  is  absolute  since  then,  and  then  only,  the  points  of  tangency  will 


also  define  the  end  points  of  an  orthogonal  simultaneously  normal  to  both 


blade  surfaces. 


Under  these  conditions  r^  will  exactly  equal  ro>  and  the  center  of  this 

circle  will  occur  at  the  intersection  of  both  r^  (extended)  and  r2 . Also, 

the  tangents  of  P2  and  will  always  intersect,  since  the  turbine  blade 
passage  is  always  converging  within  the  area  of  interest,  thus  defining 


r  i  o  and  the  angle  Z. 

Upon  bisecting  the  angle  Z,  the  line  of  bisection  will  simultaneously 
pass  through  the  intersection  of  rgl  rl...2>  and  the  center  of  the 

inscribed  circle  when,  and  only  when,  point  is  correctly  located  in 
relation  to  a  given  point  P2. 
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As  is  the  case  with  complex  geometric  pr.-h Iei;,s ,  several  possible 
solutions  can  usually  be  found. 

In  the  present  case  for  instance,  a  particular  solution  may  now 
be  deduced  without  laying  pencil  to  paper . 

Now  with  the  knowledge  that  any  tangent  to  either  blade  surface  is 
taken  in  relation  to  a  horizontal  base  line,  rotate  a  line  about  (from 

tne  horizontal)  in  an  amount  equal  to  the  angle  'fr . thus  producing  a 

line  passing  through  and  parallel  to  the  line  bisecting  angle  Z. 

The  radius  r  ^  is  then  one  diagonal  of  a  rectangle . Then  with  the 

geometric  law  of  complimentary  or  mirror  image  angles,  one  can  immediately 
write 


1 

tan  (S]_  -  <T)  EE  tan  —  Z 


(A  -  1) 


when,  and  only  when,  point  -jg  correctly  located  in  relation  to  P2 
accordance  with  the  foregoing  requirements. 


GEOMETRIC  RROOF: 

Referring  to  Figure  8 . Let  Ys  =  f(X>s  and  Yp  =  f(X)p  represent  the 

equations  of  the  blade  suction  and  pressure  surfaces,  respectively . Also, 
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let  S  equal  the  dimensional  spacing  between  two  adjacent  blades. 


Now  choose  a  point  P,.  tv  „  v  \ 

l  ^2,  Y p2)  on  the 


pressure  surface  of  the 


adjacent  blade,  where 


(A  -  2) 


(A  -  3) 


tan  P, 


(A  -  4) 


Let  S,  (v  , 

1  si’  '&>  be  the  aesi 

first  blade,  where 


red  point  on  the  suction  surface  of  the 


5  =  f(X) 


(A  -  5) 


=  f(X). 


(A  -  6) 


Now  with  the  first  derivatives  of  the  known  equations  defining  th 
suction  and  pressure  surfaces  either  or  both  tangents  (i.e,,  radii  r 


and  their  point  of  intersecti 


1. . .2> 


on  can  be  readily  found.  Also,  since 


ten  Z 


e'  -  tan  P, 
1  +  g'  •  tan  P„ 


(A  -  7) 


T 


xzttx-zx  —  n — 


then 


cos  Z 


\[ 


1  +  tan  Z 


(A  -  8) 


Z  /  (1  -  cos  Z) 

2  V  (1  +  cos  Z) 


(A  -  9) 


If  we  now  drop  a  vertical  from  t0  a  horizontal  line  containing 
the  tangent  of  angle  between  this  vertical  and  chord  j.s  then 


U»  .  -  '  V 

<\2  *  Ysl> 


(A  -  10) 


Now  since  tan  S1  equals  g',  then 


tan  (S-,  -d") 


’  <*p2  -  Ysl>  *  <xsl  -  V) 


Si 


<V  -  Ysi>  +  8'  ‘x=i  -  V 


(A 


Therefore,  when  point  S-^  -£s  correctly  chosen  in  relation  to  P„  t 


tan  (S-i  -  y  )  =  tan  — 

2 


(A  -  12) 
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ID 


Thus  an  expression  has  been  derived  such  that  equation  (22)  can  be 
satisfied  by  setting 


Z 

r(X)  =  0  =  tan  —  -  tan  (d,  -  7 )  (A  -  13) 

2 


Thereafter,  in  numerical  computation,  any  point  Sx  can  be  found 
relative  to  any  point  P,,  by  iterating  on  Xsl  untl  F(X)  -  0. 
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1.  I N l'RODUCT ION .  In  this  paper,  we  investigate  periodic 
solutions  and  related  boundary  value  problems  for  a  family  of  non¬ 
linear  diiierential  equations  in  which  the  nonlinearity  may  be 
discontinuous  (and/or  unbounded).  Specif icallv ,  we  establish  the 
existence  oi  harmonic  solutions  for  equations  of  the  type 


d2x 

- —  +  >:  +  f(x)  =  a  cosou  t 


(DE.f) 


whore  the  function  i (x)  is  old,  satisfies  xf(x)  0  for  all  x  and  has 
a  jump  discontinuity.  All  quantities  are  real-valued,  and  the  constants 
a  and  .  are  assumed  always  to  satisfy  a<  0  and  w>l. 

What  we  ordinarily  mean  by  a  harmonic  (periodic)  solution  of 
(DE.f)  lution  with  period  2~ ' w  which  is  exactly  out  of  phase 

(in  ph . i  0  <  ^  *'1)  with  the  forcing  function  a  coswt.  Now  it 

is  fas i i \  erified  (See  [4])  that  a  solution  of  the  boundary  value 
problem  ''onsisting  of  (DE,f)  and  the  ooundary  conditions 

x(0)  =  0,  x(r)  =  0  (1) 

whore  '  =  ”/2u),  when  extended  for  all  t,  yields  such  a  harmonic  (periodic.) 
solution  of  (DE,f).  Because  it  is  the  boundary  value  problem,  denoted 
henceforth  by  BVP(f),  which  is  treated  directly  below,  and  because  of 
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the  relationship  between  BVP(f)  and  the  periodicity  problem,  in  this 
paper  by  a  harmonic  solution  we  shall  mean  a  solution  of  BVP(i)  which 
is  positive  for  0  <r  t  «-T. 

When  f(x)  is  uniformly  bounded  and  smooth  (except  perhaps  for  a 
jump  at  x  -  0) ,  (DE,f)  is  known  [3]  to  possess  a  harmonic  solution. 

The  restriction  that  f(x)  experience  a  jump  only  at  the  origin  is 
crucial  in  [3];  in  this  case  a  new  (unsymmet  r i  e)  smooth  nonlinearity 
is  constructed  which  coincides  witn  f(x)  tor  x  >  0.  ihis  technique 
does  not  work,  however,  when  f(x)  has  a  jump  J  is..  out  i  nuity  at  points 
other  than  at  x  =  0.  Our  principal  purpose  here  is  to  consider  this 
problem.  Further,  it  is  shown  that  the  restriction  that  f(x)  be 
uniformly  bounded  may  be  relaxed  considerably:  in  Section  4,  we 
consider  a  class  of  unbounded  nonlincarities  which  satisfy  suitable 
growth  conditions. 

The  existence  of  a  solution  of  BVP(f)  is  established  below  by 
use  of  the  well  known  point-mapping  method;  to  employ  this  method, 
we  need  to  know  that,  for  each  value  of  cite  real  parameter  t  in  a 
certain  interval,  the  initial  value  problem  (DE,t),  x(0)  =  a, 
x(0)  =  0  possesses  a  unique  solution  on  [0,:]  which  depends  con¬ 
tinuously  on  u.  This  initial  value  problem  i.->  treated  in  Section  5. 

For  ease  of  exposition,  we  have  restri  tl  ourselves  to  functions 
f(x)  with  a  single  discontinuity.  Similu.  ults  can  Lj  obtained  for 
a  broader  class  of  problems,  involving  nonlinearities  with  multiple 
discontinuities.  Such  problems  will  be  discussed  elsewhere.  A 
particular  case  of  multiple  discontinuities,  in  which  the  nonlinearity 
is  piecewise  constant  is  treated  in  [5]  by  a  special  tecunique. 

2.  PRELIMINARY  RESULTS.  Let  F  denote  the  class  cf  functions  f(x) 
with  the  following  properties:  f  (x)  is  odd,  lr(x)  _  Q  when  x  >  0,  and 
f(x)  is  continuous  for  x  ^  0  except  perhaps  at.  x  =  r  (0  <  a  '  b)  ,  where 
f(x)  has  a  jump  discontinuity. 


In  Sections  3,  4,  and 
respectively,  by  (i(x) 

F  (f(x)  unbounded  out  subj 
g 

but  in  addition  satisfying 
continuity) . 


3,  we  introduce  subsets  of  F  denoted, 

uniformly  bounded  by  a  positive  constart  M) 

ect  to  a  growth  restriction)  ,  and  F  (f  F  UF 

la  n 

a  I.ipschitz  condition  in  each  interval  of 


g 


When  f(x)  is  piecewise  continuous,  we  mean  by  a  solution  of  (DE,f) 
on  an  interval  I  a  function  x(t)  which  is  continuously'  differentiable 
on  this  interval,  possesses  a  piecewise  continuous  second  derivative 
and  satisfies  (DE,f)  wherever  the  second  derivative  exists.  In  case 
f(x)  is  continuous  a  solution  is  to  have  a  continuous  second  derivative 
and  satisfy  (DE,f)  at  aLl  points  of  1. 


hUffifl 


Let  IVP(»,f)  denote  the  initial  value  problem  of  solving  (DE,f) 
subject  to  the  initial  conditions 


x (0)  =x,  x (0)  =  0.  (2) 

Bv  use  of  the  method  of  variation  of  parameters,  a  solution  of  IVP(a,f) 
on  an  interval  I  containing  the  origin  is  easily  seen  to  satisfy 


x(t)  =  (  i-b)  cost  +  bcosuit 


/ 


sin(t-s)  f(x(s))  ds  (t€I)  (3) 


where 


Conversely,  a  continuous  solution  of  (3)  on  I  is  a  solution  of  IVP(a,f) 
on  I  . 


Let  x(t;«,f)  denote  a  solution  of  IVP(a,f)  which  is  known  to  exist 
and  be  unique  on  [0,i].  (When  f(x)  is  Lipschitzian ,  such  a  unique 
solution  is  known  to  exist  (See,  for  instance,  [6]);  however,  this 
becomes  less  evident  when  f(x)  is  piecewise  continuous.  We  establish 
in  Section  5  the  existence,  uniqueness  and  continuous  dependence  on 
initial  data  of  solutions  of  IVP(:t,f)  when  f  belongs  to  a  subset  of 
our  class  F  of  piecewise  continuous  nonlinear ities . ) 

Let  A  be  a  set  of  values  of  a  for  which  (unique)  x(t;o.,f)  exists. 
We  define  on  A  a  mapping  T  by  the  formula 


T ( * )  =  x(  - ; x ,  f ) . 

Clearl;’  x(t;.i,f)  will  be  a  harmonic  solution  of  (DE,f'  for  those  values 
of  »  for  which  T(a)  =0  and  x(t;a,f)  >  0  for  0  _  t  >•'  r .  Any  such  value 
of  >  will  henceforth  be  called  a  harmonic  point. 

The  following  theorem  is  a  restatement,  under  weaker  assumptions, 
of  one  appearing  originally  in  [2]  and  [3J. 

Comparison  Theorem:  Suppose  that  f^(x)  and  f?(x)  are  piecewise 
continuous  functions  and  that  f^(r)  f9(s)  for  all  r  >  0,  s  >  0.  Let 

<1  be  a  harmonic  point  of  (DE,f^)  and  » ?  a  harmonic  point  of  (PE,f9). 
Then 


1 


1 


a 


2  ’ 
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Proof :  Let  x^Ctjet^.f^)  be  a  harmonic  solution  of  (DE,f^) 
(i=l,2).  Then,  using  (3),  the  harmonic  points  «  (1=1,2)  are  given 


=  b  +  sec  (  /  sin(  r-s)  f^(x^)  ds , 


al  ~u2  ~  S6CT  /  sin(T-s)  (fi(xi)  -  f2(x2)  }  ds  0. 


Here  we  have  used  the  facts  that  0  t-s  ^  ir/2  and  x.  (s;i .  ,f.)  >  0 
(i*  1,2)  for  s£(0,t).  1  11 

In  the  linear  case,  f(x)  =  0,  the  equation  (DE,0)  has  a  unique 
harmonic  point  b  =  a/(l-oj2).  The  ideal  relay  equation 


~Y~  +  x  +  M  sgn  x  =  a  coso 


(DE ,M  sgn) 


where  M  is  a  positive  constant  and  sgn  x  =  signum  x  =  x/ (x)  (x^O) , 
is  known  [7]  to  have  a  harmonic  point,  which  we  denote  by  d^: 

d  =  b  +  M(secx-l). 

M 

According  to  the  Comparison  Theorem,  cL^  is  the  unique  harmonic  point 
of  (DE,  M  sgn) • 

3.  EXISTENCE  OF  A  HARMONIC  SOLUTION:  f  UNIFORMLY  BOUNDED.  In 
this  section  we  assume  always  that  f  is  contained  in  the  subset  of  F 
consisting  of  those  f£F  which  satisfy  |f(x)  |  M  for  all  x,  where  M 
is  a  given  positive  constant. 

hhen  f€Fw,  it  is  not  hard  to  see  that  there  is  a  subinterval  of 
M 

(0,d^)  on  which  f(x)  >  0,  and  there  is  also  a  subinterval  of  (0,d^)  on 

which  f(x)  <■  M.  These  facts  are  needed  in  Lemma  2  and  Corollary  1  of 
Lemma  3. 


From  the  Comparison  Theorem  follows  immediately 
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Tf  <  is  a  harmonic  point  of  (DE,f), 


Lemma  I 


b  -  -V 

Thus,  for  f€r  wo  know  that  we  must  look  for  a  harmonic  point 

(if  any  exists)  in  the  interval  [b,d^j.  To  show  that  one  does  exist 

(that  is,  that  there  exists  at  least  one  harmonic  solution)  we  use 
the  well-known  point-mapping  method  [1];  namely,  we  demonstrate  that 
lisa  continuous  mapping  and  carries  the  interval  [b,d^]  into  an 

interval  which  contains  zero  in  its  interior  (so  that  at  least  one 
point  in  [b,d^J  is  mapped  into  zero  under  T). 

We  show  below,  first  of  all,  that  T(d^)  >  0,  T(b)  <  0  and 

x(t;  ,f)  0  cn  0  t  .  for  any  n€[b,d^].  The  continuity  of 

T(  i)  in  *  follows  from  the  continuous  dependence  on  the  initial  datum 
>,  which  is  known  to  hold  when  t(x)  satisfies  a  uniform  Lipschitz 
condition.  But  in  our  case,  where  f(x)  is  discontinuous,  the  continuous 
dependence  of  x(t;«,f)  on  <  cannot  be  taken  for  granted;  it  is  established 

Ln  Section  5. 

In  Lemma  2  and  Lemma  3,  below,  we  assume  that  for  each  a  C-tb.d^j 

there  exists  a  solution  of  IVP(.i,f)  which  is  defined  for  all  t£[0,i]. 
ln  Section  5,  we  demonstrate  that  this  is  not  an  empty  assumption. 


Lemma  2:  Tfd^)  =  x  (t;^,  1)  0. 

Proof :  Since  f(x)  _M, 


sin(  -s)  f (x(s)ds 


sin('-s)ds  =  M(l-cost), 


is  -  -  f  sin( 


xC-jd^j.f)  =  (d^-b)  cos  -  /  sin(i-s)  f(x(s)ds 

0 


(d^-b)  cos  i  -  M(  1-cost) 


d  -  b  -  M  (sec  -1)]  cost  =  0. 


Ti 


Thus,  x^d^.f)  2.0.  Now,  suppose  x(x;d^,f)  -  0.  Then  x(t;d^,f) 
takes  all  values  in  o  <  x  <  d,,,  on  a  subinterval  of  which  f(x)  <  M. 
Therefore,  retracing  the  steps  above. 


sin(  v-s)  f(x(s))  ds  <  M  (1-cos  i) 


and 


xCx.c^.f)  >  0. 

Corollary :  If  a  is  a  harmonic  point  of  (DE,f)  then  u  <  d^. 

Proof :  From  Lemma  1,  a  <  d^.  But  if  a  =  d^ ,  xCxjd^.f)  -  0, 
contradicting  Lemma  2. 

Lemma  3 :  Suppose  brn  2  Then  for  aC[b,d^],  x(t;a,f)  <  0  on  0  <  t  <  t. 
Proof : 


x(t ;a,f)  =  (b-a)  sin  t  -  bwsin  t  -  J  cos(t-s)  f(x(s))ds 

0 


where 


<_  (b-a)  sint  -  b'^sin  t  +  M  J  cos(t-s)ds 

0 

2  (b-a)  sint  -  bw(sinwt  -  sint) 

2  -  n  ( t )  <  0 

n  ( t)  =  ba)(sinut  -  sint). 


Corollary  1:  .T(b)  =  x(x;b,f)  <  0. 
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Proof :  On  the  contrary,  assume  that  x(r;b,f)  _>  0.  Then,  since 
x(t;b,f)  0,  x(L;b,f)  >  0  for  0  _<  t  <  t.  This  implies 
f(x(t))  ->  0,  so  that  from  (3) 


X  (  T  ;  b  ,  ]' )  =  - 


sin( r-s)  f(x(s))  dx  <  0. 


This  contradiction  completes  the  proof. 


Corollary  2:  If  a  is  a  harmonic  point  of  (DE,f),  then  a  >  b. 


On  the  basis  of  the  preceding  lemmas,  which  establish  the  fact 
that  the  mapping  T  carries  [b,d^]  into  an  interval  containing  zero  in 

its  interior,  and  in  view  of  continuity  of  the  solution  x(t;a,f)  in  ct 
(which  will  be  demonstrated  in  Section  5)  ,  we  have  proved 


Theorem  1:  Suppose  f£F^.  Then  there  exists  an 
which  is  a  harmonic  point  of  (DE,f),  provided 


a, a  ecb.cy, 


bw  _>  M. 

4.  EXISTENCE  OF  HARMONIC  SOLUTION:  f  UNBOUNDED:  Now  we  extend 
the  results  of  the  preceding  section  to  a  class  of  unbounded  nonlinearities. 

In  this  section,  it  is  assumed  always  that  f  belongs  to  F  ,  the  subset 

S 

of  F  consisting  of  functions  f(x)  which  obey  the  following  growth  condition: 
There  exists  a  positive  number  x  (where  x  >  b  >  c>  0)  such  that  for  x  >  0 


f(x)  <_  f(x)  =  — - - - —  (x  <_  x)  (!') 

sec  t-1 


f(x) 


x  -  b 
sec  t-1 


(x  >  x) . 


To  motivate  this  extension,  lot  us  consider  an  arbitrary  f£F.  For 
a  given  <.  _b,  suppose  x(t;i,f)  is  a  harmonic  solution  of  (DE,f).  Since 
f(x(t))  0  for  0  <_  t  _  r  ,  it  follows  from  x(t;a,f)<  0  on  (0,t]  (modifying 

slightly  the  proof  of  Lemma  3)  that  x(t;«,f)  <  a  on  (0,t).  Define  the 
odd  truncated  function  f^(x)  by 
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f  (x)  , 


0  <  x  <  a 


fo(x) 


< 

f(a), 


x  >  a. 


Since  x(t;a,f)  takes  values  only  in  -a  _<  x  _<  t  ,  where  f(x)  and 
fg(x)  are  identical,  x(t;a,f)  is  a  harmonic  solution  of 


+  x  +  fg(x)  =  a  costD  t 


(DE,f0) 


as  well  as  of  (DE,f).  Since  |f  (x)  |  _<  f(a),  we  find,  from  the 
Comparison  Theorem  of  Section  2  (using  M  =  f(a),  that 


b  <  a  <  b  +  f(a)[sec  t— 1  ] . 


(6) 


Inequality  (6)  imposes  a  necessary  condition  to  be  satisfied  by 
the  amplitude  a  of  a  harmonic  solution  (if  any  exists)  of  (DE,f). 

Thus,  if  for  all  x  greater  than  some  5T  >  0 ,  x  >  b  +  f(x)[sec  t-1], 
there  cannot  exist  a  harmonic  solution  with  amplitude  greater  than 

x.  This  motivates  the  definition  of  the  set  F  . 

g 

On  the  basis  of  the  preceding  discussion,  we  have 

Lemma  6 :  Suppose  f£F  .  If  a  is  a  harmonic  point  of  (DE,f),  then 


b  <  u  <  x. 


(7) 


Thus,  in  order  to  investigate  harmonic  solutions  of  (DE,f)  ,  for 

f£F  ,  it  is  sufficient  to  consider  solutions  of  IVP(a,f)  where  b  £  a  <_  x. 
8 

Define  the  truncated  function  T(x)  by 


f(x) 


f  (x)  ,  0  <  x  <  x" 


x  -  b 
sec  r-1 


X 


>  x. 


(8) 


clearly,  |f(x)|  (x  -  b)/(sec  t-1)  and  Lemmas  2  and  3  can  be  restated 

in  terras  of  T,  and  thus  in  terms  of  f.  We  have,  for  instance, 
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Lemma  2:  Let  x(t;x,f)  be  a  solution  of  IVP(x;f).  Then  x(T;x,f)> 
If  i  is  a  harmonic  point  of  (DE,f),  u  <  x. 

We  shall  merely  state  the  existence  result. 

Theorem  2:  Let  f£F  .  Then,  there  exiots  an  a6(b,x}  which  is  a 

6 

harmonic  point  of  (DE,f)  provided 


b(d 


x  -  b 
sec  i-l 


5.  EXISTENCE,  UNIQUENESS  AND  CONTINUOUS  DEPENDENCE  OF  A  SOLUTION 
OF  IVP (q ,f ) .  Let  F  be  the  subset  of  F  consisting  of  those  elements 

Li 


in  F„  or  F  which,  except  at  x 
M  g 


are  Lipschitzian :  for  x  >  0 


f  (x)  = 


f  ^x)  ,  x  <_  n 


f2(x) ,  X  >_  o 


where  f^(x)  and  f?(x)  are  Lipschitz  continuous  on  their  respective 
domains  of  definition.  Obviously,  F^  O  (F^  U  F^) . 

Throughout  this  section,  it  is  assumed  that  o£[b,x], 
x  >  b  5  >Jt>0  and  that  f^F  .  Calculations  and  results  are  stated 
explicitly  for  members  f  of  (which  satisfy  the  growth  restriction 
(5)).  They  are  easily  modified  for  members  f  of  F^  (uniformly  bounded) 


We  work  witn  the  trajectories  of  solutions  in  t,x,x  -  space 
(phase  space).  Given  the  constant  N  >  0  (which  for  the  moment  is 
arbitrary) ,  let 


D  =  DU  D2  U  D3 

where 

D^=  (  (t  ,x,x)  |  0^t<_i,r<_x_x,  |  x  j  <_  N } 

D0  =  {  (t  ,x,x)  0  jt  <  i,  -n  <  x  jo,  |  x  |  <_  N} 

D^=  i  (t  ,x,x)  |  0  jt  <  t,  -x<_x<_-a,  |  x  |  _<  N  }. 
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We  shall  prove  that  for  each  a£[b,5c]  the  solution  x(t;a,f) 
can  be  continued  uniquely  up  to  t  =  x  and  that  this  solution  depends 
continuously  on  the  initial  datum  a. 

Since  in  f(x)  is  Lipschitz  continuous,  there  exists  a  t^ 

(0  <  t^  <_  t)  such  that  for  0  _<  t  «"  t^,  IVP ( ot , f )  has  a  unique  solution 
whose  trajectory  is  in  D^.  This  trajectory  approaches  the  boundary 
of  as  t  -*■  Let  us  denote  this  solution  by  x(t;a,f).  Then 

x(t;a,f)  satisfies  the  integral  equation  (3)  (with  f  replaced  by  f^) 
on  [0,t  )  For  0  <  t  <  t^ 

t 

x(t;af)  ■  -(a-b)  sin  t  -  bw  sin  t  -j  cos(t-s)  f2(x(s))ds 

J  0 


.  ,  ,  ,  ,  x  -  b 

<  -(a-b)  sin  t  -  bu>  sinuit  +  -  sin  t 


sec  t-1 


<  -  n(t)  <  0 


where  n(t)  =  bu(sinu)  t  -  sin  t)  ,  provided 


bm  > 


x  -  b 


(9) 


sec  t-1 

(For  the  remainder  of  this  section  we  assume  that  (9)  holds.)  Further, 


-x(t;a,f)  <  (a-b)  sin  t  +  bw  sinwt  + 


x  -  b 


sec  i-l 


cos  (t-s)ds 


<_  (x  -  b)  sin  t  +  ba:  +  — - - - —  sinr  •  cost 

1  -  COST 


,  ,  x  -  b 

bw  +  -  sin  i. 

1  -  cost 
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Therefore,  if  we  choose 


N  >  buj  +  - — - —  sin  •[ , 

1  -  cos  i 

0  •  x  ( t ;  <j  ,  f )  >  -  N . 

Thus,  the  trajectory  of  solution  x(t;u,f),  for  0  _<  t  <  t^  ,  is 

bounded  away  from  the  boundaries  x  =+  N  and  remains  below  the  plane 
x  =  x.  Hence,  as  t  -*•  t^,  the  trajectory  either  approaches  the  boundary 

t  =  i  (in  which  case  t ^  =  i)  or  the  boundary  x  =  a.  Now  if  t^  =  t, 

we  have  a  well  defined  solution  of  (DE,f)  on  0  j  t  <t  which  depends 
continuously  on  a.  When  t^  <t  define 

v-  (t.  , a)  =  liir.  x(t;a,f)  <  0. 

t  •*  t  -0 

Thus,  x(t,u,f)  is  not  tangent  to  the  plane  x  =  o  at  t  =  t^.  Clearly, 
is  a  continuous  function  of  (t^,a).  Now  t^  is  obtained  by  solving 
the  functional  equation 

x(t1;a,f)  =  a. 

Since  x(t;a,f)  is  a  strictly  decreasing  function  of  t,  there  exists  a 
unique  solution  t^  =  u^(a,o)  where  u^(u,a)  is  a  continuous  function  of  a. 

We  now  continue  this  solution  for  t  t^  as  the  unique  solution  of 
the  initial  value  problem 

d^X  ,  ,  r  r  \ 

- —  +  x  +  f  (x)  =  a  cos  w  t 

dt 

x(t1)  =  c,  x ( t ^ )  =  v  0 

in  D^.  Since  f^(x)  is  Lipschitz  continuous  in  D9,  there  exists  a 
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1 2 ( t ^  '  tj  <  i)  such  that  the  unique  continuation  remains  In  i)^ 

for  Lj  <  t  <  t^  t  and  depends  continuous iy  on  tiie  "initial"  data 

t^,  v^.  Since  these  "initial"  data  themselves  are  continuous  functions 

of  a,  we  are  assured  of  continuous  dependence  on  a  of  the  extended 
solution  on  0  _<  t  <  t^  i.  t. 

In  order  to  gain  insight  into  subsequent  continuation  of  this 
solution,  let  us  consider  the  comparison  problem 


+  x  + 


x  -  b 
sec  t-1 


a  cobw  t 


satisfying  x(0)  ■  b,  x(0)  **  0.  The  unique  solution  of  this  problem 
is  given  by 

x.(t)  -  — - - - —  (cos  t  -  1)  +  b  cosu)  t. 

sec  t-1 

On  their  common  interval  of  existence,  x  (t)  provides  a  lower  bound 
for  x(t;a,f) : 


_  t 

xftja.fJ-x^t)  -  (a-b)  cos  t - 3ec  V-'l  ~  ^cos  t”1^  "  /  sln(c“8) f (x(8) >ds 

0 


>  (  -b)  cos  t 


— - - (cos  t-1)  +  — - - - —  (cos  t-1) 

sec  t-1  sec  r-1 


■  (a-b)  cos  t 


>  0. 


Since  x^(t)  is  &  strictly  decreasing  function  of  t  on  [0,t],  x(t;a,f) 
remains  above  the  boundary  x  -  -a  for  0  <_  t  <_  t  (and  therefore  t2  *  x)  if 


532 


X  y(  l) 


X  -  b 


sec  t  -J 


(cos  I  -l)  ■  -(x  _  b)  COST  > 


or 


0  ■*  (X  -  b)  COS  T. 

Komar k :  If  we  assume  that 

b  >  o  >  bw  (1-cos  t) 
then  (9)  implies  (10);  for  from  (9) 


(10) 


x  -  b  _<  b  u  (sec  t-1) 


<  o  sec  x. 


boundary aPPr<>,,,:h  'he 


^(^.a)  “  H® 

t  -*  t2-o 


x(t;a,f)  <  0. 


We  now  continue  the  eolutlon  for  t  >  t2  as  the  unique  eolutlon  of 
the  initial  value  problem 


d2x 


dt 


2~  +  x  +  f,,(x)  »  a  cosu  t 


satisfying  x(t2>  ■  -a,  x(t2>  \>2  <  0.  The  trajectory  thus  obtained 

foraifrombrhe  ^  ^  =  "*  (and  therefore  reaches  the  plane  t  ■  T  ) ; 

tor,  from  the  comparison  problem,  T  ' 


x(t ; cx,f )  _>  x^(t)  *  -(x  -  b)  cos  r  >  -x. 

The  above  discussion  is  summarized  in 

~-rem  3:  S“PP»be  f«PLnFg,  Where  0  <  o  <b  <7.  Then  for  each 

<  tnJT„h^^on  !I't!“-£>(o£  the  £"‘“pi  «i«. 

—  —  T  w"ich  depends  continuously  on  a,  provided 
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bin  > 


x  -  b 

sec  t-1 


In  phuse  space  Che  trajectory  of  this  solution  crosses  each  plane  of 
discontinuity  x  ■  +  o  at  most  once. 

If  further  o  >  bu)(l  -  cos  T)the  unique  solution  of  IVP(ot,f)  remains 
above  the  plane  x  ■  -  o  for  0  <_  t  <_  t  ;  that  is,  the  trajectory  intersects 
at  most  one  plane  of  discontinuity  of  f. 

(If  f  £  reP^ace  x  flbove  by  d^.) 
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AN  EVALUATION  OF  THK  CONSTANTS  IN  THK 
INTEGRALS  OF  SCHWARZ-CHR ISTOFFEL  TRANSFORMATION 
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ABSTRACT.  An  Iterative  method  is  proposed  here  by  which  the 
singularities  in  the  Schwarz-Chr istof fel  transformation  are  evaluated 
numerically.  The  numerical  integration  near  singularities  are  per¬ 
formed  by  the  Gaussian  quadrature.  Finally,  a  set  of  non-linear 
integral  type  relations  are  obtained  in  terms  of  the  unknown  singularity 
locations.  The  system  is  solved  by  a  linear  perturbation  method,  and 
the  singularities  are  determined  iteratively.  The  method  is  applied  to 
the  problem  of  a  circular  hole  with  radial  cracks. 

INTRODUCTION .  Frequently,  two-dimensional  problems  of  mechanics 
are  formulated  in  terms  of  complex  variable  theory.  Sometimes,  it  is 
convenient  to  transform  a  boundary  value  problem  by  introducing  a  set 
of  curvilinear  coordinates  or  equivalently  by  carrying  out  conformal 
transformation.  If  the  physical  domain  ir.  which  the  problem  is  formulated 
happens  to  have  sharp  discontinuities  like  corners  or  cusp-like  cracks  the 
Schwarz-Christof fel  Transformation  is  pertinent.  Although  the  expression 
for  the  Schwarz-Christof  fel  Transformation  is  not  complicated,  the  fact 
remains  that  the  large  majority  of  the  image  points  of  the  corners  on  the 
unit  circle  have  to  be  determined  before  the  mapping  function  can  be 
determined  completely.  This  frequently  is  a  problem  when  the  number 
of  sharp  corners  are  numerous. 

The  image  points  are  related  to  the  actual  shape  in  the  physical 
plan  by  a  non-linear  relation  of  the  type. 


0(Zt)  -  0(Zi_1)  = 


f(9,  A1 


-V  d0 


(i) 


Where  -  -  -  -  are  the  image  points  of  the  sharp  discontinuities 
on  the  unit  circle. 


6  is  a  variable  in  the  parameter  plane. 

<{>  is  some  function  of  Z,  unique  to  a  particular  geometry. 

It  will  be  noted  in  Eq.  (1)  that  the  unknowns  A^  -  -  -  -  Am  appear 
not  only  in  the  integrand,  but  also  in  the  limits  of  the  integral. 
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Furthermore,  the  manner  in  which  A'b  appear  in  the  function  f  is 
usually  non-linear.  An  Iterative  method  proposed  here  aims  at 
determining  the  accurate  values  of  A's.  The  basic  philosophy  of 
this  method  is  quite  general,  however,  we  9hall  consider  the  specific 
geometry  of  circular  holr  with  numerous  unsymmetrlcal  radial  cracks. 

PROBLEM  OF  CIRCULAR  HOLE  AND  RADIAL  CRACKS.  Let  us  consider  a 
circular  hole  with  radial  cracks  in  an  infinite  region  located  in  the 
complex  A-plane.  We  wish  to  determine  a  conformal  transformation  be¬ 
tween  the  Z-plane  and  an  auxiliary  r,-plane  such  that  the  unit  circle 
in  the  latter  plane  maps  into  the  circular  cutout  with  radial  cracks 
(region  t).  The  region  external  to  the  unit  circle  will  be  considered 
to  map  into  region  outside  of  r.  (Figure  1). 

The  appropriate  Schwarz-Christof fel  Transformatio .  can  be  written 
down  as  below: 


dZ  _  Z(C  -  elasl)  (C  -  elcs2) 
-  eic*l)  U  -  eia2)  - 


(f.  -  e  bK) 
U  -  eia2K) 


whence,  K  ■  number  of  radial  cracks;  a  1  -  -  -  a  „  *  images  of  crack 

S  1  S  K. 

tips  on  the  unit  circle. 

a^-  -  ""a2K  "  images  of  junctions  of  cracks  and  the  circle. 

R  ■  radius  of  the  circular  cutout. 

Without  compromising  the  generality  of  the  problem,  for  simplicity, 
let  us  assume  a  symmetry  about  the  real  axis. 

On  the  unit  circle,  C  ■  e^  Eq .  (2)  simplifies  into: 


sinQ  (cos0  -  cos  a  ,) 
si 


(cose  -  cos  (*gK)d0 


"V(cos9  -  cosa^)  (cos0  -  cosa^)  -  -  (cos9  -  cos  a^) 


Integrating  both  sides  from  0  to  9 ,  we  have: 


log  Z 


i  =  K/2  -  1 


(cos6  - 


cos  a  ,)  d0 
si 


(cosP 


cos  a^)2 


If  K  number  of  cracks  arc  of  equal  length  L  and  are  separated  by  an 
angle  of  2«/K,  wc  can  express  all  and  all  In  terms  of  only  one 

parameter  called  'TH'.  Using  K-fold  symmetry  we  have: 

I  10  TH 

<*2  -  2 m/K  -  TH 


■3  -  2n/K  +  TH 


u  ,  -  2*/K 

s  1 


a2K-l  “  “  TH 

asR  -  2(K-1)tt/K 

a2R  -  2 (K— l ) n/K  +  TH 


Using  these  values  of  a  ,  and  a.  in  Eq.  (4)  and  simplifying  we  can 

S 1  X 

show  that: 


Log  Z 


re 

-/  YT 


sin  K6/2*  (cos  K0  +  cos  K'TH')_1/2de  (5) 


From  Eq.  (5)  one  can  also  derive  the  following  relation: 


+  1)K  =  (VJ  +  Vl  -  cos  'TH')  (1  +  cos  K'TH')-1 

K 


(6) 


R  =  radius  in  Z-plane 
TH  =»  angular  parameter 

Eq.  (6)  enables  us  to  determine  'TH'  for  any  particular  crack  configuration 
involving  the  polar  symmetry.  Once  'TH'  is  determined  we  can  easily  find 
the  locations  of  all  singularities  on  the  unit  circle. 

This  is  best  illustrated  by  the  example  in  Figure  2,  where  K  ■  4. 

As  we  see  the  tips  of  four  cracks  map  syiimetrically  on  the  unit  circle 
while  the  junctions  of  crack  and  the  circle  map  symmetrically  on  each 
side  of  the  image  of  crack  tip  at  an  angle  'TH'.  So  knowning  the 
symmetrical  solution  we  shall  solve  for  any  unsymmetrical  situation 
when  crack  lengths  are  arbitrary  and  they  are  separated  by  almost  any 
angle. 


ITERATIVE  SCHEME.  In  order  to  develop  nn  iterative  scheme,  let 
us  refer  to  Figure.  3  arid  adopt  the  numbering  scheme  shown  for  the  sharp 
corners  in  Z-plane  and  corresponding  singularities  in  r-plane.  Let 
Z 0»^,  -  -  *  ”-'^3K/2  ke  t^ie  con,P^ex  values  of  sharp  corners  in  the 

physical  or  Z-plane.  Their  corresponding  images  on  the  unit  circle  are 
located  at  0  respectively  -  0,  A^,  -  -  -  .  Here,  we  -an  arbitrarily 

assume  that  the  point  on  the  unit  circle  >)  ■  0  mapR  into  point  7°  in 

Z-plane.  We  also  see  that  by  symmetry  the  point  ^  jk/ 2  ror responds  to  the 

point  given  by  n  on  the  unit  circle. 

We  see  that  the  Eq.  (3)  implies  also  the  following  set  of  equations: 


Sin'1 


Log  Z^-Log  Zt_j 


IT 


iji.  i 

2 


i-1 


(cost'  -  cos  i  ,  )  d>- 

si 


(7) 


i-1 


_l-K 

it 


(cos- 


cos  l  ) 


1/2 


Let  AZi  =  log  Zi  -  log  Z  . 


Eq.  (5)  can  be  written  in  an  abbreviated  form  is: 


AZ. 


Fi^Al’  A2’ 


A3K/2-l} 


(I  -  1,  3K/2) 


(8) 


I 

The  above  equation  states  that  the  relation  between  Z  and  the  unknown 
singularities  on  the  unit  circle  is  connected  through  an  integral 
operator  F. 

The  relations  given  by  Eq.  (8)  are  obviously  non-linear  and  the 
unknown  A^'s  appear  as  the  limits  of  the  integral.  Besides  the  structure 

of  the  integrand  (see  Eq.  7)  is  such  that  it  becomes  infinite  at  one  or 
both  limits.  This  makes  the  accurate  determination  of  the  unknowns 
challenging. 

We  shall  proceed  to  describe  an  iterative  method  which  would  converge 
on  unknown  A^'s  if  the  starting  values  are  good. 

We  define: 
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(A* )  «  vector  containing  starting  values  of  singularities  or  image 

points  of  corners  on  the  unit  circle,  where  M  ■  3K/2-1 

{AA1}  -  first  order  correction  applied  to  (A)  after  itl1  iteration  in 
an  attempt  to  satisfy  Eq.  (8). 

So  after  the  first  iteration  better  estimate  of  A  is  given  by: 


(A1) 


H")  +  (AA 


Vector  {AA  }  is  determined  by  using  multi-dimensional  Taylor's 
series  and  retaining  only  linear  terms  of  AA^ .  Then, 


|  { A°  }  +  {AA1}) 

•  Fi  iM +  t 

SFi  ] 

-1 

1  AAJ+  )_\ 

f32Ft  ) 

3A . 

i.2 

2! 

j-i 

J  1 

1 -  1 

0  J-l 

i9Aj  J 

r  ,  1  3K  , 
+  .  .  . ,  [1-1,  —  ] 


(9) 


Neglecting  squares  and  higher  powers  of  AA,  and  equating  the  right 

«J 

side  to  AF^  we  get  the  following  set  of  linear  equations  in  AA^. 


AZ 


i 


(1*1 ,  3K/2) 


(10) 


As  expected,  it  turns  out  that  one  equation  is  redundant  in  (10), 
In  a  linear  system  of  equations,  it  is  easy  to  find  the  redundant 
equation  and  then  solve  for  the  vector  {AA}. 

This  procesj  of  finding  linearized  correction  to  the  successive 
values  of  {A}  finally  converg.s  to  some  value  {A^}  ;  as  shown  below. 

{A1}  =  {A0}  +  {AA1} 


{A2}  =  {A1}  +  {AA2} 


(ID 


{AF}  =  { af_1  }  +  {0} 
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Superscript  gives  the  result  after  the  particular  number  of  iteration. 


EVALUATION  OF  F^({A°  }).  In  solving  the  set  of  equations  (9),  we 

see  that  we  need  to  evaluate  ( (A0  which  as  defined  earlier  is  the 

same  sb  evaluating  the  right  hand  aide  integral  at  whe  current  or  the 
starting  values  of  vector  {A}.  To  evaluate  such  an  integral,  the 
procedure  used  is  known  as  numerical  method  of  Gaussian  quadrature. 

As  we  see  the  integrand  goes  to  infinity  at  one  cr  both  the  Mmits. 
Integrals  are  of  the  following  forms: 

n 

Y_ 

i“l 


f (yi>  +  Rn 


(12) 


--JLM . 

V(y-a)  (b-y) 


dy  • 


I 


i-1 


”i  f(V  +  R„ 


f(y)  is  a  function  of  y,  well  behaved  between  the  limits  a  and  b.  R 
is  the  remainder.  n 


On  the  right  hand  side  of  above  integrals  is  the  typical  Gaussian 
quadrature  formula.  The  peculiar  character  of  this  method  of  numerical 
Integration  is  that  the  discrete  values  of  y^  at  which  the  function  f(y) 

Is  evaluated  is  related  to  the  roots  of  applicable  orthogonal  polynomial. 
Besides  each  ordinate  is  weighted  by  corresponding  weights  w^.  In  this 

way  we  obtain  a  greater  accuracy  than  any  other  numerical  integration 
scheme  like  Simpson's  rule. 

9Fi 

EVALUATION  OF  (  — — —  )  .  The  partial  derivative  of  F.  with 
_ 9AJ  Q  1 

respect  to  any  Aj  is  also  evaluated  at  the  current  or  starting  value 

of  {A}.  It  was  found  to  be  sufficiently  accurate  to  do  this  numerically 
by  giving  a  small  perturbation  6  to  the  A^.  Using  central  difference 
formula: 


Fi  <A1 


*j  +  5 - >  -  <A1  -  -  Aj  - 

25 


The  suitably  small  value  of  5  was  determined  by  a  few  trials. 


6  -  -) 
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CONVERGENCE  OF  ITERATIVE  SCHEME.  As  mentioned  earlier  this 
iterative  scheme  requires  a  startLng  solution  which  should  not  be 
too  far  removed  from  the  final  solution  sought. 

A  good  starting  value  is  proved  out  by  simply  trying  it  out  and 
finding  whether  convergence  is  obtained  with  a  few  iterations  only. 

If  lack  of  convergence  is  obvious,  it  only  means  that  the  problem  has 
to  be  further  broken  up  in  smaller  and  gentler  steps,  such  that  the 
difference  between  the  starting  and  the  final  geometry  is  sufficiently 
smooth. 

Frequently  a  convenient  starting  solution  is  easily  obtained  for 
equal  crack3  symmetrically  spaced  about  the  polar  axis.  For  a  particular 
situation  it  means  solving  Eq.  (6)  for  the  parameter  'TH'  for  the  right 
value  of  K,  R,  and  some  assumed  value  of  L.  Knowning  'TH'  the  locations 
of  image  points  of  crack  tips  and  junctions  of  cracks  with  the  circle 
are  immediately  found  out  by  using  K-fold  symmetry.  The  example  for 
K  *  4  given  in  Figure  2  is  pertinent.  Thus,  the  vector  {A0}  which  lists 
all  the  singularities  on  the  unit  circle  in  consecutive  order  is  set  up, 
which  in  fact  is  our  starting  solution.  This  solution  can  be  improved 
in  small  steps  until  the  solution  for  any  desired  layout  of  the  cracks 
is  obtained. 

RESULTS  AND  DISCUSSION.  This  paper  will  be  concluded  by  presenting 
some  results  obtained  by  using  this  iterative  method,  after  which  the 
mapping  function  Z  =  w(0  is  obtained  by  expanding  in  power  series  of 
the  form. 


z  -  d;  +  Y_  V1""1 

n*l 


(13) 


The  above  expansion  is  obtained  by  using  Eq.  (1)  with  known 
values  ofa1,a„-----ir  and  a. ,  a_  -  -  -  av  and  remembering 

S  X  S  Z  i  Z  I\ 

that  we  have  assumed  symmetry  about  the  real  axis.  The  expansion 
like  Eq.  (13)  is  obtained  for  Eq.  (1)  by  equating  the  coefficients 
of  like  powers. 

In  the  remaining  part  of  the  paper,  we  shall  apply  this  method 
to  solving  three  problems  each  with  a  separate  geometrical  layout  of 
cracks.  In  each  case  the  starting  was  done  by  symmetrical  solution 
for  eight  cracks  and  a  rapid  convergence  was  obtained  by  our  iterative 
method.  The  solution  for  each  of  the  problems  is  presented  in  tabular 
form  giving  the  coordinates  x  and  y  (see  Figures  4,  6,  8)  and  the  visual 
forms  as  the  curve  plots  (Fiugres  5,  7,  9).  For  the  facility  of  a 
genuine  comparison  the  true  geometry  and  our  series  solutions  are 
presented  together. 
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In  problem  1,  starting  with  equal  cracks,  we  have  rotated  one 
of  the  cracks  and  brought  It  very  close  to  the  X-axls  at  an  arbitrary 
angle  of  tt/24.  (See  Figure  4) 

The  two  tables  present  x  and  y  coordinates  of  Important  points 
(0-12)  for  their  "true  values"  and  those  obtained  by  the  iterative 
technique  and  series  expansion.  A  visual  representation  of  the  same 
Is  given  in  Figure  5. 

In  problem  2,  the  crack  located  on  the  X-axis  is  made  10  times 
longer  than  the  other  cracks. 

The  results  are  presented  in  Figures  6,  7  in  the  same  way  as  for 
problem  1. 

In  problem  3,  two  of  the  cracks  are  made  10  times  longer  than 
the  remaining  cracks. 

The  results  are  presented  in  Figures  8,  9  in  the  same  way  as 
for  problem  1. 
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Figure  I.  MAPPING  OF  CIRCULAR  HOLE  WITH  RADIAL  CRACKS 


Figure  3.  ITERATIVE  SCHEME 


PROBLEM  I  -  ROTATION  OF  EQUAL  CRACKS 


Figure  6.  PROBLEM  2  ■  MAKING  ONE  CRACK  VERY  LONG 


Figure  8.  PROBLEM  3  -  MAKING  TWO  CRACKS  VERY  LONG 


A  NUMERICAL  TECHNIQUE  FOR  THE  GENERATION  OF  CONTOURS 


Merle  J.  Biggin 

U.  S.  Army  Topographic  Command,  Corps  of  Engineers 
Washington,  D.  C. 


With  the  advent  of  the  electronic  digital  computer,  processes  in 
many  fields  have  been  scrutinized  for  the  possibility  of  automation, 

The  mapping  industry  is  no  stranger  to  the  field  of  automation.  Work 
has  been  done  and  much  more  will  undoubtedly  be  done  on  developing  methods 
and  procedures  for  automating  the  production  of  maps.  Since  much  work  in 
the  production  of  a  map  requires  a  great  amount  of  time  and  labor,  suc¬ 
cessful  application  of  automated  techniques  in  map  production  can  result 
in  substantial  returns. 

This  paper  will  address  the  production  of  contours ,  a  process  of 
map  making  which  has  benefitted  from  automation.  I  will  begin  by 
describing  the  process  as  it  has  been  done  in  the  past  and  then  proceed 
through  the  conceptual  and  mathematical  development  of  the  technique 
for  automating  this  process.  Finally,  I  will  discuss  the  use  of  this 
technique  at  the  United  States  Army  Topographic  Command,  hereafter 
denoted  as  TOPOCOM. 

I  am  sure  that  everyone  here  is  familiar  with  a  map  in  one  form  or 
another.  The  most  common  map  is  probably  the  road  map  found  in  any 
service  station.  The  purpose  of  the  road  map  is  to  represent,  in  a 
graphic  form,  the  network  of  roads  and  cities  in  an  area.  This  enables 
you,  the  user,  to  decide  upon  the  most  desirable  route,  for  example, 
from  Washington,  D.  C.  ,  to  St.  Louis,  Missouri. 

Another  map  which  may  be  less  familiar  to  you  Is  the  topographic 
map.  As  its  name  implies,  this  map  represents  the  topography  of  an 
area.  Topography  is  a  term  used  to  describe  a  map  which  depicts  in 
graphic  form  the  relief  or  shape  of  the  earth,  man-made  and  natural 
features,  and  their  relationship  to  one  another.  These  maps,  for 
example  can  be  used  by  civil  engineers  for  determining  the  best  place 
to  build  a  road.  They  are  also  used  by  many  others,  including  the 
largest  user,  the  military  engineer. 

One  of  the  most  important  features  of  a  topographic  map  is  the 
contour.  A  contour  is  a  line  on  a  map  that  represents  an  imaginary 
line  on  the  surface  of  the  earth  along  which  all  points  lie  at  the  r.ame 
elevation.  The  simplest  example  of  this  imaginary  line  is  the  shoreline 
of  a  lake.  Raising  the  level  of  the  lake  by  a  certain  interval  will  re¬ 
sult  in  another  imaginary  line.  Graphically  representing  these  imaginary 
lines  on  a  map  is  one  of  the  problems  faced  by  a  map  maker. 
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Until  sixty  years  ago  contours  were  drawn  by  men  out  in  the  field. 
Since  then,  the  use  of  aerial  photography  has  revolutionized  the  produc¬ 
tion  of  contours.  Aerial  photographs  give  one  the  ability  to  reconstruct 
the  features  of  the  earth  at  a  reduced  scale  in  the  laboratory.  Using 
precision  instruments,  elevations  can  be  measured  and  contours  can  be 
very  accurately  constructed  in  much  less  time  than  by  going  into  the 
field.  Very  simply  described,  this  phase  of  map  production  is  accomplished 
by  stereoscopically  viewing  the  photographs  and  tracing  lines  which  are 
of  constant  elevation.  The  production  of  contours  is  still  a  manual  opera¬ 
tion  which  requires  a  large  amount  of  time  in  view  of  the  need  for  quickly 
producing  maps  today. 

As  a  result  of  the  need  to  produce  maps  quickly,  an  automated 
method  of  compiling  map  information  was  developed  by  the  Army.  This 
method  features  an  electronic  correlation  of  corresponding  images  on 
two  photographs  to  arrive  at  a  gridded  network  of  elevations  covering 
the  area  of  interest.  These  data  are  the  input  to  the  automated  con¬ 
touring  process. 

Our  input  data  were  derived  from  a  measurement  process.  Therefore, 
at  best  our  only  cause  for  worry  is  random  measurement  error.  I  have 
found  through  experience  ard  analysis  of  the  data  acquisition  system 
that  the  only  additional  errors  of  significance  are  occasional  blunders, 
which  are  of  sufficient  magnitude  and  distribution  that  they  may  easily 
be  located  and  corrected.  Random  errors  in  the  data  result  in  non-smooth 
and  sometimes  discontinuous  contours.  Therefore,  the  data  must  be  smoothed 
or  adjusted  to  eliminate  these  undesirable  effects. 

There  are  many  methods  of  smoothing  which  can  be  applied  to  this 
problem.  One  method  is  to  divide  the  surface  to  be  contoured  into  many 
small  surfaces  which  can  be  adjusted  by  fitting  planes  or  higher-order 
surfaces  to  the  data.  The  difficulty  with  this  method  is  that  there 
usually  aren't  enough  data  points  available  to  adequately  define  a  sur¬ 
face  which  contains  the  desired  degree  of  detail  and  continuity  between 
adjacent  surfaces  for  topographic  mapping.  A  second  method  is  to  smooth 
the  data  one  profile  at  a  time  -  a  profile  being  a  series  of  points  which 
have  equal  x  or  y  values.  The  disadvantage  of  this  approach  is  the 
difficulty  in  finding  a  simple  function  which  will  exhibit  the  detail 
required  over  the  complete  profile.  A  modification  of  the  last  method 
was  the  approach  to  smoothing  that  was  developed. 

By  smoothing  only  short  segments  of  profiles  one  can  use  polynomials 
of  low  degree  and  still  retain  an  adequate  amount  of  detail.  In  order 
to  enforce  sufficient  continuity  between  segments,  the  smoothing  is  ac¬ 
complished  on  overlapping  intervals. 

In  Our  case,  a  typical  area  or  model  to  be  contoured  contains  an 
average  of  250,000  points;  with  smoothing  done  on  12  to  14  points  per 
profile  segment.  Since  this  represents  more  than  30,000  data  adjustments, 
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the  only  remaining  serious  problem  is  to  develop  an  efficient  smoothing 
algorithm. 

The  following  discussion  describes  the  development  of  the  smoothing 
algorithm.  Using  a  polynomial  of  degree  r  with  n  observation  equations 
we  have  observations  of  the  form: 


ao  +  alXi  +  a2Xi  + 


+  a  X.  i-l,2,...,n.rcn 


where:  are  the  observed  elevations  on  a  profile  segment 

are  their  corresponding  horizontal  positions  and 
aj  are  the  coefficients  of  the  rth  degree  polynomial 

using  matrix  notation  we  can  write  the  observation  equations  as 

Xa  =  z  where  X  is  a  Vandermonde  matrix  formed  from  the  horizontal 
positions , 

a  is  the  vector  of  polynomial  coefficients,  and 

z  is  the  vector  of  observed  elevation  values. 

Since  we  want  to  perform  a  smoothing  operation,  it  is  preferable  to 
have  a  highly  over  determined  system.  This  is  accomplished  sufficiently 
well  when  n  the  number  of  observation  equations,  is  two  to  five  times  r, 
the  degree  of  the  smoothing  polynomial  to  be  determined.  A  least  squares 
adjustment  is  performed  with  the  result  that  the  estimated  values  of  the 
polynomial  coefficients  are  elements  of  the  vector 


(XTX)_1 


T 

X  z 


substituting  the  estimated  values  of  the  polynomial  coefficients  into 
the  observation  equations  gives  us  the  smoothed  values  of  the  elevations. 

z  -  Xa  -  X(XTX)-1  XTz  =  Bz 

Ordinarily  these  series  of  computations,  to  obtain  the  smoothed  values 
of  the  elevations,  would  be  performed  for  each  interval  which  is  adjusted. 
As  noted  previously,  this  may  amount  to  a  great  many  adjustments  and 
hence  a  large  amount  of  computing  time. 

The  amount  of  computing  time  can  be  reduced  as  follows:  we  first 
assume  the  number  of  data  points,  in  a  profile  segment  over  which  we  are 
smoothing,  is  constant  for  the  entire  model.  On  a  profile,  the  horizontal 
positions  of  the  elevations  are  equally  spaced  and  of  a  constant  interval, 
therefore  the  adjustment  matrix  B  is  constant.  Once  it  is  computed,  it 


need  not  be  computed  again  and  a  data  adjustment  is  performed  by  the 
multiplication  of  one  vector  by  one  matrix.  This  is  where  the  savings 
of  computation  time  is  realized,  but  a  work  of  caution  is  given.  Realizing 
that  the  matrix  B  is  of  dimension  nxn,  the  saving  of  computation  time  is 
decreased  and  actually  becomes  a  loss  when  the  number  of  observation  equa¬ 
tions  becomes  large  compared  to  the  degree  of  the  polynomial  used  in  the 
adjustment. 

After  the  adjustment  has  been  performed,  the  maximum  difference 
between  the  observed  and  the  computed  elevations  is  determined.  If  this 
maximum  difference  is  greater  than  an  arbitrary  tolerance,  the  corresponding 
observation  is  replaced  by  the  computed  value.  This  allows  one  to  use  the 
same  adjustment  matrix  B  in  readjusting  the  data  which  has  been  corrected 
for  erratic  observations,  resulting  in  an  iterative  adjustment  process. 

Since  our  data  contains  only  random  errors  and  occasional  blunders,  it 
usually  requires  only  one  or  two  iterations  to  converge  to  a  satisfactory 
solution. 

After  the  elevation  data  has  been  smoothed,  the  next  step  is  to 
determine  the  points  which  define  a  contour.  That  is,  X,  Y  values  of 
points  which  have  an  elevation  value  that  is  a  multiple  of  the  contour 
interval.  These  are  determined  by  examining  two  adjacent  points  of  the 
grid.  If  the  elevation  of  one  point  is  above  and  the  other  below  a 
contour  level,  then  the  horizontal  position  of  the  contour  point  is 
determined  by  a  linear  interpolation  between  the  two  data  points.  This 
process  continues  until  all  points  of  the  grid  are  examined  in  this 
manner.  The  final  step  in  the  contouring  process  is  arranging  these 
contour  points  in  a  sequence  such  that,  an  X,  Y  plotter,  when  commanded 
to  proceed  to  successive  points  in  the  sequence,  will  describe  the 
contour. 

The  process  of  arranging  these  points  into  a  contour  sequence 
is  as  follows:  considering  only  those  points  of  one  contour  level, 
a  starting  point  is  selected.  We  then  examine  all  points  in  the 
immediate  vicinity  of  the  start  point.  That  point  which  is  nearest 
to  the  starting  point  is  considered  to  be  the  next  point  in  the 
sequence  of  contour  points.  This  new  point  Is  now  considered  as  the 
starting  point  and  the  process  continues  in  an  identical  manner  until 
there  are  no  unused  points  remaining  in  the  immediate  vicinity  of  the 
last  point  to  be  considered.  The  two  possibilities  which  result  are 
that  the  contour  closes  upon  itself  or  that  it  goes  to  the  edge  of  our 
model.  In  either  case,  if  an  unused  contour  point  of  that  elevation 
remains,  the  process  of  arranging  the  points  into  a  contour  sequence 
is  initiated  again.  The  next  contour  elevation  is  processed  in  the 
same  manner  after  all  contour  points  of  a  particular  elevation  have 
been  ordered  into  contour  sequences.  This  process  continues  until  the 
area  has  been  completely  contoured,  at  which  time  the  contour  sequences 
are  used  to  command  an  X,  Y  plotter  to  draw  the  contours. 
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This  contouring  technique  was  developed  on  an  IBM  computer  at 
TOPOCOM.  A  model  consisting  of  a  grid  network  of  120,000  points  can 
be  processed  in  a  little  less  than  ten  minutes.  With  this  large  amount 
of  data  it  is  necessary  to  use  intermediate  data  storage  devices.  At 
our  installation  we  are  presently  limited  to  magnetic  tape  storage.  I 
anticipate  a  significant  decrease  in  processing  time  when  the  program 
is  modified  for  a  computer  with  larger  memory  and/or  faster  access 
storage  devices. 

This  automated  contouring  technique  has  not  been  completely 
implemented  into  the  present  map  production  procedures  at  TOPOCOM. 

Of  course,  all  new  developments  require  time  for  implementation  into 
a  production  environment.  And,  an  automated  component  of  a  system 
cannot  be  fully  utilized  until  all  other  components  of  the  system 
are  made  compatible  through  modifications  which  may  include  the 
automation  of  those  components. 

I  have  described  how  the  automated  contouring  process  of  map 
production  has  been  developed  at  TOPOCOM.  The  development  of  the 
efficient  data  adjustment  scheme  allows  large  amounts  of  data  to  be 
used  in  the  automatic  contouring  process  to  produce  the  required 
detail  for  topographic  mapping.  The  short  time  necessary  for  pro¬ 
cessing  on  a  computer  will  make  this  'technique  a  feasible  component 
of  an  automated  map  production  system. 

In  conclusion,  this  technique  shows  that  the  production  of 
contours  can  be  automated.  The  large  amounts  of  data  which  will  become 
available,  as  automated  methods  of  data  acquisition  are  developed,  will 
make  such  a  technique  a  necessary  part  of  an  automated  system  for  map 
production. 
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THE  STRESSES  PRODUCED  IN  A  SEMI-INFINITE  LINEAR 
COSSERAT  CONTINUUM  BY  A  MOVING  SURFACE  FORCE 


George  Eason 

Mathematics  Research  Center,  U.  S.  Army 
Madison,  Wisconsin 


ABSTRACT.  The  problem  considered  here  is  that  of  a  semi-infinite 
homogeneous  isotropic  solid,  to  the  surface  of  which  is  applied  a  line 
load  moving  with  uniform  velocity  for  all  time.  In  an  attempt  to  assess 
the  effects  of  couple  stresses  in  such  problems,  the  solid  is  assumed  to 
be  of  linear  Cosserat  (or  micropolar)  type.  Plane  strain  conditions  are 
assumed,  and  a  solution  is  obtained  by  means  of  integral  transforms  which 
is  valid  when  the  speed  of  the  applied  load  is  below  that  of  Rayleigh 
waves  for  the  solid.  The  stress  components  are  expressed  in  terms  of 
single  integrals  which  may  be  evaluated  numerically.  As  an  example, 
the  value  of  one  of  the  stress  components  is  calculated  at  the  surface 
of  the  half-space. 

1.  INTRODUCTION.  In  recent  years,  there  has  been  considerable 
interest  in  continuum  models  which  incorporate  couple-stress  terms  into 
the  equations  of  elasticity.  Couple-stress  effects  were  considered  by 
the  Cosserats  [1],  but  much  of  the  recent  work  is  based  on  the  papers 
of  Mindlin  [2,3,4]  and  Eringen  [5,6,7],  This  literature  has  been  re¬ 
viewed  in  [8]  and  it  will  not  be  examined  again  here.  Of  particular 
relevance  to  the  present  work  are  references  [4]  and  [7]  in  which  the 
basic  equations  for  the  type  of  material  considered  here  are  established. 
It  should  be  noted  that  somewhat  similar  basic  equations  have  been  en¬ 
countered  in  the  theory  of  composite  elastic  solids  (see  [11])  and  in 
the  theory  of  plates  [12,  13]. 

Almost  all  the  problems  solved  in  the  context  of  couple  stress 
theory  have  been  for  statical  situations  and  comparitively  little 
attention  has  been  given  to  problems  involving  wave  propagation.  The 
basic  equations  for  a  linear  Cosserat  (or  micro-polar)  continuum  were 
examined  in  [8]  and  the  significance  of  the  various  elastic  wave  speeds 
established.  Solutions  corresponding  to  plane  waves  and  surface  waves 
were  obtained.  By  using  a  somewhat  different  approach  from  that  used 
in  [8]  Suhubi  [14]  and  Parfitt  and  Eringen  [15]  have  also  considered 
plane  wave  propagation.  The  form  of  the  basic  equations  developed  in  [8] 
is  adopted  here  to  consider  the  quasi-static  problem  of  a  semi-infinite 
homogeneous  isotropic  solid,  to  the  surface  of  which  is  applied  a  line 
load  moving  with  uniform  velocity  for  all  time.  Plane  strain  conditions 
are  envisaged.  This  is  likely  to  be  the  simplest  problem  in  which  both 
wave  propagation  and  couple  stress  effects  play  a  part.  Problems  of  this 
type  have  been  considered  in  the  context  of  classical  elasticity  by 
Sneddon  [9],  Cole  and  Huth  [10]  and  other  authors.  The  method  of  solution 
adopted  here  is  similar  to  that  used  in  [9]  and  [10]  and  is  by  means  of 
integral  transforms. 


This  paper  has  been  issued  as  an  MRC  Technical  Summary  Report  No.  994. 
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The  basic  equations  of  the  problem  are  stated  in  section  2  and 
a  solution  is  obtained  by  means  of  Fourier  transforms  corresponding 
to  an  applied  force  which  is  in  a  direction  normal  to  the  surface  of 
the  solid.  This  solution  is  in  the  form  of  an  integral  with  an  infinite 
range.  It  should  be  possible  to  evaluate  this  integral  numerically  away 
from  the  surface  of  the  solid.  On  the  surface  of  the  solid,  this  is  not 
likely  to  be  possible  and  in  section  3  an  alternative  form  for  the  Integral 
is  obtained  by  means  of  contour  integration.  Some  numerical  results  are 
presented  in  graphical  form  for  the  non-zero  surface  stress.  It  is  found 
that  the  presence  of  couple  stress  terms  in  the  equations  leads  to  addi¬ 
tional  terms  in  the  expressions  for  the  stress  components  which  are  of 
significance  near  the  point  of  application  of  the  force. 


The  remainder  of  this  paper  hew  been  reproduced  photographically  from 
the  author's  manuscript. 
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2.  The  solution  of  the  basic  equations. 

The  basic  equations  for  a  linear  Cosserat  continuum  have  been  estab¬ 
lished  in  [4,  7].  The  notation  to  be  adopted  here  is  essentially  that  of  Mindlin 
[4],  In  terms  of  a  cartesian  tensor  notation  the  equations  of  motion,  in  the 
absence  of  body  force  and  body  couple  terms,  are 


Tu,i+  Vi =  pu)  ’ 


(2.1) 


'Vi,/*  "ir  pk  Si  ’ 


(2.  2) 


where  a  dot  denotes  differentiation  with  respect  to  time,  t  and  a  are 
respectively  the  symmetric  and  antisymmetric  parts  of  the  stress  tensor,  u^ 
is  a  component  of  the  displacement  vector,  ^  is  the  couple  stress,  4^  is 
the  rotation  of  the  micro-structure,  p  is  the  density  of  the  macro-structure  and 
k  is  related  to  the  size  of  the  micro-structure  (see  [3]).  For  a  homogeneous 
isotropic  solid  of  this  type  the  stress -strain  relations  take  the  forms 


Tir  k5n\k+  ui,i>' 


(2.3) 


v s  2P(“ij '  V’ 


(2.  4) 


^ijk  =  ftl(6ik  ***/),(  +  6iJ  V«)+  2°2  V,  1 


+  V+ifIk+  W’ 


(2.5) 


where  a  a  a  p,  \  and  y.  are  constants  and  6  is  the  Kronecker  delta. 

i  w  J  1J 


The  quantity  u>  is  the  rotation  of  the  macro -structure  given  by 

"ij  =  2  (uJ,i  ~\])  * 


(2.6) 


In  [8]  it  was  shown  that  by  taking  suitable  combinations  of  (2. 1)- 
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(2.  6)  it  is  possible  to  express  these  equations  in  terms  of  certain  basic  wave 
speeds.  In  particular  it  was  found  that  the  basic  equations  may  be  combined 
to  give 


:1  4  ,ii 


=  C 


c3  wki,  Jj  +  (c3  "  C5)(H,  i  "  ^i,  =  wki  ' 


(2.7) 

(2.8) 


c 


2 

4 


+ 


2 


v  u 


iM 


(2.9) 


where 


* =  ui,  i  - 

(2. 10) 

;) =  +ij,  1  ’ 

(2.11) 

Oj  =  (x  +  2p)/p, 

(2.  12) 

C3  =  (p  +fl)/p, 

(2.13) 

2  2 

C4  =  ^Za2  ~  °i  ~  ^3)/ P  k  > 

.  (2.14) 

c5  =  V-  /  P» 

(2.15) 

v2  =  2p/pk2  . 

(2.  16) 

Equations  (2.  8)  and  (2.  9)  may  be  combined  to  give  one  single  equation  if  this 
is  desired. 

Let  x  =  Xj  ,  y  =  X2  be  cartesian  coordinates  and  let  t  denote  the 
time.  The  problem  to  be  considered  here  is  that  of  a  half-space,  y  >  0  ,  to 
the  surface  of  which  is  applied  a  line  load  moving  with  uniform  velocity  w 
in  the  positive  x-dlrectlon  for  all  time.  The  case  of  normal  loading  is 


562 


considered  and  plane  strain  conditions  are  assumed.  Equations  (2.  7),  (2.  8) 
and  (2.9)  then  result  in  the  equations 


.  2.8 

,C1<~2  + 


}  c  =  0  , 


(2.  17) 


3x  9y 


2  2 

,C3(f-2  +  7?  >  ' 

ax  ay 


7r]“.2-<C3-C5><4+  4>  *12  =  ».  (*•■ >8) 
at  ax  8y 


f'24<4+4>-4"*1  *,2  +  — *  = 

ax  ay  at 


where  now 


(2.19) 


au  av 

€  =  ax  ay  ’ 


(2.  20) 


j,,  av  au, 
“12  =  2  (  ax  “  ay  }  ’ 


(2.  21) 


and  u  =  u  ,  v  =  u  are  the  displacement  components.  The  problem  under 

1  Cm 

consideration  here  is  quasi-static,  and  it  is  to  be  expected  that  all  quantities 
will  depend  on  y  and  z  alone,  where 


z  =  x  -  wt  . 


(2. 22) 


Equations  (2.  17),  (2. 18)  and  (2. 19)  now  take  the  forms 

2  2.  a2  t  2  a2 

MC.-w)  —7+  c  —7}  (  =  0  , 

1  3z2  1  ay 


(2.23) 


H  -  »2)  4  +  03  4  >  “12  -  <C5  -  c2)<  4  +  4>*12  ■  °-  <2-  24) 

az  3y  3y 


i2  2  a2  2 


{(c2  -  w2)  +  c4  —  -v  U12+  v  u,12 

4  8z  3y 


(2.25) 


Equations  (2.  24)  and  (2.  2  5)  combine  to  give  the  single  equation 


, ,,  2  2.  a2  ,  e2  w,  2  2,  a2  2  e2  •, 

H(°3-w)  —  +  —  H(c4-w)— +  0  —  } 

Bz  By  8z  By 


2.,  2  2.  a2  2  a2  ,  .  , 

-w  <(c  -W  )—*  C  -j)]^  *  )  =  (.. 

Bz  By 


(2.  26) 


To  obtain  solutions  of  (2.  2  3)  and  (2.  2  6)  it  is  convenient  to  introduce 
an  infinite  Fourier  transform  in  z  defined  by 


f(  y)  =  /  °°  f(z,  y)  e^z  dz  . 
-00 


it,z 


(2.27) 


When  (2.  23)  and  (2.  26)  are  multiplied  by  exp(i£z)  and  an  integration  performed 


with  respect  to  z  over  the  range  -oo  to  +  »  it  is  found  that 
.. 2 


r  2  3  22  2, 

{  Cj  — 2  "  &  (c  .  -  w  )}r  =  0  , 
ay 


(2.  28) 


r/  2  82  2.  2  2  w  2  a2  2 .  2  2,-, 

[<c3  — 2  '  ^  (c3  ~  w  )Hc4  — -  -  r,  (c4  -  w  )} 


3y 


ay 

.2 


-v2{c2  -C2(c2-w2)}][j;i2,4i12]=0. 

dy 


(2. 29) 


Solutions  of  these  equations  which  are  valid  when  w  is  less  than  the  least  of 


c„  c„,  c.  or  c  may  now  be  written  down.  The  solutions  which  remain 
13  4  5 


finite  as  y  -  «  are  given  by 


?  2  ‘nly 

c  =  A(n2  -  O  e 


“12  *  <»2  -  »,  •  V  ♦  (n3  -  1*>C,  e 


-n3y 


2  2  ~^2y  2  2 
+  12  =  (n2  >  B2  e  +  (n3  )  C2  e 


-n3y 


(2. 30) 

(2.31) 

(2. 32) 
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(2.33) 


where  A,  Bj,  B 2,  Cj  and  C 2  are  independent  of  y  .  In  (2.  30) 


L  i  2  2.1/2 

c/°l  -w  > 


and  in  (2.  31)  and  (2.  32) 


2,  3  c^c^^TT 


r  2  2  2r  2.2  2.  2.  2  2,,, 

ic,.  V  +  ;  [c3(c4-w  )  +  c4(c3  -  w  )]} 


\ 


,  //  2  2  2 ,  2.  2  2.  2.  2  2. .<,2  .  2  2r,4.  2  2W  2  2,  J 

-V  5V  ^  (c3(c4  "  w  )+c4(c3  ~w  )]}  -4c3c4[C  (c3-w  )(c4-w  )  + 

2,2,2  2.'\l/2^  1/2 

+  v  c  (c5  -  w  )y '  • 

1  /,  2  2  .2,  2.  2  2.  2.  2  2 . 

=  ~c  ^  {V  +  t  fCi(C4_W  >  4  C4(C3  _W  )]) 


/t  2  2  2  2 

+  / {t,  w  (c  -cj  + 


3  4'  2  2 

c3“c4 


.2  2  2  2  2  2a2 
'(?C3C4~C5C3  "C5C4)} 


„  4  2  2.  2  2. ,  2  2,  v  1/2  \  1/2 

4V  C3C4(C5-C4)(C3-C5)\ 


.2  2  ,2 

(C3  -  C4  > 


/ 


(2.  34) 


where  n  corresponds  to  the  upper  sign  and  n,  to  the  lower  sign.  Using 

u  J 

arguments  similar  to  those  used  in  [8]  it  is  not  difficult  to  show  that,  for  the 
range  of  values  of  w  being  considered  here,  n  ,  n  and  n  are  always 

1  M  3 

real  regardless  of  the  ordering  of  the  wave  speeds  c_,  c  and  c,  .  Once 

J  T  5 

w  assumes  values  greater  than  the  lowest  wave  speed  in  the  solid  the  solution 
presented  here  may  require  modification  and  treatment  of  the  various  cases 
which  can  occur  becomes  extremely  complicated. 

The  quantities  B^,  B 2  and  C^,  C 2  are  not  independent  but  are  linked 
through  either  (2.  24)  or  (2.  25).  When  (2.  31)  and  (2.  32)  are  substituted  into 


565 


(2.  25)  It  Is  found  that 


2d  _  ,  2  2  2.  2  2.  2 •» 
w  =  -B2  (c4n2  -  ;  (c4  -  w  )  -  v  }  , 


(2.35) 


2  .  r  2  2  ,2,  2  2.  2-, 

v  ci  =  -C2  ic4n3  -  ;  (c4  -  w  )  -  w  }  . 


(2.  36) 


The  remaining  conditions  which  determine  the  unknown  coefficients  A,  B^,  B2> 
Cj  and  C2  are  provided  by  the  conditions  assumed  on  the  boundary  y  =  0  . 

Equations  (2.  30)  and  (2.  31)  may  be  solved  for  the  transformed  displace¬ 


ment  components  to  give  expressions  of  the  forms 

-n  y  -n  y  -n  y 

u  =  -i  t;  A  e  +  2  Bj  n^  e  +  2  n^  e 


(2.  37) 


-n  y  -n  y  -n  y 

v  =  -A  n,  e  '2  i  Bj  C  e  -  2  i  t.  e 


(2.  38) 


By  taking  the  appropriate  forms  of  (2.  3),  (2.  4)  and  (2.  5)  and  transforming  with 
respect  to  z  expressions  may  be  obtained  for  the  stress  components  which 


T. ,  +  T  =  T  +  T  =  2(\  +  H)<  , 

11  22  xx  yy  '  ’ 


(2.  39) 


_  /  ,  „  U  V  v 

t.  .  -  t  =t  -t  =  ( -i  £  u  -  3 — ) 

11  22  xx  yy  dy 


2  .  .2.  'V 


-n2y 


-"3y 


=  -2(i  <A(n.  +  ;  )  e  t  411,(y  +  41Cxn3e  ),  (2.40) 


T.  =  T  =  p  — -  -  i  t,  V  ) 

12  xy  dy 


-n.y  2  2  -n?y  2  2  -n  y 

=  2ji  {  i  £  A  e  -(n2+  UBje  -  (n3  +  C  )Cje  ),(2.  41) 


•r12sorxysZ0(  “12  ‘  ^12  }  ’ 


(2.  42) 


^112  =  ^xxy=  ~ii(2a2  > 


(2.43) 


.2 


(2.44) 


“  /*•/  ™  ^  V4  J 

The  problem  being  considered  here  is  that  of  a  point  force  of  magnitude 
P  which  moves  with  velocity  w  and  which  is  applied  in  a  direction  normal  to 
the  boundary.  Such  an  applied  force  is  represented  by  the  boundary  conditions 


T22  =  ~  P  Mx  “  w  t)  =  -  P  6(z)  , 


(2.45) 


T2l+<r21=0’  (2.46) 

1*212  =  °,  (2.47) 


where  6(x)  is  the  Dime  delta  function.  These  expressions  result  in  the  con¬ 
ditions  on  y  =  0 

t22  =  -  P  ,  (2.  48) 

t2i+  ^21  =  0,  (2.49) 

m'212  =  0  ’  50^ 

so  that 

A  4  2  (2  c2  -  w2)  +  4  i  4  B1  n2  c2  +  4  i  4  Cj  n3  c2  =  -P/  p ,  (2.  51) 

i4n1c2  A  -  [c2n2  +  42(2c|-c2)]B1-[c2  n2+  4Z(2c2  -c2)]^ 

+  (c2  -c2)(n2  -  42)B2  +  (c2  -  c2)(n2  -  42)G,  =  0,  (2.  52) 

n2(n2  ‘  ^2)B2  +  n3^n3  "  C2  =  0  •  (2.  53) 

Equations  (2.  35),  (2.  36),  (2.  51),  (2.  52)  and  (2.  53)  may  now  be  solved  to  give 
A=  -P  4  /  PA  ,  (2.54) 

1  P  h  n3  "l  c5  (n3  '  1  > 


i  P  (j>3  n2  ni  c5  (n2  -  %  ) 

C1  =  ’  (2-  56) 

where 

,  2  2WO  2  2X 

♦l  =  (°3  -  c5)(2  c5  "  w  )  ,  (2.57) 

/  2  2.  2  2  2  2 

<t>2  =  (c4  -  w  )  ;  +  v  -  c4  n2  ,  (2.  58) 

/  2  2,  2  ,  2  2  2 

*3  =  (C4  ‘  W  >  ^  +  v  "  c4  n3  »  (2.59) 

92  =  (2  c5  -  w2)  [  c2  n2  +  ;2  (2c2  -  c2)]  -  4  ^  n2  c*  ,  (2.  60) 

t!3  =  (2  c2  -  w2)  [c2  n2  +  ;2(2c2  -  c2))  -  4  n3  c*  ,  (2.  61) 


i  =  (2  c2  -w2){c2(n2  -42)(n2  -;2)(n2-n3)  + 

(42  w2  -  v2)[n2(n2  -  t?)  -  n3(n2  -  ;2)] }  ,  (2.  62) 

A  =  ^  v2  (n2  -  t;2)(n2  -  ;2)(n2  -  n3)  -  ^^(n2  -  ;2) 

/  2  2. 

+  4>2  92  n3  (n3  -  ?;  )  .  (2.  63) 

By  substituting  from  (2.  54)  into  (2.  30)  and  then  into  (2.  39)  it  is  found 

that 

2  P  w  (Cj  -c2  )  ere1 

Tn  +  t22  =  2  ,  (2.64) 

C,  A 


By  following  a  similar  procedure  to  that  just  used  for  the  sum  of  the  normal 


stress  components  It  is  found  that 

2 


T11  "  T22 


2  P  c5  * 


-n,y 


2 

C1  * 


/  ■C9S^{(2c21-w2)e;2  e  1 


2  2 


2  „2%  ‘V 


2  „2k  "V 


"  4  nin2n3C  lc5  [4>2(n3^  )e  ”  93(n2  ”  »  )e  ]  }dt,  (2.  66) 


2  Pc  oo  n  sin  (4  z) 


-  ■  “c  .  —  “i  v  ■»  -/  _  9  y 

12  =  *  /  Ta  *  “  *  *  e 


2  2W  2  2V  "n2y  2 


2  „  2. .  2  , 2.  _n3y 


+  c;n3*2(VO(VOe  -c5n2^nc2-C)(n^C)e  Md4, 

(2.67) 


12 


2PC5(C3-C5)  r«  nlSin(^2),  2  ,  2W  2  .2 

TT  J 


(n“-t‘)(n;-i‘’)[n3(4i-.2)e  "2y 


2.  'V 


-  n2(4>3  -  v  )  e  ]d4  . 


.  (2.68) 


It  is  unlikely  that  these  integrals  can  be  evaluated  analytically  so 

that  it  will  be  necessary  to  use  numerical  methods.  The  quantity  A  has  zeros 

at  4  =  0  and  at  4  w  =  v  ,  but  for  both  values  of  4  the  numerators  also 

vanish  so  that  the  integrands  do  not  possess  singularities.  In  addition,  for  a 

given  combination  of  elastic  wave  speeds,  there  is  a  value  of  w  ,  say  w  , 

such  that  for  w  <  wR  the  quantity  A  has  no  additional  zeros,  but  for  w  >  wR 

there  is  another  positive  real  zero  in  the  range  of  integration.  The  value  w 

K 

corresponds  to  the  Rayleigh  wave  speed  in  a  classical  elastic  solid  and  places 
an  additional  restriction  on  the  range  of  validity  of  the  present  solution.  In 
practice  this  is  not  a  serious  additional  restriction  since  is  usually  close 
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to  the  smallest  wave  speed.  In  the  following  it  is  assumed  that  w  <  w  . 

R 

For  this  range  of  w  the  Integrands  have  no  singularities  and  it  should  be 
possible  to  evaluate  the  integrals  as  they  stand  for  y  >  0  since  there  is  an 
exponential  decay  with  4  .  However  major  interest  in  these  results  is  likely 
to  be  for  points  near  the  surface  of  the  solid  in  which  case  the  integrals  cannot 
be  evaluated  as  they  stand.  In  the  next  section  some  consideration  will  be 
given  to  their  evaluation  by  transforming  the  path  of  integration  so  that  it  lies 
along  the  positive  imaginary  axis  in  the  4  -plane. 


3.  Transformation  of  the  integrals. 

In  order  to  discuss  the  integrals  obtained  in  the  previous  section  more 
fully  it  is  necessary  to  consider  the  singularities  of  their  integrands  which  lie 
in  the  first  quadrant  of  the  complex  4  -plane.  Due  to  the  zeros  of  n 2  and  n^ 
there  may  be  singularities  when 


4  =  0, 

4  =  i  a  , 


(3.1) 

(3.2) 


where 


a  = 


/  2  2.1/2 

v(cg  -  w  ) 


,  2  2,1/2,  2  2,1/2 

(c3-w  )  (c4-w  ) 


(3.  3) 


Near  the  origin  n,  behaves  like  4(c2 -w2)^2/c_  so  that  £,  =  0  is  not  a 

3  5  D 

branch  point,  addition,  there  are  branch  points  due  to  the  zeros  of  the 


inner  square  root  of  n  and  n  at  the  points 

u  -J 


4=  ilb1±  b2 


if  c3,  c4,  >  c5  , 


« I  -  0 

4  =  R  e  =  R(sin  4j  +  i  cos  4>)  if  C3  >  c5  >  C4  » 


(3.4) 

(3.5) 
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where 


V 


,2  2.1/2 

V  °3(C4  ”  °5  ’ 

I  2  2  | 

w|c4  -  c3l 


b2 


,  2  2. 

vc4(e3  ~  °5 

I  2  2 

w  lc4  -g3 


1/2 


R  = 


v  c. 


,  2  2.1/2 

w(c3-c4) 


iJj  =  tan  { 


-1  ,  C3<C5  -  O 


2  1/2 

4 


,  2  2,1/2 

C4(C3 


(3.6) 


(3.7) 


(3.8) 


(3.9) 


It  is  of  interest  to  note  that  the  angle  is  independent  of  w  .  Due  to  the 

difference  in  the  nature  of  the  singularities  the  cases  c„,  c„  >  c„  and 

3  4  5 

c3  >  >  c4  must  be  considered  separately.  The  possible  cases  in  which 

cp  =  c,  or  c,  will  not  be  considered  here. 

5  3  4 

In  addition  to  these  branch  points  it  is  possible  that  there  may  be  poles 
in  the  first  quadrant  due  to  the  zeros  of  A  .  It  is  not  Dossible  to  determine 
such  poles  analytically  and  in  any  particular  case  their  existance  must  be 
investigated  numerically.  In  the  numerical  examples  considered  here  this  was 
done,  and  the  only  poles  found  were  those  which  lie  on  the  real  axis  when 
w  >  w  and  which  have  already  been  mentioned  in  section  2  .  This  completes 
the  discussion  of  the  singularities  of  the  integrand. 

On  the  surface  of  the  solid  =  -P  6  ( z)  and  T2j  +  a21  =  0  are 
assumed  boundary  conditions  so  that  the  remaining  normal  stress  and  shear 


571 


I 


stress  components  are  known  once  and  are  known.  The 

evaluation  of  these  quantities  in  the  two  cases  which  occur  will  now  be  con¬ 
sidered.  The  other  integrals  of  section  2  may  be  discussed  by  using  the  same 


methods.  It  is  convenient  at  this  stage  to  write 


Tll+  T22 


on  2.2  2  . 

2  P  w  (c  1  -  c5  ) 
2 

C1  " 


Rap, 


2  (c2  -  c25  )  P  c2 


12 


<3  (I2)  , 


(3.10) 


(3.11) 


where 


W 


oo  2 


Hz  <mly  ,, 
e  e  dr;  , 


(3.12) 


i^z 

n.e  *  _  ->  *n,y  ->  -n,y 

I2=/  tV  (n‘<)(n‘V)|n.(+,-v4)e  2  -n,(4,,-v2)e  3  ]d£,, 


,  2  2,1/2, 

rrij  =  (Cj  -  w  )  /Cj  . 


3'  K2 


2  3 


(3.13) 

(3.14) 


(i)  c4  ,  c3  >  c5  . 


In  this  case  there  are  branch  points  given  by  (3.  2)  and  (3.  4).  It  may  be 

shown  that  lb  -  b  I  >  a  and  that  the  branch  point  at  E,  =  i  a  is  a  zero  of 
1  £ 

n  if  w  <  d  ,  and  is  a  zero  of  n,  if  d  <  w  <  c,  where 

2  3  5 


d  = 


2  2  ,2  2  ,1/2.  2  2  ,1/2 

C4C3  ~C4C3(C4  C5  <C3  ~°b] 

2  2  2 
C4  +  C3  'C5 


1/2 


(3.15) 


Two  subcases  must  be  considered  corresponding  to  w  <  d  and  w  >  d  .  In 
order  to  make  all  quantities  single  valued  cuts  are  introduced  along  the  positive 
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Imaginary  axis  of  the  4  -plane. 

We  now  wish  to  consider  the  integrals  and  taken  around  the 

contour  in  the  first  quadrant  of  the  4 -plane  and  which  is  shown  in  Fig.  1.  The 

$ 

contour  consists  of  a  segment  of  the  real  axis  OA  from  O  to  R  ;  an  arc  of  a 

Jfc  # 

circle  of  (large)  radius  R  connecting  A  to  B  ,  the  point  6  +  i  R  ;  and  a 

path  from  B  to  O  which  lies  just  to  the  right  of  the  imaginary  axis  and  is 

indented  by  semi-circles  of  (small)  radius  6  at  each  of  the  branch  points  C,  D 

and  E  .  For  both  1^  and  there  is  no  contribution  from  the  arcs  around  C, 

$ 

D  and  E  as  6-0  and  there  is  no  contribution  from  the  arc  AB  as  R  — 

Tor  both  integrals  it  is  found  that  the  integral  from  O  to  A  may  be  replaced 

by  the  sum  of  the  integrals  from  O  to  E,  E  to  D  ,  D  to  C  and  C  to  B  . 

In  order  to  carry  out  the  transformation  it  is  useful  to  list  the  values  of 

n2  and  n?  on  the  imaginary  4 -axis.  It  is  found  that,  writing  4  =  is  and 

„  2  2  2.  22  2  2  2  2.  ,,  ... 

H  =  i-  c5  -  s  (  2  c^  c4  -  c^  w  -  c4  w  )  ;  (3.  16) 

On  OE  , 


1  r  2,2  2i„.  .2  2,1/2 . 2  2,1/2  ..,1/2 

T7T{  w  lc3  -  c4!((b14b2)  -s  ]  [(bj-b2)  -s  ]  +H}  =v2, 
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On  ED  ,  d  <  w  <  c.  , 

5 


n2=  V2  ’ 


n. 


c  c 
3  4 


-w2|c^-c^|  f(b1+b2)2-s2]1^2f(b1-b2)2-s2]1//2)1/2=-v1; 


\  (3.19) 


J 


On  D  C  | 

n2  =  r  (sin  9  +  i  cos  9  )  =  +  i  E2  , 


n3  =  r  (-sin  9  +  i  cos  9  )  =  -E  +  i  E  , 


where 


(3.  20) 


J 


1  r..2  4,  2  2, 2,  2  .  .2 . 2  2,, 1/4 

r=  ~c"7T  {H  +W  (C3'C4)  [S  "(brb2}  ][(¥b2)  "S  ’ 


3  4 

2  c2  c2  r2  +  H 

*  *  tan  <  T  2  2 - 1  ; 

2c,  cr  -  H 
3  4 


(3.21) 

(3.22) 


On  BC  , 


n,  = 

2  c 


i  r  ..  2,  2  2i,  2  .  ,2,1/2,  2  .  , 2,1/2, 1/2 

c  ^  (-H  +  w  lc3-c4l[s  -(bj+b^)  ]  [s  -(bj-b^  ]*  }v  =1^, 
3  4 


n,  = 

3  c 


i  ,  ..  2 1  2  2|,  2  „  . ,  ,2,1/2,  2  „  ,  ,2,1/2^  . 

'  c\HP~h  ~w  I c3_c4'  ts  -(bi+b2)  1  fs  '(bi‘b2)  1  '  =  i\ 

3  4 


\(  3 . 2  3 ) 


V 


Now  that  the  values  of  n2  and  n^  are  known  the  integrals  Ij  and  I2  may 
be  expressed  in  terms  of  integrals  taken  along  the  imaginary  axis  in  the 
plane.  The  procedure  is  straightforward  and  results  in 
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0  1  (A8  *  1  V  -sz  ‘lsV 


A,  +  1  A. 


e  e 


Ib.-bl  s2B, 

1  2  _ _ 3  -sz 


-sz  -isnV\ 
e  e  ds 


rVb2  S  ES  -sz  •1sV 

-  ,  - S —  e  e  ds 

1brb2l  E7 


oo  s  F 

->/  — 
b,+b,  *3 


A  „  -ism.y 

4  -sz  r 

~  e  e  ds 


(3.24) 


a  m.e 


’2  =  ‘  /  ~A^TiA?  <s2+V2Ks2-V,)  <  i  V3(Aj  -  ,2)e  ^.V^-v2)  e  ‘^Jds 


lb  b  I 

+1  (  1  2  i  -sz,  2  2..  2  2,,  ,  2  "ly4y  2  "*V,y 

j  B2  e  ,s  -y*»s  -v3){y3(Aj-w  )e  4 -y^-Oe  3}ds 

b  +b  m 

ibl-b'|  ^e'SZ'<S  4E*-E2,2+4El^<fEl(E3-2»+E2E4-‘¥E3-2) 


4  1  EjE^Je 


-(E1+1E2)y 


2  2  (EriE2)y 

-  ^4-F  F  nr  f  V  \_jr  n  t  1 


+  [Ej( E3 - ,  )4E2E441E2(E3 -V  VlEjE4]e 


Vb2  3 


(3.25) 


when  w  <  d.  When  d  <  w  <  c5  the  results  for  ^  and  ^  remain  unaltered 

except  that  the  integrals  with  range  a  to  |b  -b  |  in  (3.  24)  and  (3.  25) 

1  2 


are  replaced  by 


575 


-  -ism.y 

I  b.-b  I  s  D  e  SZ  e  ds 

-i  r  1  2  — ^ - 

{  D3  +  1  °4 


r  mi6  2  2  2  2  ,  2  2  hy 

/  D~TiD^^S  +v2^S  +^WAfv  )e  +V2(A2-v  )e  1  }ds, 

(3.27) 


(3.  26) 


2,  ^2y. 


2  *V\ 


ref,  pectively .  In  ( 3 .  2  4)  -( 3 .  2  7) 

a  2  2  ,  2  2.  2  2 

A!  =  v  '  s  (c4  -  w  )  -  C4V2  , 

a  2  2.  2  2,  2  2 

a2  =  v  -  s  (c4  -  w  )  +  c4  \3  , 

A3  =  (2c^-w2)[c^-s2(2c^-c2)], 

A4  =  "  4  S  mi  y2  C5  ’ 

A5  =  "(2C5  "  w2)[C3V3  +  s2(2c2  -  c2)]  +  4  s  m1  v3  c4  , 

A6  =  *1  'A  ^  - V3X  s2  tVjlVj  -A2A5Y2(  V=2)  s2  -V3), 

A?  =  >'2(s2 SZ+V2>V3  +  AjAjVjIs"  -  V3)  , 

.  ,,  2  2.  .  2  2. .  2.  2  2.  .2  2  2,. 

A8  =  (2  C5_W  y2  y2  +  S  ^C4(S  ~(s  w  +  v  )L 

a  ,2  2,  ,  2  2,r  2.  2  ,  2,  .222,, 

A9  =  v2  c5  -  w  )v3(s  -v3)[c4(s  +V2;-(s  w  +  v  )], 

_  2  2,r  2  2  2.,  2  2, ,  4 

B1  =  -<2c5  -  w  ) [c3"Y 4  +  s  (2c5-c3)]  +  4  s  nij  y4  c5  , 


(3.  28) 


(3.29) 


(3.  30) 


(3.31) 


(3.32) 


(3.33) 


(3.34) 


(3.35) 


(3.36) 


(3.37) 


2,  2  2.,  2  2 


2  2. 


B2  =  V  (S  ~^3)(S  •V4XV4-V3)-A2A5v1(s  -v4)+A1Bjv3(s  -y3),  (3.38) 

B3  =  (2c5-w2)  ^C4(s2-^4)(s2'^3)(V4_V3)"(s2w2  +  l,2)[V4(s2-\4)-y3(s2-v2)]}, 


_  .  2  2,r  2  2  2.,  2  2,  , 

Dj  =  (2c5  -  w  )(c3\1  -  s  (2c5  -  c3)  ] 


(3.  39) 
(3.40) 


(3.41) 


V48mlVlC5  ’ 


D3  =  v2(Vi  +s2)(\2+s2)(V1+\2)-A2Di*y2(V2+s2)-AiA3Vi(Vi+s2),  (3.42) 


^  „  4  ,  2  x  2  2W  2  2. 
d4  =  *  4  s  m!  c5  Vj  V2  (v  +  s  w  )(v2  -  , 

2  2,2  2  2,  2  2  „ 

E3  =  V  -  (c4  -  w  )  -c^E*  -  E*  )  , 


(3.43) 


(3.44) 


E  =  -  2  c  E,  E  . 
4  4  1  2  ’ 


(3.45) 


E5  =  (2  c2  -  w2)[c2(E2  -  E2)  -  s2(2c2  -  c2)]  +  4  s  nij  E2  c4  ,  (3.  46) 

E6  =  2  Ej  [(2  c2  -  w2)  c2  E2  -  2  s  mi  c4  ]  ,  (3.  47) 

E?  =  2  ^  v2  E1[(s2+E2-E2)2+4E2E2]-2E1(E3E5-E4E6)(s2  +  E2-3E2) 

-2  E2(E4E5  +  E3E6)(s2  +  3E2  -  E2  )  ,  (3.48) 

Eg  =  2  E1(2c2-w2){c2[(s2  +  E2-E2)2+4E2E2]-(s2w2  +  v2)(s2+E2-3E^)},  (3.49) 


„  2  2. r  2  2  2..,  2  2.,  ,  .  4 

Fj  =  -(2c5  -w  )[c3v6+s  (2c5-c3)]  +  4  s  inj  \6  c5  , 


‘1  6  5 


_  2  2,2  2  2.  2  2,.  .  4 

F2  =  ^2  c5“w  HC3V5  S  2C5 ~C3  ^  +  4  s  mi  V5  c5  , 


(3.50) 


(3.51) 


F3  =  V2<s2-^)<s2  (3-52) 


F4  =  (2c5"w2)  ^c2(s2-v2)(s2-\2)(\6-^5)-(s£w<:+v2:)[Y6(s':-Y^)-«Y5(s“-Yg)]} 


2  2.  2. r  ,2  2. 


7  2 


(3.53) 


and  E1  and  E2  are  given  by  (3.  20). 


The  quantity  a  ^  is  given  by  the  imaginary  part  of  I2>  and  when 
y  =  0  (3.  25)  gives  contributions  from  all  the  ranges  of  integration.  The 


quantity  t  +  t  is  given  by  the  real  part  of  I  ,  and  when  y  =  0  the 

11  bu  2 

result  for  this  quantity  simplifies  considerably  to  give 
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T11  +  T22 


2  P  w2  (Cf  -  c|  )  s2(A,A6  -  A8A7)  e-,Z  i, 

2  J 


cr 


2  2 

A  +  A 
6  A7 


(3.54) 


if  w  <  d  ,  and  If  d  <  w  <  c  ,  we  must  add  to  (3.  54)  the  term 

5 


2  P  w2(c21  -  c2  ) 
2 

°1  * 


I 


|brb2>  s?'D9  d8  e~SZds 

D7  +  Do 

7  8 


(3.55) 


These  expressions  for  +  t ^  are  now  in  a  form  which  _s  suitable  for 
numerical  evaluation.  Further  discussion  of  these  results  will  be  left  until 
after  consideration  of  the  next  case. 

(ii)  c3  >  c5  >  c4 

In  this  case  there  are  branch  points  given  by  (3.2)  and  (3.  5).  The 
quantity  a  may  be  greater  than,  or  less  than,  R  so  that  these  two  subcases 
will  be  considered  individually.  The  branch  point  at  s  =  i  a  is  always  a  zero 
of  n^  .  In  order  to  make  all  quantities  single  valued  cuts  are  introduced  along 
the  positive  imaginary  axis  in  the  4  -plane  and  also  along  an  arc  of  a  circle  of 
radius  R  between  4  --  iR  and  K,  -  r  exp  i(  ir  -  ). 

We  now  consider  the  integrals  I  and  taken  around  a  contour  in  the 
first  quadrant  of  the  4 "plane  and  which  consists  of  a  segment  of  the  real  axis 

OA  from  O  to  R  (see  Fig.  2):  an  arc  of  a  circle  of  radius  R  >R  connecting 

* 

A  to  B  ,  the  point  6  +  iR  ;  a  path  from  B  to  C  and  from  E  to  O  which 
lies  just  to  the  right  of  the  imaginary  axis  and  is  indented  by  a  semi-circle  of 
radius  6  at  the  branch  point  F  ;  and  a  path  from  C  to  E  around  the  cut 
connecting  the  branch  point  D  to  the  imaginary  axis.  Fig.  2  shows  the 
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resulting  contour  when  a  <  R  .  When  a  >  R  the  only  change  is  that  the 

branch  point  F  lies  above  C  on  the  imaginary  axis.  There  is  no  contribution 

to  either  1^  or  from  the  arcs  around  F  and  D  as  6  -*  0  ,  nor  is  there  a 

contribution  from  the  arc  AB  as  R  —  oe  .  For  w  <  w  there  are  no  poles  in 

K 

the  first  quadrant  so  that  the  integral  from  0  to  A  is  replaced  by  the  sum  of 
the  integrals  from  O  to  E  ,  E  to  C  and  C  to  B  . 

As  in  case  (i)  ,  it  is  useful  to  tabulate  the  values  of  n  and  n^  on 

the  various  sections  of  the  contour  before  considering  the  integrals.  Writing 
t,  =  i  s  on  the  imaginary  axis,  %  -  R  expi(  j  ir  -  0)  on  ED  and  D  C  ,  intro¬ 
ducing  H  defined  by  (3. 16),  and  a  quantity  k  ,  where 

K  =  w  (c3  -  c4)[(R  -  s  )  +  4  s  R  sin  ijj  ]  '  ,  (3.  56) 


it  is  found  that,  for  a  <  R  : 
On  OF 

3  4 


=  \ 


2  ’ 


n.  = 


i 


3  c.c.n /T 

3  4 


(K  -  H) 


1/2 


f\3  , 


where  \2  and  are  also  given  by  (3.17); 


On  F  E 


r..  = 


2  c  c  n/T 


(-H  -  K)I/2  =  1  1.  , 


n3  =  tV3  , 

where  \A  is  also  given  by  (3. 18); 
4 


)  (3.57) 


J 


(3.58) 
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On  B  C 


(3.59) 

The  values  of  n  and  n  on  E  D  are  respectively  equal  to  the  values  of  n 

u  j  j 

and  n  on  CD,  so  that  with  the  particular  forms  (3. 12)  and  (3. 13)  for  I 

L  1 

and  I2  it  is  found  that  the  integral  along  the  path  E  D  C  gives  no  contribution 

to  1^  or  .  This  result  also  holds  for  the  case  a  >  R  .  When  u  >  R  che 

branch  point  F  lies  above  C  so  that  on  O  E  and  n^  are  given  by  (3.  57), 

on  F  B  they  are  given  by  (3.  59),  and  on  C  F  by 


The  integrals  1^  and  1^  may  now  be  expressed  in  terms  of  integrals 
along  the  imaginary  axis.  This  process  is  straightforward  and  will  not  be 
carried  out  here  in  the  general  case.  When  y  =  0  the  quantity  t  +  t  is 
still  given  by  (3.  54)  however,  so  that  this  result  holds  regardless  of  the  ordering 
of  the  elastic  constants  provided  that  1  w  <  d  . 

With  the  stress  component  t  given  by  (2.  45),  (3.  54)  essentially 

Ct  Ct 

determines  the  stress  component  t  on  the  surface  of  the  solid.  In  the 
classical  elastic  solution  t  is  zero  everywhere  on  the  surface  except  at  the 
point  of  application  of  the  force,  so  that  (3.  54)  gives  a  measure  of  the  influence 
of  the  couple  stress  effects.  After  making  the  change  of  variable  defined  by 

s  =  vq  /  c5 

in  the  integral  in  (3.  54),  the  quantity  v  enters  into  the  expression  as  a 
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multiplicative  constant  and  through  the  quantity  Z  alone,  where 

Z  =  v  z  /  c5  . 

Figures  3  and  4  show  the  variation  of  t  +  t ^  with  Z  for  four  com¬ 
binations  of  the  elastic  wave  speeds,  including  excmples  of  the  three  different 

2  2 

orderings  which  are  possible.  Figure  3  is  for  w  /c.  =  0. 1,  a  relatively  small 

5 

2  2 

value  of  w,  and  Figure  4  is  for  w  /c.  =  0.  7,  a  relatively  large  value  of  w  . 
In  Figure  3  the  curves  remain  close  together,  although  curve  B  decays  more 
rapidly  than  the  others.  For  the  larger  value  of  w  (see  Fig.  4)  curves  A,  C 
and  D  are  still  close  together  but  curve  B  takes  a  much  larger  value  at  the 
origin  and  also  decays  more  rapidly  than  the  other  curves.  For  all  the  curves 
the  effects  due  to  the  inclusion  of  the  couple  stress  terms  are  greatest  near  the 
point  of  application  of  the  force  and  they  fall  off  quite  rapidly  away  from  the 
origin.  These  effects  are  most  noticable  for  large  values  of  w  in  the  case 
>  c^  >  c4  ,  although  this  may  be  due  to  the  selected  value  of  w  being 
close  to  the  value  of  c,  . 
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ABSTRACT.  The  following  is  a  review  of  some  phases  of  research, 
over  the  last  decade,  on  water  waves  strongly  influenced  by  the  seabed. 
The  first  sections  discuss  progress  made  in  the  understanding  of  the 
transformation  of  waves  into  run-up  and  back-wash  on  a  beach.  This 
phenomenon  is  closely  related  to  the  theory  of  singular  partial  dif¬ 
ferential  equations.  Section  VIII  summarizes  results  on  the  resonance 
of  unbounded  water  bodies  adjacent  to  shores. 

I.  INTRODUCTION.  Research  on  water  waves  has  a  long  history, 
but  until  recently,  little  was  known  about  waves  on  which  the  seabed 
has  an  important  influence.  This  review  reports  on  some  phases  of 
recent  work  on  such  waves  which  are  relevant  to  many  shore  processes, 
especially  beach  erosion.  However,  the  main  stimulus  for  the  work 
came  from  tsunamis ,  the  earth-quake  generated  waves  which  travel  over 
long  distances.  In  the  open  ocean,  their  wave  length  is  of  the  order 
of  50  miles  and  their  height  is  usually  less  than  1  foot.  But  when 
they  strike  a  coast,  thqr  can  reach  up  to  60  feet  and  can  drown  whole 
harbors  and  cities. 

The  process  by  which  they  wreak  such  havoc  is  a  very  familiar  one. 
When  a  wave  rolls  up  a  beach,  there  comes  a  moment  at  which  the  wave 
converts  itself  into  a  swoosh  and  sheet  of  water  surging  up  the  beach, 
and  then  draining  back  to  sea.  This  transformation  of  wave  into  run-up 
sheet  is  a  familiar  sight.  But  the  mechanism  which  causes  this  trans¬ 
formation  remained  completely  unknown  until  the  last  decade. 

The  classical,  linear  theory  of  small-amplitude  surface  waves  turned 
out  to  be  defeated  by  this  problem,  because  it  has  a  singularity  at  the 
shore  [1].  That  singularity  stems  directly  from  the  linearization  and 
sets  severe  limits  to  the  use  of  the  theory  for  the  study  of  shore 
processes . 

II.  THE  BEACH  EQUATIONS.  The  key  to  a  new  approach  was  a 
realization  that  beach  slopes  are  small.  There  are  exceptions  to 
that,  but  the  general  rule  is  that  ocean  bed  slopes  are  very  small  [2], 
typically  of  the  order  of  1/1000.  Steep  slope,  in  marine  geology,  tends 
to  mean  about  1/100. 


*This  article  has  appeared  as  Technical  Summary  Report  it 978  of  the 
Mathematics  Research  Center.  Sponsored  by  the  Mathematics  Research 
Center  under  Contract  No.  DA-31-124-ARO-D-462 , 
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Being  non-dimensional ,  however,  a  slope  fells  to  Ptovldeasc.le^ 
On  the  other  hand,  observation  Indicates  that  waves  roUeng  up 
have  a  fairly  well-defined  propagation  velocity,  uQ.  Tha  gg 

following  scales. 

u  for  velocities 


u^/g  for  vertical  lengths 
u2 / ( eg)  for  horizontal  lengths 


u  /(eg)  for  times 
0Uq  for  pressures. 

In  these  units,  the  equations  of  hydrodynamics  for  two-dimensional  motion 
are  as  foUovs  The  kinematical  equations,  i.e  mass  conserve  10  and 
Septic  boundary  conditions  at  the  seabed  and  free  surface  (Figure  1) 

are  respectively 


3u/3x  +  3v/8y  =  0 
udhQ/dx  +  v  =  0 


at  y  =  -hn(x) 


3n/3t  +  u'm/',X  *  v  at  y  -  n(x,t). 

Vertical  Integration  from  seabed  to  free  surface  then  gives 


3h/3t  +  d(h  u)/3x  =  0, 


where 


h(x,t)  =  hn( 


x)  +  n(x,t) ,  u(x,t)  =  h  J 


represent  respectively  the  local,  total  water  depth  and  the  average 
horizontal  velocity. 

The  dynamical  equations  express  conservation  of  momentum  under 
the  influence  of  gravity. 


DSP,* 
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and  the  assumption, 


P  -  0  at  y  -  n(x.t)  . 

that  the  air  pressure  has  negligible  influence  on  the  water  motion. 
Viscosity  is  neglected  on  the  ground  that,  a  decade  ago,  too  little 
was  understood  even  about  the  inviscid  processes  of  water  waves. 
Vertical  integration  of  the  first  momentum  equation  from  seabed  to 
free  surface  gives  [3] 


3u/at  +  u  3u/ax  +3r)/3x 

-V  _  fn 

■  ir  ir  /  (u-u)2<ly  -  £  J  (p  -  pst,t>  ■ 

J  J  u  3x 


Now,  as  the  seabed  slope  e  ->  0 ,  the  second  momentum  equation  shows, 
under  suitable  assumptions  on  the  velocity  field,  that  the  pressure  ap¬ 
proaches  the  hydrostatic  pressure  p  *  n  -  y»  The  last  integral 

S  tal 

above  therefore  tends  to  zero  with  e.  The  vorticity  is 

2 

?  *  3u/3y  -  e  3v/3x, 

and  thus  3u/3y  ->  0  with  e,  if  the  motion  is  irrotational,  e.g.  ,  because 
the  waves  invade  water  initially  at  rest.  The  other  integral  in  the 
last  equation  then  also  tends  to  zero  with  t.  This  remains  true,  even 
for  a  viscous  fluid,  as  long  as  the  boundary  layer  thickness  remains 
negligible  compared  with  the  total  water  depth.  The  dynamical  equations 
then  reduce  to  [3] 


3u/3t  +  u3u/3x  +  3(h-hg)/3x  ■  0.  (2) 

Equations  (1)  and  (2)  are  known  in  hydraulics  (where  they  are  a 
valid  approximation  for  rather  different  reasons  [4])  as  the  shallow- 
water  equations  of  flow  in  channels  of  variable  depth.  They  are  nonlinear, 
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hyperbolic  equations  and  are  known  [1]  to  predict  that  the  fronts  of 
waves  will  steepen  gradually  until  their  steepness  becomes  inconsistent 
with  the  assumptions  on  which  the  equations  are  based.  This  is  called 
bore  formation. 

More  precisely,  a  bore  is  a  narrow  region  (Figure  2)  in  which  the 
velocity  gradient  and  surface  slope  are  too  steep  to  be  consistent  with 
the  large  horizontal  scale  of  the  rest  of  the  motion.  What  happens  in 
that  narrow  region  is  not  yet  understood  clearly,  but  one  can  try  to 
ignore  it  and  just  postulate  that  mass  and  momentum  are  conserved  and 
energy  is  not  increased.  Then  further  progress  is  usually  possible  [1], 
provided  no  information  on  the  bore  is  sought  beyond  its  position 
x  «  x^(t),  velocity  V  -  dx^/dt,  and  strength  M  =  Ah/h  (Figure  2). 

It  should  be  emphasized  that  bores  are  not  synonymous  with  breakers. 
Wave  breaking  is  observed  to  occur  in  a  number  of  different  ways  under 
different  circumstances,  including  short  waves  on  the  open  sea,  and  the 
model  just  described  is  known  not  to  account  for  all  forms  of  wave 
breaking  even  on  beaches.  Conversely,  bores  need  not  involve  wave 
breaking. 

The  shallow-water  equations  were  first  used  by  Carrier  and  Greenspan 
[5]  to  study  waves  on  a  plane  beach  -  before  the  argument  supporting 
their  application  was  known  -  because  they  do  not  prescribe  a  fixed  shore 
position.  They  found  the  standing  wave  solutions  (the  bar  over  u  will 
be  omitted  from  here  on) 


where 


u  -  a  ^  AujJ^(wc)  cos(wX  -  ip) 


1  12 
n  *  t  AojJ„(ojc)  sin(wX  -  -  —  u 

4  U  L 


x  =  n  -  a  /16, 


1/2 

X  =  2 (u  +  t),  a  =  4h  '  , 


A,  u,  ip  are  arbitrary  constants,  except  that  ]  A  |  1,  and  J  denotes 

Bessel's  function.  They  are  a  generalization  of  the  standing  wave 
solutions  of  tidal  theory  [6],  which  they  approach  with  increasing 
distance  from  shore,  where 


AwJq  (4oj  |  x| 1^2) 


sin(2wt  -  ip)  . 


,  1 
n  4 


In  contrast  to  tidal  theory,  however,  they  predict  a  moving  shore 
line  h(x,t)  -  0  with  maximum  landward  penetration  x^flX  ■  |Au)|/4. 

These  standing  waves  are  bore-free;  the  run-up  is  not  of  the 
thia-sheet  type  observed  with  larger  waves  and  breakers,  and  Greenspan 
[7]  emphasized  the  question  whether  pregressive  waves  incident  on  a 
beach  could  ever  remain  bore-free. 

III.  BORE  CLIMB  PROBLEM.  Whitham  then  began  a  study  [8]  of  how 

a  bore  would  move  into  water  at  rest  on  a  plane  beach  (Figure  3)  .  This 

is  best  considered  at  the  hand  of  an  x,t-diagram  (Figure  3)  where  the 

successive  bore  positions  can  be  plotted  as  a  bore  path,  x  *  xft). 

b 

Given  the  initial  bore  position  and  strength,  and  the  water  wave  behind 
the  bore  at  that  time,  can  the  future  bore  positions  be  predicted  from 
(1)  and  (2)?  Conservation  of  mass  and  momentum  across  the  bore  can 
then  be  expressed  [1]  by 


vv  ■ 1  -  VV  2v2  ■  V1 +W  <3) 

where  V  *  dx^/dt  is  the  bore  velocity,  h^  stands  for  the  water  depth, 

hQ  =  -x^,  on  the  landward  side  of  the  bore  (where  the  water  is  at  rest), 

and  u^,  h^  denote  respectively  the  horizontal  velocity  and  total  water 

depth  on  the  seaward  side  of  the  bore.  Unless  the  bore  has  zero 
strength  (u^  ■  0 ,  h^  *  h^) ,  energy  cannot  be  conserved  as  well,  and 

the  D03tulate  of  non-increasing  energy  is  found  to  imply  [1] 


hb  -ho  "  “xb  for  V  '  °’ 


(4) 


which  determines  the  appropriate  root  of  the  quadratic  system  (3).  The 
description  of  the  bore  by  (3)  and  (4)  represents  a  floating  boundary 
condition  for  the  system  (1) ,  (2)  in  the  bore  'climb  problem. 

It  is  relevant  that  all  the  work  on  this  problem  predates  the 
understanding  [3]  why  (1),  (2)  apply  to  waves  on  beaches  of  small 
slope  sufficiently  close  to  shore.  That  issue  appeared  irrelevant  in 
view  of  the  fact  that  the  bore  climb  problem  was  the  simplest  known 
analog  of  an  important  class  of  nonlinear  problems  in  gas  dynamics. 
Keller,  et  al.  ,  [8]  wished  to  check  on  an  hypothesis  concerning  shock 
propagation  [9],  and  Ho  and  Meyer  [10]  then  used  the  problem  for  a 
study  of  a  phenomenon  of  forgetfulness  of  which  hints  could  be  detected 
in  some  results  of  explosion  theory  [11,  12]. 
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The  question  here  arising  Is  best  explained  at  the  instance  of 
the  similarity  solutions  of  gas  dynamics  [e.g.,  13].  Envisage  an 
explosion  problem  with  axial  or  spherical  symmetry,  so  that  pressure, 
density,  etc.  depend  on  a  distance  r  and  time  t.  The  problem  is  then 
described  by  nonlinear,  hyperbolic  differential  equations  with  awkward, 
floating,  nonlinear  boundary  conditions  representing  shocks.  Solutions 
may  exist,  however,  for  which  the  pressure  (referred  to  a  scale  p^(t)) 

depends  only  on  one  combination  r/tn  =  £,  say,  of  the  independent 

variables,  and  similarly  for  the  density,  etc.  The  differential  equation 
then  reduce  to  ordinary  differential  equations  with  respect  to  Such 
similarity  solutions  are,  of  course,  part icular  solutions  of  the  gas 
dynamical  equations  with  shock  conditions,  and  they  satisfy  Initial 
conditions  of  a  particular  type.  None  the  less,  it  has  been  often 
proposed  [13]  that  these  solutions,  despite  the  uniqueness  theorem,  be 
used  to  describe  physical  gas  motions  with  quite  different  types  of 
initial  conditions.  Such  use  of  the  similarity  solutions  can  be 
justified  only  on  a  hypothesis  that  these  nonlinear  problems  have  whole 
classes  of  solutions  which  forget  their  initial  conditions!  Such  a 
phenomenon  is  not  without  precedent,  electrical  transients  are  a 
classical  example.  What  is  unprecedented  is  that  many  proposed  applica¬ 
tions  of  gas  dynamical  similarity  solutions  require  a  hypothesis  that 
classes  of  solutions  forget  their  initial  conditions  in  a  finite  time. 

Can  this  be  consistent  with  the  established  uniqueness  of  the  solutions? 

IV.  THEORY  OF  BORE  COLLAPSE.  Ho  and  M*-  *  conjectured  that  the 

bore  climb  problem  involves  such  a  phenomenon  forgetfulness  and  that 
it  stems  from  a  singularity  of  the  differential  equations.  In  the  field 
of  ordinary  differential  equations,  it  is  well-known  that  there  is  a 
distinction  between  a  singularity  of  a  solution  and  a  singe’  >rity  of 
the  differential  equation  itself,  and  that  the  second  concept  is  of 
fundamental  importance.  In  the  field  of  partial  differential  equations, 
however,  the  second  concept  is  still  quite  unexplored. 

It  is  not  obvious  why  (1),  (2)  should  be  singular  equations.  But 
a  transformation  of  independent  variables  from  x,t  to  Riemann  invariants 
114] 


a  =  u  +  t  +  2h  -  1 ,  b  =  2h  -u-t  +  1  (5) 


transforms  them  into 
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(8) 
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3/2  ,  at  __at_ 

a+3  '  aa  ae 


0  , 


and  this  is  clearly  singular  at  a  +  8  =  4h  =■  0,  i.e.,  at  the  shore 
line  h(x,t)  =  0. 

To  explain  the  nature  of  the  bore  climb  problem,  it  is  necessary 
to  mention  the  characteristics  of  (1),  (2).  There  are  two  families 
(Figure  4) ,  viz.  the  advancing  characteristic  lines  dx/dt  *  u  +  c,  on 
which  a  =  const.,  by  (6),  and  the  receding  characteristic  lines  dx/dt  ■ 
u  -  c,  on  which  8  =  const. 

Initially,  both  families  of  characteristics  issue  from  the  x-axis 
(Figure  4) ,  and  the  initial  data  determine  the  solution  in  a  characteristic 
triangle  [15],  quite  independently  of  the  bore.  This  part  of  the  problem 
is  classical,  so  the  relevant  analysis  of  the  bore  climb  problem  starts 
with  data  on  the  receding  characteristic  line  C  shown  in  Figure  5.  For 
uniqueness,  it  is  necessary,  by  (6),  to  prescribe  (i)  the  initial  bore 
position  xg(0)  and  bore  velocity  V(0)  and  (ii)  the  Riemann  invariant 

a  =  u  +  t  +  2c  -  1  as  a  function  a  =  a  (t)  on  C  (which  then  becomes  a 

c 

known  curve  [16]).  These  will  be  referred  to  as  the  seaward  data. 

Uniqueness,  however,  is  not  required  for  an  analysis  aiming  to 

demonstrate  asymptotic  properties,  as  c  “If  0,  common  to  a  class 
of  solutions.  Ho  and  Meyer  [10]  therefore  refrained  pointedly  from 
specifying  ac(t).  Instead,  th^r specif ied  only  [16]  that 


a^it)  is  strictly  increasing,  and 


4c 


3/2 


dt 

da 

c 


is  piecewise 


continuous  and  non-increasing  on  C'  . 
These  will  be  referred  to  ?s  the  Monotoneity  Condition. 


(9) 


(10) 


a  (t)  is  continuous  (11) 
c 

can  be  assumed  without  loss  of  physical  generality,  since  it  can  always 
be  obtained  [10]  by  a  postponement  of  the  initial  time.  Apart  from  (9) 
to  (11),  Ho  and  Meyer  [10]  regarded  the  seaward  data  ac(t)  as  unknown. 
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The  numerical  samples  [8]  show  that  the  problem  class  so  formulated 
has  a  sub-class  with  the  property  [16] 

If  x,(t')  <0  for  0  <  t'  <  t,  then 
b  —  — 

u^t)  >  0  and  a(xb(t),t)  <  o^Cx)  (12) 


for  some  x  independent  of  t.  (That  u.  (t)  >0  means  the  bore  does  not 

b 

peter  out  before  reading  the  initial  shore  position  x  =  0  (Figure  4), 

and  the  rest  of  (12)  means  only  that  the  function  class  a  (t)  is 

c 

defined  by  (9)  to  (11)  for  a  sufficient  time  interval  [0,x]  to  determine 
(in  principle)  the  bore  development  as  long  as  the  bore  position  remains 
short  of  x  *  0.)  The  assumptions  (1)  to  (4)  and  (9)  to  (12)  imply  [16]. 

Theorem  1.  The  bore  reaches  the  initial  shore  position  x  =  0  in  a 
finite  time  (say,  T). 

The  specification  of  the  bore  climb  problem  may  now  be  completed  as 
follows.  Let  D'  denote  the  closed  set  in  the  x,t-diagram  (Figure  6) 
bounded  by  the  bore  path,  the  seaward  characteristic  line  C  and  the 
line  t  =  T.  It  is  to  be  anticipated  that  a  singularity  of  the  dif¬ 
ferential  equations  may  occur  at  (0,T),  and  no  assumptions  should 
therefore  be  made  about  the  solution  at  that  point.  Accordingly, 
delete  (0,T)  from  D'  and  call  the  resulting  set  D  (Figure  6).  The 
numerical  samples  [8]  show  that  our  problem  class  has  a  nonempty  sub¬ 
class  satisfying  the  final  assumption 


a(x,t)  and  S(x,t)  possess  piecewise  continuous 
bounded  first  derivatives  on  every  closed 
subset  of  D. 


(13) 


The  assumptions  (9)  to  (13)  have  been  presented  here  in  detail 
because  it  is  a  relevant  feature  of  the  bore  collapse  theory  [10,  16, 
17]  that  it  is  based  on  the  specification  of  the  bore  climb  problem  by 
(1)  to  (4)  and  (9)  to  (13)  only  and  proceeds  from  this  specification 
without  any  further  assumption  or  approximation.  Since  these  data  are 
insufficient  for  uniqueness,  the  analysis  [10,  16]  employes  methods 
similar  to  those  of  the  theory  of  differential  inequalities.  Indeed, 
the  Monotoneity  Condition  is  clearly  an  inequality,  and  so  is  (4),  and 
even  (1),  (2)  can  be  turned  into  inequalities  [16].  Among  the  results 
[8,  10,  16]  obtained  by  their  help,  the  following  are  here  relevant. 

Theorem  2.  As  the  bore  approaches  the  shore,  the  bore  velocity  V 
tends  to  a  limit. 


Theorem  3.  That  limit  is  positive. 

Accordingly,  lim  V  may  be  identified  with  the  scale  u^. 

Corollary.  The  bore  height  then  tends  to  zero,  and  the  bore 

strength  grows  beyond  bounds;  but  the  total  water  depth  h  does  not 
vanish  in  D  (Figure  6) . 

Theorem  4.  The  family  of  characteristic  lines  catching  the  bore 
(Figure  4)  has  a  limiting  member,  L,  which  catches  the  bore  just  as 
the  bore  reaches  the  shore  (Figure  7). 

The  existence  of  such  a  limiting  characteristic  [11]  is  an  important 
feature  of  the  gas  dynamical  problems  in  which  indications  of  forgetful¬ 
ness  have  been  detected.  It  also  has  implications  regarding  uniqueness; 
the  bore  development  is  determined  already  by  the  part  of  the  motion 
represented  by  the  subregion  R  (Figure  8)  of  D,  and  the  Monotoneity 
Condition  (9),  (10)  on  C  is  not  needed  beyond  L. 

Corollary.  The  water  velocity  u  and  total  water  depth  h  are 
continuous  on  the  closure  of  R. 

The  solutions  of  our  problem  class  therefore  have  no  obvious 
singularity  at  the  singular  point  (0,T)  of  the  differential  equations. 

The  question  thus  becomes  whether  this  uniform  continuity  extends  also 
the  derivatives  of  u  and  h.  The  first  derivatives  can  be  expressed  [10] 
in  terms  of 

a  =  8h3/2  3t/3a,  b  *  8h3/2  3t/3B  .  (14) 


Theorem  5.  As  the  limiting  characteristic  L  approaches  the  bore 
(Figure  8)  ,  the  values  of  a  on  the  R-side  of  L  appioach  a  limit,  say 

V 

Theorem  6 .  a^  /  0 . 

Corollary.  The  asymptotic  relation  between  the  bore  position  x^ 
and  bore  height  h^ ,  as  the  bore  approaches  the  shore,  is 
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Observe  that  the  coefficients  of  the  first  six  terms  are  pure  numbers 
and  hence,  are  independent  of  the  seaward  data!  Only  the  seventh-order 
asymptotic  approximation  is,  through  a^ ,  dependent  on  the  seaward  data. 

The  solutions  of  the  bore  climb  problem  thus  display  a  remarkably  selec¬ 
tive  memory.  Their  asymptotic  behavior,  close  to  shore,  is  decisively 
controlled  by  a  purely  qualitative  feature  of  the  seaward  data;  viz., 
the  Monotoneity  Condition.  But  they  forget  all  quantitative  properties 
of  those  data  up  to  the  sixth-order  asymptotic  approximation. 


Figure  9  shows  the  bore  velocity  vs.  the  bore  position  for  three 
quite  different  values  of  a^  [10].  Observe  that  the  limiting  value  of 

the  bore  velocity,  in  these  units,  is  actually  unity  (Figure  9).  The 
rapid  rise  of  V  is  associated  with  a  rapid  fall  of  the  bore  height. 

The  bore  thus  'collapses’  at  the  shore  in  a  process  converting  potential 
into  kinetic  energy. 


Of  course,  'oy  the  time  the  bore  comes  this  close  to  shore,  the 
argument  (Section  II)  supporting  the  beach  equations  (1)  ,  (2)  and  bore 
conditions  (3),  (4)  has  failed.  The  dominant  horizontal  scale  is  then 
compared  with  which  the  bore  thickness  4  (Figure  2)  cannot 


|Xb(t) 


remain  negligible. 


V.  RUN-UP  THEORY.  None  the  less,  it  is  natural  to  ask  whether 
the  mathematical  analysis  can  be  extended  beyond  the  bore  arrival  time 
(now  taken  to  be  t  *  0)  and  what  it  might  predict  -  even  though  it  be 
impossible  to  tell  a  priori  whether  such  predictions  could  be  relevant 
to  water  motion.  Shen  [17]  succeeded  in  obtaining  such  an  extension 
based  on  the  single  assumption  that  the  Monotoneity  Condition  (9)  ,  (10) 
on  C  (Figure  8)  and  also  (11),  extend  beyond  L  for  an  arbitrarily  short 
time.  That  leaves  the  solutions  not  only  indeterminate,  but  with  (12) 
and  (13)  abandoned,  existence  of  solutions  of  (1),  (2)  is  also  in  question. 


The  analysis  is  carried  out  in  the  plane  of  the  Riemann  invariants 
(5),  where  the  shore  line  h  =  (a  +  ,-4)2/16  =  0  is  fixed  and  the  bore  path, 
seaward  characteristic  C,  and  limiting  characteristic  L  are  as  shown  in 
Figure  10.  Theorem  6  and  the  extension  of  monotoneity  on  C  determine 
certain  properties  of  the  solutions  in  the  narrow  strip  to  the  right  of 
L  in  Figure  10.  The  most  relevant  results  [17]  are 

Theorem  7.  The  solutions  exist  up  to,  and  only  up  to,  the  x,t-image 
of  a  singular  line  of  the  fluid  acceleration  through  a  =  8  =  0  in  the 
first  quadrant  (Figure  11) . 

Theorem  8.  The  x,t-image  of  the  origin  t  =  h  =  0  is ,  not  a  point, 

but  a  curve  x  (t)  =  t  -  t^/ 2.  The  x,t-image  of  the  singular  line  of 
s 

the  fluid  acceleration  asymptotes  to  the  parabola  xg(t). 
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Since  cc  ■  0  =  0  implies  h  =  (a  +  0)  / 16  ■  0,  xg(t)  represents 

the  path  of  a  shore  line  swinging  up  the  beach  and  down  to  sea  again 

(Figure  12).  In  fact,  it  moves  just  like  a  particle  under  gravity  on 

a  smooth  inclined  plane,  kicked  off  initially  at  x  3  0  with  velocity 

u  [18].  The  maximum  penetration  is  therefore  x  ■  u^/(2cg).  As  a 
0  r  max  0  e 

Corollary  [17],  the  water  depth  close  to  the  moving  shore  line  is  found 

to  be  much  smaller  than  for  the  standing  waves  of  Section  II. 

However,  the  physical  significance  of  the  theory  is  placed  in 
jeopardy  by  the  singularity  of  the  fluid  acceleration,  which  limits 
the  existence  of  any  solution  of  (1),  (2),  -  unless  this  singularity 
can  be  interpreted  in  terms  of  bore  formation  [1].  Theorem  6  implies 
[17]  that  an  interpretation  in  terms  of  a  reflected  bore  is  impossible; 
it  could  only  be  a  bore  across  which  the  water  depth  increases  from 
the  landward  to  the  seaward  side,  just  as  in  Figure  3.  The  specifica¬ 
tions  of  the  problem  do  not  determine  the  x,t-path  of  the  singularity 
in  any  detail,  but  in  view  of  Theorem  8,  it  must  be  roughly  as  shown 
by  the  cross-hatched  curve  in  Figure  13.  Any  interpretation  in  terms 
of  bore  formation  must  therefore  involve  a  secondary  bore  in  the  back¬ 
wash,  which  faces  landward,  like  the  original  bore,  but  moves  seaward 
(Figure  13).  The  prediction  of  such  an  anomalous  bore  was  most  un¬ 
expected  to  the  investigators.  But  in  view  of  the  rigorous  logical 
cohesion  of  the  theory,  it  is  impossible  to  ignore  some  of  its  predic¬ 
tions,  while  accepting  others.  The  mathematical  run-up  analysis  therefore 
appeared  quite  academic  to  its  authors  -  until  they  found  evidence  of 
the  anomalous,  back-wash  bore  in  a  television  commercial  [18]. 

Of  course,  the  theory  describes  a  grossly  idealized  model  of  fluid 
motion  (Section  II),  and  its  predictions  must  be  interpreted  accordingly. 
For  instance,  the  discontinuity  of  the  shore  line  velocity  at  the  bore 
arrival  time  (Figure  12)  can  only  imply  a  prediction  of  shore  line  ac¬ 
celeration;,  of  the  order  of  the  fluid  acceleration  within  the  bore. 

Again,  the  thin  run-up  sheet  must,  particularly  at  its  tip,  be  dominated 
by  friction  [19]. 

None  the  less,  it  is  an  indication  of  the  remarkable  promises  hidden 
in  the  fledgling  theory  of  singular  partial  differential  equations  that 
a  qualitative  description  of,  not  only  a  breaker  collapse,  but  also  a 
whole  run-up,  and  even  back-wash,  structure  is  contained  in  that  one, 
magnificent  singularity  of  the  beach  equations. 

VI.  RUN-UP  EXPERIMENT.  An  experiment  designed  to  test  the  theory 
quantitatively  was  undertaken  by  Miller  [20].  To  this  end,  a  plate  was 
pushed  into  water  at  rest  in  a  channel  to  generate  a  bore  traveling  to¬ 
wards  a  plane  beach  (Figure  14).  Except  for  small,  and  for  very  large, 
bore  strengths,  the  water  motion  behind  the  bore  is  then  uniform  as  long 
as  the  bore  travels  over  the  flat  part  of  the  channel  bed.  This  arrange¬ 
ment  was  chosen  because  the  predicted  run-up  height  is  r  ^  =  u2/(2g),  and 

u„  is  a  known  function  [8]  of  the  bore  strength  for  this  classical  type 
or  bore. 
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The  main  experimental  results  [20]  of  relevance  here  were 
measurements  of  the  run-up  height 


r 

exp 


h1f(M,e) 


as  function  of  bore  strength  M  «=  (f^  -  h^)/h^  and  beach  angle  e 

(Figure  14).  The  results  for  e  =  10°  are  shown  in  Figure  15  to¬ 
gether  with  the  theoretical  curve  reduced  by  a  factor  0.63.  The 
dependence  of  run-up  on  bore  strength  is  seen  to  be  adequately  ap¬ 
proximated,  and  the  reduction  factor  is  not  entirely  unreasonable, 
because  an  overestimate  is  to  be  expected  from  the  inviscid  theory, 
and  because  it  is  an  asymptotic  theory  predicting  only  r  ^  *  h^lim^f  (M,  e) . 

The  approximation  of  run-up  dependence  on  bore  strength  is  similarly 
adequate  [21]  for  the  other  beach  slopes  tested,  provided  a  suitable 
reduction  factor  is  applied  for  each  slope.  The  test  of  the  theory  is 
therefore  whether  the  necessary  reduction  factors  approach,  as  e  ->  0, 
a  value  just  short  of  unity.  But  that  does  not  happen  at  all  (Figure  16) 
[21],  and  the  theory  therefore  fails  grossly  to  predict  the  quantitative 
dependence  of  run-up  on  beach  slope. 

This  may  indicate  [20]  a  need  for  a  re-examination  of  the  applicability 
of  the  theory,  but  the  view  may  also  be  taken  that  closer  quantitative 
agreement  with  observation  may  be  more  than  should  be  asked  of  a  theory 
of  this  type.  As  more  and  more  complicated  and  sophisticated  physical 
phenomena  come  under  scrutiny,  it  should  perhaps  be  expected  that  close 
quantitative  agreement  between  theory  and  experiment  will  become  the 
exception,  rather  than  the  rule.  To  obtain  very  close  agreement,  the 
investigator  tends  to  be  driven  towards  theories  closely  tailored  to 
experiment,  theories  of  an  ad-hoc  character,  which  tend  to  be  a  disap¬ 
pointing  basis  for  further  advances.  Alternatively,  he  tends  to  be  driven 
toward  heavily  computational  theories,  which  tend  to  become  intransparent. 

As  increasingly  sophisticated  phenomena  come  under  study,  we  may  find  more 
and  more  often  that  the  most  fruitful  relation  between  theory  and  observa¬ 
tion  is  one  in  which  they  illuminate  each  other,  even  if  they  do  so  over 
a  distance. 


If  the  theory  is  not  rejected  outright,  then  the  most  plausible 
cause  of  its  failure  to  predict  observation  is  the  neglect  of  dissipation, 
except  within  the  bore.  Freeman  and  Le  Mehaute  [22]  have  reported  a 
computation  of  run-up  from  the  beach  equations  with  a  hydraulic  friction 
term.  From  these,  the  friction  correction  to  the  inviscid  run-up  implied 
by  Mdhautd's  model  may  be  roughly  estimated  [21].  The  run-up  so  estimated 
depends  markedly  on  beach  slope  [22],  and  adequate  agreement  with  the 
experimental  dependence  of  rin-up  on  both  bore  strength  and  beach  slope 
is  obtained  [21],  at  small  beach  slopes  (Figure  17)  if  two  undetermined 
parameters  are  chosen  suitably.  Of  course,  this  agreement  results  from 
manipulation  of  ad-hoc  elements  of  the  theory,  and  thus  implies  no  more 
than  that  the  role  of  dissipation  should  be  studied  more  closely.  The 
further  discoveries  of  Miller  [20]  about  the  finer  structure  of  bores, 
and  their  relation  to  run-up,  also  deserve  attention. 
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VII.  THE  TSUNAMI  AMPLIFICATION  PROBLEM.  An  attempt  had  been 
made  meanwhile  to  extend  the  beach  theory  from  the  description  of  one 
wave  to  that  of  any  number  of  successive  waves.  The  valididty  of  the 
beach  equations  (Section  II)  is  probably  restricted  to  quite  a  narrow 
zone  near  the  shore  [3],  and  the  connection  to  equations  valid  further 
out  is  not  yet  clear.  The  problem  was  therefore  formulated  [23]  by 
specifying  (i)  water  at  rest  initially  and  (ii)  the  surface  elevation 
at  a  fixed  distance  from  the  initial  shore  position  (Figure  18). 

This  led  immediately  to  the  need  to  face  the  basic,  singular 
boundary  value  problem  of  the  Euler-Poisson-Darboux  equation  (8) ,  and 
Taylor  [24]  succeeded  in  establishing  the  existence  and  uniqueness 
theorem  for  it. 

Further,  he  used  the  Laplace  transform  to  obtain  the  solution  for 
a  particular  case  in  which  the  surface  elevation,  at  a  fixed  distance 
from  the  initial  shore  position,  is  approximately  simple  harmonic  [23]. 

He  was  able  to  show  that  the  motion  then  remains  bore-free  forever,  if 
the  amplitude  is  below  a  bound  A(^j)  dependent  on  the  frequency  to  .  He 
also  showed  that  A(oj)  >  0,  except  for  a  countable  set  of  exceptional 
frequencies  [23],  which  suggests  a  resonance  phenomenon. 

Carrier  [25]  has  pointed  out  that  the  proper  physical  formulation 
is  to  specify  only  the  incident  wave,  not  the  surface  elevation  resulting 
from  both  incident  and  reflected  wave.  In  the  notation  (14)  ,  this  amounts 
to  specifying  a,  rather  than  a  +  b  as  in  [23].  But  the  basic  theorems  are 
unaltered,  and  the  resonance  indication  led  to  developments  in  another 
direction. 

It  had  become  clear  that  considerable  progress  had  been  made  in 
understanding  the  damage  mechanism  of  tsunamis,  which  is  run-up.  Similarly, 
their  motion  in  the  open  ocean  was  understood  to  a  reasonable  degree.  To 
connect  the  two  required  an  understanding  of  tsunami  amplification  above 
continental  and  island  slopes.  Tidal  theory  [6]  and  classical,  small- 
amplitude  wave  theory  [26]  both  predict  amplification  of  two-dimensional 
wave  motion  by  a  factor  e~l/2,  where  c  is  the  small  slope.  Carrier  [25] 
combined  the  latter  theory  with  the  standing-wave  theory  of  the  nonlinear 
beach  equations  and  obtained  the  same  amplification  factor,  modified  slightly 
by  dispersive  effects  in  the  open  ocean.  However,  an  amplification  dependent 
only  on  off-shore  slope  fails  to  explain  the  extraordinary  selectivity  in 
the  local  incidence  of  tsunami  damage.  Thus,  while  there  is  strong  support 
-1/2 

for  the  factor  l  ,  it  can  describe  only  part  of  the  actual  tsunami 
amplification. 

Carrier  [25]  studied  the  wave-guide  effect  which  an  under-water 
mountain  chain  would  have  o.  tsunami  propagation.  Taylor's  [23]  resonance 
indication  on  the  other  hand,  drew  attention  to  evidence  suggesting  a 
frequency-sensitivity  of  tsunami  amplification;  tide  gauges  respond  to 
different  tsunamis  with  a  frequency  dependent  on  the  guage  location, 
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rather  than  on  the  tsunami  event  [27].  However,  Shen  [28]  showed  that 
Taylor's  resonance  indication  arose  directly  from  his  specification  of 
the  problem  and  did  not  indicate  actual  resonance.  In  fact,  by  means 
of  the  stability  corollary  of  Taylor's  existence  theorem,  Shen  [28] 
proved  that  two-dimensional,  bore-free  motion  on  a  plane  beach  governed 
by  (1),  (2)  admits  no  resonance. 

Since  bores  are  dissipative,  they  do  not  provide  a  plausible 
mechanism  for  the  generation  of  resonance,  and  it  became  likely  that 
any  resonance  must  involve  three-dimensional  motion. 

VIII.  RESONANCE  OF  UNBOUNDED  MATER  BODIES.  Ursell  had  first 
discovered  that  an  infinite  water  body  can  resonate.  He  proved  [29], 
on  the  classical,  small-amplitude  theory,  that  water  under  gravity  in 
a  channel  bounded  only  by  vertical  side  walls  and  a  plane  beach  has 
discrete  eigenvalues.  The  eigenfunctions  are  three-dimensional  motions 
generalizing  Stokes'  edge  wave,  i.e.,  they  decay  exponentially  with 
distance  fron:  shore.  That  implies  a  finite  energy  -  effectively,  only 
a  finite  part  of  the  infinite  water  body  resonates.  It  implies  also 
that  there  are  no  discrete  eigenfunctions  approaching  progressive  waves: 
far  from  shore,  so  that  the  resonance  cannot  be  excited  by  waves  from 
the  sea.  Ursell  had  to  wiggle  the  channel  in  order  to  demonstrate  the 
resonance  experimentally,  and  he  thereby  discovered  [29]  that  the  cut¬ 
off  frequency  of  the  continuous  spectrum  is  also  resonant.  (Galvin  [30] 
has  since  shown  that  the  resonance  can  be  excited  subharmonically  by 
progressive  waves.) 

Ursell’ s  discovery  was  greatly  extended  by  two  independent  studies 
using  different  approaches.  Longuet-Higgins  [31]  used  tidal  theory, 
mostly  for  steep  seabed  slopes,  while  Shen  [32]  used  the  classical 
theory,  like  Ursell,  but  for  small  seabed  slopes.  Ursell's  discrete 
spectrum  then  has  a  large  parameter  M  =  ^(eg)”^-^ ,  dependent  on 

the  frequency  w  and  an  intrinsic  length  scale  L  representing  the  'finite' 
extent  of  the  resonating  water  body.  Introduction  of  this  parameter 
casts  the  classical,  small-amplitude  theory  of  surface  waves  into  a 
form  analogous  to  the  short-wave  limit  of  electromagnetic  theory,  and 
Shen  therefore  applied  Keller's  [33]  geometrical  optics  approximation. 

The  two  approaches  thus  start  from  the  opposite  ends  of  the  spectrum, 
but  the  long-wave  limit  (M  -*■  1)  of  the  geometrical  optics  approximation 
[32]  does,  in  fact,  yield  the  results  of  the  long-wave  approximation  [31] 
for  small  seabed  slope.  The  geometrical  optics  approximation  [32]  also 
gives  the  small-slope  approximation  to  Ursell's  [29]  exact  spectrum  for 
all  M.  Moreover,  it  is  not  a  short-wave  theory  in  the  oceanographical 
sense,  since  the  influence  of  the  seabed  on  the  waves  remains  important. 

Indeed,  this  influence  is  the  cause  of  resonance.  The  local  phase 
velocity  Ls  an  increasing  function  of  the  local  water  depth  and  therefore, 
if  a  wave  crest  lies  obliquely  across  the  depth  contours,  then  the  varia¬ 
tion  of  phase  velocity  turns  the  crest  gradually  toward  the  shallows, 
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during  propagation.  A  wave  which  initially  propagated  obliquely 
towards  the  sea  may  thus  be  turned  around  gradually  to  propagate 
shoreward,  without  being  able  to  reach  the  open  ocean.  And  if  it 
be  then  reflected  from  the  shore  or  from  other  boundaries,  it  may 
end  up  facing  in  the  same  direction  in  which  it  faced  initially.  It 
is  then  plausible  that  resonance  may  result,  if  the  phase  relation¬ 
ships  are  just  right. 

The  theory  [32]  bypasses  such  phase  relationships  to  arrive  at 
spectral  relations  much  more  directly  by  topological  calculations. 

They  are  simple  enough  to  bring  quite  realistic  topographies  within 
practical  reach.  Shen  began  with  a  study  of  channels  of  infinite 
length  with  vertical  side  walls  and  arbitrary,  monotone  depth  variation. 
He  found  a  contably  infinite  number  of  the  spectra  discovered  by  Ursell. 
Each  such  component  has  a  continuous  spectrum  with  cut-off  below  which 
it  has  a  finite  (though  possibly  large)  number  of  discrete,  resonant 
eigenf  requencies .  The  cut-offs  of  different  components  are  at  different 
frequencies,  so  that  the  total  spectrum  is  mixed,  with  discrete  eigen¬ 
values  embedded  in  the  continuous  spectrum.  The  continuous  spectrum 
corresponds  to  modes  of  progressive  character  far  from  shore,  while 
the  discrete  spectrum  corresponds  to  edge  waves  trapped  over  part  of 
the  slope. 

All  this  depends  on  the  side  walls.  For  a  continental  slope  without 
any  lateral  boundary,  the  whole  spectrum  is  continuous.  There  are  still 
modes  trapped  over  part  of  the  slope,  often  called  shelf  waves,  but  there 
is  no  resonance. 

An  infinitely  long  channel  with  a  submerged  mountain  range  across 
it  (Figure  19)  has  the  same  u>pe  of  mixed  spectrum.  The  resonant  modes 
are  trapped  above  the  crest,  ’  th  exponential  damping  on  both  sides 
(Figure  19) . 

Quite  different  results  are  obtained  [32]  when,  not  only  the  motion, 
but  also  the  topography,  is  three-dimensional.  For  a  submerged,  axially 
symmetrical  seamount  in  an  unbounded  basin  (Figure  19  may  serve  again), 
the  spectrum  is  wholly  continuous,  and  the  waves  are  trapped,  not  over 
the  seamount,  but  outside  a  disc  of  damping  centered  over  the  seamount. 

But  just  let  the  sea-level  drop  until  the  mount  emerges  as  a  round 
island  (Figure  20)  and  everything  changes  again.  Now  resonant  modes 
exist  [32]  and  they  consist  of  edge  waves  between  the  shore  and  an 
annulus  of  damping  (Figure  20)  outside  of  which  there  are  again  waves. 

The  situation  is  thus  the  opposite  of  what  Ursell  discovered  -  all  but 
a  finite  part  of  the  water  body  now  resonates.  These  modes,  moreover, 
have  progressive  character,  far  from  the  island,  and  are  therefore  not 
immune  to  direct  harmonic  excitation  from  the  ocean. 

An  even  more  startling  result  is  that  resonance  now  becomes  a  matter 
of  degree,  rather  than  the  clear-cut,  classical  phenomenon.  The  wave 
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motions  separated  by  the  damping  annulus  (Figure  20)  are  not  independent, 
and  any  such  mode  therefore  involves  leakage  of  energy  by  radiation  to 
infinity  [31].  The  leakage  is  negligible,  and  the  mode  therefore  fully 
resonant,  if  the  damping  annulus  is  wide  compared  with  the  exponential 
decay  length.  But  if  it  is  narrow  by  comparison,  then  the  resonance  is 
weak  and  unlikely  to  be  observed. 

Apart  from  the  leakage,  the  spectrum  of  a  round  island  [32]  is  of 
the  same,  mixed  type  as  that  of  a  channel.  But  the  spectral  components 
corresponding  to  the  longest  modes  fail  to  have  discrete  eigenvalues 
below  their  cutoffs.  And  those  components  corresponding  to  the  next- 
longest  modes  have  only  weakly  resonant  discrete  eigenvalues.  The 
question  arises  whether  this  result  is  related  to  the  observation  [27] 
that  tsunamis  are  not  amplified  at  isolated,  small  islands? 

Further  complications  may  arise  from  a  shelf  around  an  island,  A 
sufficiently  pronounced  shelf  causes  gaps  in  the  continuous  part  of 
some  spectral  components,  and  further  resonant  eigenvalues  may  occur 
in  some  of  those  gaps  [32].  The  corresponding  modes  have  additional 
damping  and  wave  annuli  (Figure  21). 

One  of  the  most  remarkable  results  was  obtained  from  the  long-wave 
approximation  for  a  circular  sill  with  steep  sides  (Figure  22) ,  for 
which  Longuet-Higgins  [31]  calculated  the  detailed,  complex  spectrum  - 
resonance  frequencies  and  leakage  damping  coefficients  -  and  the  response 
to  existation  by  plane  progressive  waves  incident  from  the  open  sea.  The 
long-wave  approximation  also  yielded  estimates  of  the  effect  ->f  the  earths 
rotation  -  a  splitting  of  the  eigenf requencies  -  and  of  slighc  departures 
from  axial  symmetry  -  a  splitting  of  frequencies  and  coupling  between 
pairs  [31]. 

Part  of  the  purpose  of  this  review  is  a  plea  for  more  experiments. 
Those  on  run-up  were  seen  in  Section  VI  to  have  greatly  illuminated  the 
subject.  But  those  on  resonance  around  islands  are  still  outstanding. 

The  phenomena  discussed  in  this  section  are  likely  to  be  significant 
for  shore  processes,  even  if  the  edge  waves  do  not  obtrude  to  the  naked 
eye.  Waves  resembling  trapped  waves  around  a  reef  were  observed  from  a 
Texas  tower  in  the  Atlantic  during  a  storm  [34];  the  wave  height  appears 
to  have  exceeded  100  feet. 
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